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We study the quantum information masking based on isometric linear operators that distribute
the information encoded in pure states to the correlations in bipartite states. It is shown that
a isometric linear operator can not mask any nonzero measure set of pure states. We present a
geometric characterization of the maskable sets, and show that any maskable set must be on a
spherical circle in certain Euclidean spaces. Detailed examples and potential applications in such
as secret sharing and quantum cryptography are analyzed.
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I. INTRODUCTION

The evolution of a closed quantum system is assumed
to be unitary in quantum mechanic, which results in
some distinguished features like non-cloning theorem [1–
3], non-broadcasting theorem [4] and non-deleting the-
orem [5]. These theorems play an important role in
quantum information processing such as key distribution
[6, 7], quantum teleportation [8, 9] and communication
security protocols [10, 11].

In a recent original work [12], Kavan Modi et. al. stud-
ied the problem of quantum information masking. From
the unitarity of quantum mechanics, they obtained the
so-called no-masking theorem: it is impossible to mask
all arbitrary pure states by the same unitary operator.
Different from the decoherence resulted from the interac-
tions between the system and the environment [13–15],
quantum masking requires that the information in sub-
systems are transferred into the correlations of bipartite
systems by unitary operations, such that the final re-
duced states of any subsystems are identical. Namely,
the subsystems themselves contain no longer the initial
information.

Different from that non-orthogonal states cannot be
perfectly cloned or deleted, there are sets of infinitely
many nonorthogonal maskable quantum states [12]. A
maskable set may have uncountably many elements that
are not orthogonal to each other. Quantum information
masking has potential applications in such as secret shar-
ing [16–18]. With respect to the deterministic or proba-
bilistic cloning [19–21], deleting and purification [22, 23],
there have been a series of results on maskable states,
such as determinate masking schemes in multipartite sce-
nario [24, 25], probabilistic quantum information mask-
ing [26], and the quantum masking machine for states on
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a spherical circle on the Bloch sphere [27]. In [28] the au-
thors studied probabilistic and approximate masking of
quantum information based on completely positive and
trace decreasing (invertible) linear transformations.

In this paper, we study the quantum masking of arbi-
trary dimensional systems based on isometric linear op-
erations. We claim that no isometric linear operators can
mask a nonzero measure set of pure states. Here, in order
to measure the amount of quantum available resources,
we give a quantitative characterization of the maskable
sets. In [12] a conjecture has been proposed, which states
that the maskable states corresponding to any masker
belong to some disk. We show that this is true for some
special cases at least. The potential applications of our
results in secret sharing are also analyzed.

II. ISOMETRIC LINEAR OPERATORS AND
MEASURE OF QUANTUM STATES

Let HX denote the n-dimensional Hilbert space asso-
ciated with the system X. We say that an isometric
linear operator U masks the quantum information con-
tained in a set Ω of states {|as⟩A ∈ Ω ⊆ HA}, if it maps
|as⟩A to {|Ψs⟩AB ∈ HA⊗HB} such that all the marginal
states of |Ψs⟩AB are identical: ρA = TrB(|Ψs⟩AB⟨Ψs|)
and ρB = TrA(|Ψs⟩AB⟨Ψs|) for all s. Namely, the re-
duced states ρA and ρB contain no information about
the value of s. Here Ω is said to be the maskable set
corresponding to the masker U .

An arbitrary n-dimensional pure state |p⟩ can be writ-
ten as

|p⟩ =
n∑

k=1

rke
iyk−1 |k⟩ ≡ |(r1, ..., rn, y1, ..., yn−1)⟩,

where rk ∈ [0, 1],
∑n

k=1 r
2
k = 1 and yk ∈ [0, 2π). For

the convenience of discussion, we assume r1 > 0. Denote
y0 ≡ 0. We can write |p⟩ = |(r, y)⟩, where r = (r1, ..., rn)
and y = (y1, ..., yn−1). Generally, one has the following
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expressions of r1, ..., rn,

r1 = cosx1, r2 = sinx1 cosx2, ......,

rk = sinx1 sinx2... sinxk−1 cosxk, 2 ≤ k ≤ n− 1, ...,

rn = sinx1... sinxn−2 sinxn−1, xk ∈ [0,
π

2
].(1)

