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Abstract

In this article we are interested in quantitative homogenization results
for linear elliptic equations in the non-stationary situation of a straight
interface between two heterogenous media. This extends the previous
work [Josien, 2019] to a substantially more general setting, in which the
surrounding heterogeneous media may be periodic or random stationary
and ergodic. Our main result is a quantification of the sublinearity of a
homogenization corrector adapted to the interface, which we construct us-
ing an improved version of the method developed in [Fischer and Raithel,
2017]. This quantification is optimal up to a logarithmic loss and allows
to derive almost-optimal convergence rates.

Keywords homogenization, interfaces, correctors, Lipschitz estimates, con-
vergence rate

AMS classification 35B27, 35J15, 74A40, 74A50.

1 Introduction

In this article we construct and estimate the growth rate of homogenization cor-
rectors associated to linear elliptic operators in divergence form in the context
of a flat interface between two heterogenous media (see, e.g., Figure . Itisa
continuation of the previous work of the first author |17], inspired by [9], which
studies the case of an interface between two periodic media. We refer the reader
to [17], which is more elementary than the present study. There, definitions for
the homogenization correctors and 2-scale expansion adapted to the interface
are designed, motivated and proved to produce an accurate approximation of the
solution of the multiscale problem. Equipped with these algebraic definitions,
we explore here a substantially broader framework, in which we do not assume
any structure on the two surrounding heterogeneous media, but only that each
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of them admits a constant homogenized matrix and correctors with a controlled
growth rate. Under these assumptions, we build adapted correctors satisfying
suboptimal sublinearity estimates by taking advantage of the techniques devel-
oped in [12] by Fischer and the second author. In our main theorem, we use
Green’s function estimates to obtain an almost-optimal control of the growth
rate of the correctors.
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Figure 1: On the left, a sharp interface between two periodic media with a
defect; on the right, a smooth interface between two random media generated
from independent Gaussian fields. The colors indicate the value of a (which is
here assumed to be scalar).

1.1 Motivation and related works

General theory of homogenization Consider a linear elliptic equation in
divergence form

—div (a(z)Vu(z)) = f(z). (1)

Such equations play a central role in many branches of material physics; e.g. in
elasticity, electrostatics, and thermostatics. We refer to 1] for a didactic intro-
duction to homogenization and its applications. The coefficient field a typically
represents local characteristics of a sample: elasticity, electrical conductance,
or thermal conductance (depending on the context). Here, as in the classical
theory of homogenization, the coefficient a is assumed to be varying at a char-
acteristic small scale, which is of order 1 (by a change of variables). When this
small scale vanishes (or equivalently, on infinitely large scales), equation may
be approximated by the following homogenized equation:

—div (a(z)Vau(z)) = f(z), (2)

where the so-called homogenized matriz a is usually simpler that the original
matrix a.

In most works, the coefficient a is assumed to have stationarity properties.
Roughly speaking, the behavior of the medium is shift-invariant; e.g. a might
be periodic [1], almost-periodic [3], or random stationary and ergodic [2}[15}/16].
In those cases, the homogenized matrix a is constant. This, in particular, shows
that homogenization is an efficient tool for approximating , which would be



very costly to solve numerically. Nevertheless, even though stationarity —in all
its aforementioned expressions— is a convenient mathematical tool, it may not
always be a realistic hypothesis.

Beyond stationary coeflicient fields Quite recently, in [9], there was a de-
liberate attempt to study theoretically more general structures. More precisely,
two cases were proposed: The case of a defect in a periodic structure and the
case of an interface between two periodic media.

The first case breaks stationarity, but only on the microscopic level, for the
defect has no macroscopic impact (at least at the main order). Thus, once the
corrector is built and estimated [9,/10], classical approaches in periodic homoge-
nization (namely Avellaneda and Lin’s |4], later improved in [19]) are sufficient
to obtain accurate convergence rates [7,8].

The second case not only breaks stationarity at the microscopic level, but
also at the macroscopic level. Indeed, the interface plays a role at any scale:
The homogenized matrix a is generically piecewise constant with a disconti-
nuity through the interface. Notice that the book [5, Chap. 9 p. 312], which
predates [9,/17] and inspired |26], proposes another point of view on interfaces,
with slightly different —however consistent— definitions for the correctors and
asymptotic expansion than we give below.

The case of an interface between periodic media The case of an interface
requires adapted definitions of correctors [17]. These correctors ¢;, for j € [1,d],
are strictly sublinear (see @) solutions to the following equation:

—div (aV (Pj + ¢;)) =0 in R% (3)

where the piecewise affine functions P; span the space of non-constant and
strictly subquadratic a-harmonic functionsﬂ Namely, the functions P; solve

~div (@(z)VPj(z)) =0 in R% (4)

In [17], in a specific case of periodic media, these correctors were actually built
and an almost-optimal convergence rate for the gradient of the adapted 2-scale
expansiorﬂ

u=u+¢-(VP) 'V, (5)

was obtained. The techniques of [17], however, were crucially based on some
periodic structures of the underlying heterogeneous media.