Then |p⟩ can be written as
|p⟩ = |(x1, ..., xn−1, y1, ..., yn−1)⟩ ≡ |(x, y)⟩.
From the domain of the parameters xk and yk, we can

define a “volume” measure for a set of pure states. The
total volume of all the pure states is π2(n−1), i.e., volume
measure of the point set I = [0, π

2 ]
×(n−1) × [0, 2π)×(n−1)

in the R2(n−1). Let U be an isometric linear operator.
For |p0⟩, |p⟩ ∈ HA and |Φ0⟩, |Φ⟩ ∈ HA ⊗HB such that
U : |p0⟩ → |Φ0⟩ and |p⟩ → |Φ⟩, we denote

ΩU (|p0⟩) = {|p⟩ : TrA|Φ⟩⟨Φ| = TrA|Φ0⟩⟨Φ0|,
and TrB |Φ⟩⟨Φ| = TrB |Φ0⟩⟨Φ0|}. (2)

We say the set ΩU (|(p0)⟩) is the largest collections of
the maskable states with respect to |p0⟩ and the linear
operator U , namely, the set ΩU (|p0⟩) is the maskable set
with respect to |p0⟩ and the linear operator U . For |p0⟩ =
|(x0

1, ..., x
0
n−1, y

0
1 , ..., y

0
n−1)⟩ ∈ I, the set ΩU (|p0⟩) can be

regarded as a subset of I ⊆ R2(n−1). We will show that
the “volume” measure of the set of all maskable states is
zero in R2(n−1).
Without loss of generality, suppose that the isometric

linear operator U acts on the base |k⟩ in the following
way,

|k⟩ → |Ψk⟩ =
∑n

j=1 |j⟩|ukj⟩, k = 1, . . . , n,

where

|ukj⟩ =
∑n

m=1 a
m
kj |m⟩, (3)

and amjk ∈ C, j, k = 1, . . . , n. For an arbitrary pure state

|p⟩ =
∑n

k=1 rke
iyk−1 |k⟩, we have

U|p⟩ = |Ψ⟩ =
n∑

k=1

rke
iyk−1

n∑
j=1

|j⟩|ukj⟩. (4)

The reduced density matrix ρA = TrB |Ψ⟩⟨Ψ| is given by

ρA =
n∑

k=1

n∑
l=1

fkl(r1, ..., rn, y1, ..., yn−1)|k⟩⟨l|, (5)

where

fkl(p) = fkl(r, y) =

n∑
j=1

r2j ⟨ujl|ujk⟩

+
n∑

t>s

n∑
s=1

rsrte
i(ys−1−yt−1)⟨utl|usk⟩

+

n∑
t>s

n∑
s=1

rsrte
i(yt−1−ys−1)⟨usl|utk⟩, (6)

with
∑n

j r
2
j = 1 and y0 = 0.

Now we consider the maskable set ΩU (|(p0)⟩) in
R2(n−1). According to the definition in Eq. (2) for
maskable sets, we have ρA = TrA|Φ⟩⟨Φ| = TrA|Φ0⟩⟨Φ0|,
i.e., all the fkl(p) in (6) should be constant. Denote
{P 2

n} = {kl : k = 1, · · · , n; l = 1, · · · , n}. We have
ΩU (|(p0)⟩) = {p : fkl(p) ≡ fkl(p0), kl ∈ {P 2

n}}.
That fkl(p) in (6) are constant implies that both the

real part Re(fkl(p)) and the imaginary part Im(fkl(p))
of fkl(p) are constant functions. Let χ(f) denote either
the real part Re(f) or the imaginary part Im(f) of f .
Obviously, a necessary condition for a maskable set is
that fkl(p) ≡ ckl for some complex constants ckl.

We first give the following theorem (see proof in Ap-
pendix):

Theorem 1. No isometric linear operator can mask a
set of pure states with nonzero measure.

From Theorem 1 we have immediately the following
conclusion.

Corollary 1. No isometric masker U can mask all the
pure states.

Remark 1. Corollary 1 is an important result in
[12]. Interestingly, Corollary 1 also implies Theorem 1,
namely, Theorem 1 could be deduced from Corollary 1
by some derivations. For more detail, consider a given
subset which is maskable if and only if the analytical
functions fkl(p) of Eq. (6) for ρA, and similarly for ρB ,
are constant. Obviously, if all fkl(p) are constant in any
given set, it means that masking all quantum states is
possible, which contradicts the result of [12]. For the
set ΩU (|(p0)⟩) = {p : fkl(p) ≡ fkl(p0), kl ∈ {P 2

n}}, if
there exists a nonzero real analytical function F (p) =
χ(fkl(p) − fkl(p0)), then by using the well known result
in the mathematical literature that the zero set of a real
analytical function has Lebesgue measure zero (except
for the zero function) [29], one can deduce the Theorem
1 immediately. However, for better seeking the maskable
sets or the isometry maskers and studying the unilateral
mask conditions, we provide another method on direct
proof of Theorem 1 in Appendix.

Theorem 1 gives a quantitative characterization of
maskable states. Although with respect to a given iso-
metric masker, the measure of the maskable states is
zero, the maskable states may be still infinitely many
and uncountable[27]. Since the reduced states (local in-
formation) are the same for all bipartite states from a
maskable set, such quantum masking can be applied to
quantum information processing such as secret sharing
and quantum cryptography [12, 16–18].

III. GEOMETRIC CHARACTERISTICS OF
THE MASKABLE QUANTUM STATE SET

The intersection of spheres and nontrivial hyperplanes
in an n-dimensional Euclid space is called spherical circles
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Sn, namely,

Sn = {(ξ1, ..., ξn) :
∑

(ξi − ai)
2 = r2,∑

Aiξi = B, ai, Ai, B ∈ R and not all be zero}. (7)

The following theorem shows that a maskable state set is
always on a spherical circle in some space.
Theorem 2. The maskable state set is on a spherical

circle in a (P 2
n + n)-dimensional Euclidean space.

Proof. From (6), χ[fkl(r, y)] = χckl gives rise to

χ[fkl(r, y)] =

n∑
j=1

r2jA
kl
j

+
n∑

t>s

n∑
s=1

[Bkl
st

√
2rsrt cos(ys−1 − yt−1) +

Ckl
st

√
2rsrt sin(ys−1 − yt−1)] +Dkl = 0, (8)

where Akl
j , Bkl

st , C
kl
st , D

kl ∈ R. By proof of Theorem 1,

Akl
j are not all equal and Bkl

st , C
kl
st can not be all zero,

otherwise, it can be deduced that masker is a zero oper-
ator. Denote ξj = (rj)

2, ξst =
√
2rsrt cos(ys−1 − yt−1),

ξts =
√
2rsrt sin(ys−1 − yt−1) with t > s. Then

n∑
j=1

(ξj)
2 +

∑
t>s≥1

(ξst)
2 +

∑
t>s≥1

(ξts)
2

=
n∑

j=1

(rj)
4 + 2

∑
t>s≥1

r2sr
2
t

=
n∑

j=1

(rj)
4 +

n∑
j=1

[(rj)
2 − (rj)

4] = 1. (9)

In other words, a maskable state set satisfies

N∑
j=1

(ξj)
2 = 1 and

N∑
j=1

Ajξj +D = 0, (10)

where N = P 2
n + n, P 2

n is number of all different per-
mutations of 2 different elements taken from n different
elements. Obviously, by Theorem 1, hyperplanes not all
be trivial, hence a maskable state set is on a spherical
circle. �
Remark 2 For qubit states (N = 4), since ξj =

(rj)
2, j = 1, 2, and (r1)

2 + (r2)
2 = 1, substituting

ξ2 = 1− ξ1 into (10), we get

4(ξ1 −
1

2
)2 + 2(ξ3)

2 + 2(ξ4)
2 = 1. (11)

Denote η1 = 2(ξ1 − 1
2 ), η2 =

√
2ξ3 and η3 =

√
2ξ4.