The case of general interface In the current contribution we consider a
more general case of flat interface between two media. We do not assume any
joint structure on them, but only that each of them admits a constant homog-
enized matrix and correctors with a controlled growth rate. Our main result is
that the global medium— which consists of the two heterogeneous parts glued
along the interface— enjoys the same quantitative homogenization properties as

1By the Liouville principle for piecewise constant coefficient fields, this space has dimension
d.

2Interestingly, such an expansion in only required when considering the gradient in the
vicinity of the interface, which may be relevant in elasticity in the context of fractures. See
Figure



the two components, up to a logarithmic loss. In particular, the growth rate of
the global corrector is essentially bounded by the maximum of the growth rates
of the correctors associated with each of the heterogeneous media (see Theorem
below).

To obtain this result, we first rely on the approach of [12}24], which construct
correctors for the half-space with homogeneous Dirichlet or Neumann boundary
conditions. These articles provide a robust way to build correctors for simple
geometries, but with a suboptimal growth rate. Other than the existence of
correctors on the whole space satisfying a weak quantified sublinearity condi-
tion, there are no other structural assumptions made on the coefficient fields.
Then, capitalizing on estimates for the heterogeneous Green’s function provided
by large-scale Lipschitz regularity, we prove an almost optimal growth rate. We
remark that the strategy for proving the large-scale Lipschitz regularity is to
transfer large-scale regularity properties from the homogenized to the hetero-
geneous problem —here we adapt the strategy of [15]. However, since now the
homogenized problem involves a piecewise continuous coefficient, we make use
of the results of [20}21].

Last, as is classical in homogenization (see, e.g. |15] or the introductory
course [18]), our estimate for the growth rate of the correctors produces, in
turn, a convergence rate on the level of the adapted 2-scale expansion.

1.2 Precise mathematical setting

In this section we fix the model for a flat interface between two heterogeneous
media that we will consider throughout this paper.

General notations Let d be the dimension and (ei)ie[[l q be the canonical
basis of R%. In this paper we always assume that d > 2. If 2z € R?, we define

zti=z-e; €R and 2zl = (x-ey, -,z -eq) € RIL,

so that = (z+,zll). If R > 0, we denote by Qr(z) C R? the cube of side
length R centered at x; also Br(z) C R? is the ball of radius R centered at
2. When & = 0 or R = 1, the parameters might be omitted (for example, we
denote B = B4 (0)).

We highlight that throughout this paper we make use of the Einstein sum-
mation convention.

We say that a function f is sublinear if it satisfies the following condition:

st (f |r-f 1) <o ©)

It is said to be strictly sublinear if the above limit is equal to 0.

Definition of the interface We define a coefficient field a on R? by

a_(z) if xt< -1,
a(z) = ao(z) if —l<at<l, (7)
ay(z) if at>1.



The interface is defined by Z := {0} x R?"!. In our model, the thin layer
[~1,1] x R?~! allows for a transition between the surrounding media represented
by a+. Our running assumption on every coeflicient field a is that they are
uniformly elliptic and bounded; namely, there exists a fixed constant A > 0 such
that, for every z,¢ € RY, there holds

AP <€-al@)e and A€ < €-alx) e (8)

In order to describe random media, we assume that we have an ensemble (-) on
the space 2 (with the topology of H-convergence), which we define as follows:

Q.= {(a+,a_,ao)|ai,ao :RY — R gatisty } (9)

In a deterministic case, the measure of the ensemble () concentrates on one
specific coefficient field.

Our first hypothesis is that the coefficient field a, (-)-almost surely, admits
the following piecewise constant (deterministic) homogenized matrix a:

_ E+ lf I’L > 0,
= 10
a(x) {a if 't <o0. (10)

(By local properties of H-convergence, a_ and a4 depend only on a_ and a
respectively.) We also assume that, (-)-almost surely, there exist generalized
homogenization correctors

Py = (P_,0;) for ®_:=(¢_,¢",0_,0") and & := (¢+7¢iao—+vai)'

Here, (¢4, 04 ) are strictly sublinear functions satisfyingﬁ
div(ay (V(64), +e0) =0 and  (o4)50 = & (N1)0 — 05 (N )y (11)

in R, where (N, ) jrisa strictly subquadratic solution of the following equation

A (N1 = @) — (1), 6 + 3 (1)) i RY (12)