Eq. (11) gives rise to
∑3

j=1(ηj)
2 = 1. By the definition

(7), (η1, η2, η3) is a point on a spherical circle in R3, in
fact, η1 = cos 2x1, η2 = sin 2x1 cos y1, η2 = sin 2x1 cos y1,
which corresponds to the pure state on the Bloch sphere.

Notice that the plane is not trivial, therefore, the mask-
able qubit states corresponding to a linear masker belong
to a spherical circle on R3. From [27], it is possible to
construct an isometry operator to mask the spherical cir-
cle sets of states. However, when the dimension of HA

is greater than three, the pure states have no equiva-
lent description similar to the Bloch sphere. Since the
pure states |p⟩ = |(x, y)⟩ in n-dimensional space HA has
2(n− 1) variables, for n ≥ 3 one has no intuitive picture
in general.

In the following, we consider a class of isometry oper-
ator maskers and their applications. First of all, let us
consider a maskable set passing through the point |p0⟩ in
3-dimensional space HA, such that p0 = (x0

1, x
0
2, y

0
1 , y

0
2)

and p = (x1, x2, y1, y2) with x1 = x0
1. We provide an

example of a maskable set,

Ω(p0) = {|p⟩ = |(x1, x2, y1, y2)⟩ : cosx1 = cosx0
1 ≡ a,

sin(2x2) cos(y1 − y2) = sin(2x0
2) cos(y

0
1 − y02) ≡ b}.

The maskable set Ω(p0) can be masked by the following
U :

| 1⟩ → |11⟩,
| 2⟩ →

√
2
2 |22⟩ −

√
2
2 |33⟩,

| 3⟩ →
√
2
2 |22⟩+

√
2
2 |33⟩.

It is easy to verify that the reduced density matrices
ρA,B = TrB,A|U(p)⟩⟨U(p)| are given by

ρA = ρB = a2|1⟩⟨1|+ 1
2 (1− a2)(1 + b)|2⟩⟨2|

+1
2 (1− a2)(1− b)|3⟩⟨3|.

Set x1 = x0
1 = 0. For the maskable set Ω(p0) passing

through the point p0 = (0, π
6 ,

2π
3 , π

4 ), we have the geo-
metrical depiction of the maskable states, see Fig 1.
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FIG. 1: The maskable sets Ω(p0) passing through the point
p0 (associated with the state |p0⟩), Γ1, Γ2 and Γ3, where p0 =
(0, π/6, 2π/3, π/4), Ω(p0) = {p : p = (0, x2, y1, y2)}.

As another example of maskable state set in a 4-
dimensional space HA, we consider (r1)

2 + (r2)
2 =
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1/2 and (r3)
2 + (r4)

2 = 1/2 for any p =

|(r1, r2, r3, r4, y1, y2, y3)⟩. Denote r1 =
√
2
2 cos ζ1 and

r3 =
√
2
2 cos ζ2. Then correspondingly r2 =

√
2
2 sin ζ1

and r4 =
√
2
2 sin ζ2, and p can be denoted as p =

(ζ1, ζ2, y1, y2, y3). Let p0 = (ζ01 , ζ
0
2 , y

0
1 , y

0
2 , y

0
3). We have

the following maskable set,

Ω̃(p0) = {|p⟩ : sin 2ζ1 cos y1 = sin 2ζ01 cos y
0
1 ≡ c,

1
2 cos 2ζ2 −

√
3
2 sin 2ζ2 cos(y3 − y2) =

1
2 cos 2ζ

0
2 −

√
3
2 sin 2ζ02 cos(y

0
3 − y02) ≡ d}

.

The set Ω̃(p0) can be masked by a masker Ũ such that:

| 1⟩ →
√
2
2 |11⟩ −

√
2
2 |22⟩, | 2⟩ →

√
2
2 |11⟩+

√
2
2 |22⟩,

| 3⟩ →
√
6
4 e

iπ
4 |3⟩(|3⟩+ |4⟩) +

√
2
4 e

−iπ
4 |4⟩(|3⟩ − |4⟩),

| 4⟩ → −
√
2

4 e
iπ
4 |3⟩(|3⟩+ |4⟩) +

√
6
4 e

−iπ
4 |4⟩(|3⟩ − |4⟩).

The reduced matrices ρA,B = TrB,A|Ũ(p)⟩⟨Ũ(p)| are
given by

ρA = 1
4 (1 + c)|1⟩⟨1|+ 1

4 (1− c)|2⟩⟨2|
+1

4 (1 + d)|3⟩⟨3|+ 1
4 (1− d)|4⟩⟨4|,

ρB = 1
4

∑4
j=1 |j⟩⟨j|+

c
4 (|1⟩⟨2|+ |2⟩⟨1|)

+d
4 (|3⟩⟨4|+ |4⟩⟨3|).

The maskable set Ω̃(p0) passing through the point p0,

p ∈ Ω̃(p0), can be expressed by a two-dimensional graph
and a three-dimensional graph, a plane given by (y1, ζ1)
and a spatial graph given by (ζ2, y2, y3), see Fig. 2 for an
intuitive description.
Now we consider the construction of quantum maskers

in n-dimensional space HA. In [27] we have presented ex-
plicit maskers for qubit states. We can use these maskers
for qubit states to construct maskers for high dimensional
states. If n = 2N is even, we write the n dimensional pure
states as |p⟩ = ΣN

k=1(sk|0k⟩ + tk|1k⟩), sk, tk ∈ C, where
|0k⟩ and |1k⟩, k = 1, .., N , are the basis of HA. Namely,
we divide the pure state |p⟩ into N “qubit” parts. As-
sume |sk|2 + |tk|2 = r2k, where rk is a fixed real value.
Then each part is equivalent to a qubit. We can mask
“the spherical circle sets” of every “qubit” part by isom-

etry masker Uk = Sαk

θk
given in [27], and Uα

θ =
∑N

k=1 Uk

is a quantum masker, where Uk|jl⟩ = 0 for k ̸= l, and
Uk|jk⟩ = Sαk

θk
|jk⟩ for j = 0, 1. If n = 2N+1 is odd, we can

write the pure states as |p⟩ = a|1⟩+ΣN
k=1(sk|0k⟩+tk|1k⟩).

The corresponding masker is Uα
θ = U0+

∑N
k=1 Uk, where

U0|1⟩ = |11⟩, U0|jl⟩ = 0 for j = 0, 1 and l = 1, 2, ..., N .
The maskers Uα

θ can used for secret sharing. Alice en-
codes the message p0 into the state |p0⟩. By applying a
masker Uα

0 , she gets bipartite pure states |Ψα
0 ⟩AB . Alice

keeps the part A, sends the part B to {Bobα1
0 , Bobα2

0 , ...},
and informs them the maskers {Sα1

0 , Sα2
0 ,...}, respec-

tively. The Bobs can only obtain the information from
the reduced states, and cannot decode the information
by local quantum operations without classical communi-
cation. However, two or more Bobs cooperate together
can decode the secret information. Similar potential ap-
plications may be considered for quantum cryptography
and other quantum communication protocols [30, 31].

IV. CONCLUSION

We have presented a quantitative characterization of
maskable state sets. We have shown that isometric lin-
ear operators can not mask nonzero measure set of pure
states.

Moreover, it has been shown that the maskable quan-
tum state set is on a spherical circle in certain space,
which gives a geometrical characterization the maskable
sets. It should be noted here that although Theorem 2
gives a positive answer to the maskable state “disk” con-
jecture raised in [12] in a certain sense , the converse of
Theorem 2 does not necessarily hold unless the dimension
of HA is 2.

Furthermore, a class of explicit isometry quantum
maskers have been constructed in terms of qubit maskers.
These maskers can applied for information processing like
secret sharing. Our results may high light further re-
searches on quantum information masking and its prac-
tical applications in quantum communication protocols.
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V. APPENDIX

In this appendix, we provide a detail proof of Theo-
rem 1 of the main text. We first introduce the following
Lemma.