(The other correctors (¢_,o_), ((;Sf,oi) and (qﬁju Ji) correspondingly satisfy
similar equations, where the coefficients fields (a4, @) should be respectively re-
placed by (a_,a_), and the transposed coefficient fields (ai,a*_) and (ai,&i) 2

Our second and main hypothesis about the two heterogeneous media is that
the correctors related to ai and a? are strongly sublinear in the following

annealed way:

i <</Q D (z+2) — @i(y+z)|zdz>%>% <o, "

z,y€RY |z —y|<r

for every r > 2 and p < oo, and for a given exponent v € (0, 1] and constant
¢p > 1. (Without loss of generality —by the Holder inequality— we may assume
that the constants ¢, are increasing in p.) As will be seen below, the case v =1
gives rise to logarithmic terms in some estimates. For the sake of simplicity,
we make use of the notation |v|, which is equal to 0, respectively 1, if v < 1,
respectively v = 1.

3Notice that our indexing convention for the flux corrector o is different from [15].



Remark 1. While we assume that a4 are coefficient fields on R? with corre-
sponding generalized homogenization correctors, it would suffice to have these
coefficient fields and generalized correctors defined on Ry x R4~ with an ac-
cordingly modified assumption . Also, the coefficient field a, might only be
defined on the layer [—1,1] x R?~!, We define the space 2 by @ for simplicity.

1.3 Definition of adapted correctors and 2-scale expansion

Following [17], we introduce a basis for the space of strictly subquadratic @-
harmonic functions (see (4))): For j € [1,d] we define

x-ej if 2t <o,
(57)1j_(a+)1j
(6+)11

Pj(z) = P(x) - ¢; := { (14)

T-ej+ z-ep if zt >0,

where the bottom line corresponds to the transmission condition through the
interface. This prompts us to define the generalized correctors (¢, o) associated
to a coefficient field a of the form as follows:

Definition 1 (Generalized Correctors). The correctors ¢;, for j € [1,d], are
strictly sublinear solutions to . Simultaneously, the flux correctors oy, for

i,5,k € [1,d] are defined as
0ijk = 0iNjp — 0; N, (15)
where Nji is a strictly subquadratic solution of the following equation:
AN, = @0, P, — a1 (O P, + 0¢r) in R (16)

At this point we make an important distinction: Notice that and
imply that the flux corrector o satisfies the familiar identity (see also |15, (7)])

ok = @0 Py, — aji (O, Py + Oy¢) in R (17)
along with the skew-symmetry constraint
Uijk = *Ujilv (18)

It turns out that the two latter identities are sufficient for many purposes (e.g.
to obtain large-scale Lipschitz estimates, that is Theorem [2| below). Functions
o" that are strictly sublinear and satisfy and are called ungauged flux
correctors; we use the superscript “u” to indicate it. The main difference is
that, in contrast to the gauged flux correctors of Definition[I] the ungauged flux
correctors are not unique, which becomes an issue in the proof of Theorem

In our setting with the interface we need a modification of the standard
2-scale expansion, namely . With this definition of u we find that

—div(a-V(u—1)) = 9((aij¢r — oix)0;04T0), (19)

where we denote Vu := (VP)™'Vu and 0,u := ej, - Vu. The motivation for
and the detailed calculation leading to lie in [17, Section 3.3]. We
underline that the function Vw is continuous through the interface: Thus, its
gradient VV7 lies in L. (Rd‘, so that the terms on the right-hand side of
are well-defined (see Lemma [2| below).



1.4 Theorem [I} Main result

The main contribution of this article is the following:

Theorem 1. Let d > 2 and (-) be an ensemble on Q defined in (9) that satisfies
the conditions given in Section . Then, (-)-almost surely there exists a unique
(up to addition of a random constamEl/ generalized corrector (¢,0) associated
to a such that for every vy < v, 2 < p < oo and r > 2, the following estimates
hold:

oo ([ -ot+aP )y

z,y€R |z —y|<r

_ (20)
< Ao+l riTvoaf v <,
~d,Avivo,p “2pd /v ln(r) if v=1,
sup <(/ (@ +2) oy +2)*dz) ")
z,y€RY |z —y|<r B (21)

1—v ;
d/vo+1 )7V In(r) if v<1,
gd,k,vm,p Cde/V {ln?’(r) if v=1.

Above and in the sequel, the symbol “<5” reads “< C, for a constant C' de-
pending only on the tuple ¢ of previously defined parameters” (for simplicity,
throuhgout the course of the proofs, the subscript might be omitted).

In words, as previously advertised, we learn from Theorem [I]that the correc-
tors adapted to the interface enjoy the same quantified sublinearity properties
as the correctors on the left and on the right of the interface (possibly up to a
logarithmic correction).

In the case v = 1, the assumption is quite well-motivated. In partic