Lemma. Let y = f(t) = f(t1, t2, ..., tn) be a continuous
real function on E = [a1, b1]×·· ·× [an, bn] ⊆ Rn. Denote
Rn+1

E (f) = {(y, t1, ..., tn) ∈ Rn+1 : y = f(t), t ∈ E}. We

call Rn+1
E (f) the graph of function f in Rn+1. For any

graph of function f , we have M [Rn+1
E (f)] = 0, where

M [·] is the Lebesgue measure. Namely, the measure of
the graph of y = f(t) is zero in Rn+1[32].

Since fkl(p) ≡ ckl if and only if χ[fkl(p)] ≡ χ[ckl], we
have ΩU (|(p0)⟩) = {p : χ[fkl(p)] ≡ χ[ckl], kl ∈ {P 2

n}}.
We use Lemma to evaluate the measure of a maskable
set. The condition χ[fkl(p)] ≡ χ[ckl] can be reduced to
the following forms:

χ[fkl(r1, . . . , rn, y1, ..., yn−1)] = χ~kl(r) +
χµ1

kl(r, y2, ..., yn−1) cos y1 + χν1kl(r, y2, ..., yn−1) sin y1 +

χµ2
kl(r, y3, ..., yn−1) cos y2 + χν2kl(r, y3, ..., yn−1) sin y2 +

...+ χµn−2
kl (r, yn−1) cos yn−2 + χνn−2

kl (r, yn−1) sin yn−2 +

χµn−1
kl (r) cos yn−1 + χνn−1

kl (r) sin yn−1 = χ(ckl), (12)

where χ~kl, χµj
kl and χνjkl are real functions that can be
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obtained by separating the real and imaginary parts of
(6), j = 1, ..., n− 1. In particular,

χµn−1
kl (r) = χ[r1rn(⟨u1l|unk⟩+ i⟨unl|u1k⟩)],

χνn−1
kl (r) = χ[r1rn(⟨u1l|unk⟩ − i⟨unl|u1k⟩)]. (13)

When r1, rn ̸= 0, it is easy to see that

|µn−1
kl (r)|2 + |νn−1

kl (r)|2 = 0 if and only if

⟨u1l|unk⟩ = ⟨unl|u1k⟩ = 0. (14)

Accounting to the symmetry of y1, ..., yn−1 in Eq.
(6), we denote {yτ(1), ..., yτ(n−1)} a permutation of
{y1, ..., yn−1}. Applying such permutation to (12) one

obtains a similar result to Eq. (14), |µτ(n−1)
kl (r)|2 +

|ντ(n−1)
kl (r)|2 = 0 if and only if

⟨u1l|uτ(n)k⟩ = ⟨uτ(n)l|u1k⟩ = 0.

Denote Eδ = [δ, π
2−δ]×(n−1)×[δ, 2π−δ]×(n−1) ⊂ I. Let

us consider the measure of set the E = ΩU (|(p0)⟩)
∩

Eδ.
In order to prove that the measure of ΩU (|(p0)⟩) is zero
in I ⊆ R2(n−1), one only needs to prove that the measure
of E is zero.
Theorem 1. No isometric linear operator can mask a

set of pure states with nonzero measure.
Proof. For the operator U defined in Eq. (3-6),

we consider the measure of the set ΩU (|(p0)⟩) = {p :
χ[fkl(p)] ≡ χ[fkl(p0)], kl ∈ {P 2

n}}. From the previous
analysis and Lemma, it suffices to verify that the mea-
sure of the graph of Eq. (12) is zero in Eδ ⊆ R2(n−1).
If | µ1

kl(⋆) |2 + | ν1kl(⋆) |2 ̸= 0, here ⋆ stands for
(r, y2, ..., yn−1) in Eq. (12), then from (9) one eas-
ily finds a continuous real solution of y1 of the form
y1 = arcsin(ω(r, y2, ..., yn−1))+ϕ(r, y2, ..., yn−1). Accord-
ing to the parameterizations (1) y1 can be generally writ-
ten as

y1 = f(x, y2, ..., yn−1), (15)

where (x, y2, ..., yn−1) ∈ R2n−3.
Let Ω1 = {(x, y1, y2, ..., yn−1) : y1 = f(x, y2, ..., yn−1)}.

Then E = ΩU (|(p0)⟩)
∩
Eδ ⊆ Ω1

∩
Eδ. By Lemma, the

measure of Ω1

∩
Eδ in R2(n−1) is zero, i.e., the measure

of E is zero. Letting δ → 0, we have that the measure of
ΩU (|(p0)⟩) is zero in I, which proves the theorem for this
case.
Otherwise, if | µ1

kl(⋆) |2 + | ν1kl(⋆) |2= 0, then Eq. (12)
reduces to

χ[fkl(r1, ..., rn, y2, ..., yn−1)] = χ~kl(r) +
χµ2

kl(r, y3, ..., yn−1) cos y2 + χν2kl(r, y3, ..., yn−1) sin y2 +

...+ χµn−2
kl (r, yn−1) cos yn−2 + χνn−2

kl (r, yn−1) sin yn−2 +

χµn−1
kl (r) cos yn−1 + χνn−1

kl (r) sin yn−1 = χ(ckl). (16)

We consider whether |µ2
kl(⋆)|2 + |ν2kl(⋆)|2 is zero or not,

here the notation ⋆ similarly represents (r, y3, ..., yn−1)
in Eq. (12). If |µ2

kl(⋆)|2 + |ν2kl(⋆)|2 ̸= 0, the theorem is

proved. Otherwise, one discusses the case y2, y3, ..., yn−1

in a similar manner. Finally, one may need to consider
the only case,

|µn−1
kl (r)|2 + |νn−1

kl (r)|2 = 0. (17)

From (14), we have

⟨u1l|unk⟩ = 0, ⟨unl|u1k⟩ = 0. (18)

Due to permutation symmetry of y1, ..., yn−1 in Eq. (6),
we have,

⟨u1l|usk⟩ = 0 and ⟨usl|u1k⟩ = 0, s = 2, ..., n− 1. (19)

Substituting (19) into (6), we obtain

fkl(r, y) = ~kl(r) +
n∑

t>s

n∑
s=2

rsrte
i(ys−1−yt−1)⟨utl|usk⟩

+

n∑
t>s

n∑
s=2

rsrte
i(yt−1−ys−1)⟨usl|utk⟩. (20)

Denote ỹm = ym+1 − y1, m = 1, ..., n− 2, and ỹ0 ≡ 0.
Equation (20) can be rewritten as

fkl(x, y) = ~kl(r) +
n∑

t>s

n∑
s=2

rsrte
i(ỹs−2−ỹt−2)⟨utl|usk⟩

+
n∑

t>s

n∑
s=2

rsrte
i(ỹt−2−ỹs−2)⟨usl|utk⟩.(21)

Expressing (21) in a similar form to (12), one has

χ[fkl(r, ỹ1, ..., ỹn−2)] = ~kl(r) +
µ̃1
kl(r, ỹ2, ..., ỹn−2) cos ỹ1 + ν̃1kl(r, ỹ2, ..., ỹn−2) sin ỹ1

+...+ µ̃n−1
kl (r) cos ỹn−2 + ν̃n−1

kl (r) sin ỹn−2 = χ(ckl).(22)

Again if |µ̃1
kl(⋆)|2 + |ν̃1kl(⋆)|2 ̸= 0, then there exist con-

tinuous real function ỹ1 = y2 − y1 = F̃1(x, ỹ2, ..., ỹn−2),
namely, y1 = f(x, y). By Lemma, the measure of
ΩU (|(p0)⟩) is zero in I. Otherwise, we continue our dis-
cussion for ỹ2, ỹ3, ..., ỹn−2. Repeating the steps (16)-(18),
we get

⟨u2l|usk⟩ = 0 and ⟨usl|u2k⟩ = 0, s = 3, ..., n− 1. (23)

Then repeating the steps (20)-(23), one has either the
theorem hold or eventually gets

⟨utl|usk⟩ = ⟨usl|utk⟩ = 0, s ̸= t. (24)

Therefore, from (1) and (24), (6) can be reduced to the
following form,

fkl(r, y) =

n∑
j=1

r2j ⟨ujl|ujk⟩

= ⟨u1l|u1k⟩(cosx1)
2 + ⟨u2l|u2k⟩(sinx1 cosx2)

2

+⟨u3l|u3k⟩(sinx1 sinx2 cosx3)
2 + ...

+⟨un−2l|un−2k⟩(sinx1... sinxn−2 cosxn−1)
2

+⟨un−1l|un−1k⟩(sinx1... sinxn−2 sinxn−1)
2. (25)
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If ⟨un−2l|un−2k⟩ ̸= ⟨un−1l|un−1k⟩, then from
χfkl(x, y) = χckl, there exists a continuous real func-
tion φ such that xn−1 = φ(x1, x2, ..., xn−2). By Lemma,
we can similarly deduce that the measure of ΩU (|(p0)⟩)
is zero.
If ⟨un−2l|un−2k⟩ = ⟨un−1l|un−1k⟩, then we need to dis-

cuss xn−2, xn−3 and so on. At most, it may end up with

⟨uml|umk⟩ = ⟨uhl|uhk⟩, m, h = 1, ..., n. (26)

Obviously, |ukj⟩, kj ∈ {P 2
n}, can not be all zero. One

may assume that |u11⟩ ̸= 0. By (26) then one gets
∥|u11⟩∥2 = ∥|uh1⟩∥2 ̸= 0, namely, |uh1⟩ ̸= 0 , h =
1, 2, ..., n. By (24), we have ⟨uk1|uh1⟩ = 0 for h ̸= k.
Therefore, {|u11⟩, |u21⟩, ..., |un1⟩} can span the space HB .
Let

|u1m⟩ = λ1m
11 |u11⟩+ λ1m

21 |u21⟩+ · · ·+ λ1m
n1 |un1⟩. (27)

If k ̸= 1, by (24) and (27), we have ⟨uk1|u1m⟩ = 0 =
λ1m
k1 . Namely, |u1m⟩ = λ1m

11 |u11⟩. For the same reason,
|uhm⟩ = λhm

h1 |uh1⟩, h = 1, ..., n. Since ∥|u11⟩∥2 = ∥|uh1⟩∥2
and

⟨u11|u1m⟩ = λ1m
11 ∥|u11⟩∥2, ⟨uh1|uhm⟩ = λhm

h1 ∥|uh1⟩∥2,

we get λ1m
11 = λhm

h1 = λm.
This also means that |ukm⟩ = λm|uk1⟩, k = 1, ..., n.

From (3), the action of the linear operator U on the base
|k⟩ can also be expressed as

|k⟩ → |Ψk⟩ = (|1⟩+ λ2|2⟩+ ...+ λn|n⟩)|uk1⟩. (28)

Denote |c⟩ = (|1⟩+λ2|2⟩+...+λn|n⟩). The above formula
can be transformed into

|k⟩ → |Ψk⟩ = |c⟩|uk1⟩ = |c⟩
∑n

j=1 a
j
k1|j⟩. (29)

Denote ajk1 = akj . The reduced density matrix ρB is
given by

ρB = ∥|c⟩∥2(
n∑

k=1

n∑
l=1

gkl(p)|k⟩⟨l|), (30)

where

gkl(r, y) =
n∑

j=1

r2j ⟨ajl|ajk⟩

n∑
t>s

n∑
s=1

rsrte
i(ys−1−yt−1)⟨atl|ask⟩

+
n∑

t>s

n∑
s=1

rsrte
i(yt−1−ys−1)⟨asl|atk⟩. (31)

Comparing (6) with (31), one may find that they
have the same form. Repeating the same analysis as
for ρA, we can draw the conclusions parallel to (24)
and (26), namely, ⟨atl|ask⟩ = ⟨asl|atk⟩ = 0, s ̸= t;
⟨aml|amk⟩ = ⟨ahl|ahk⟩. Since isometric linear operator
U is a nonzero operator, one may assume that a11 ̸= 0.
We have that a11a

∗
21 = 0 and |a11| = |a21| cannot be true

simultaneously. Therefore, for any isometric operator U ,
the measure of ΩU (p0) is zero in R2(n−1). �


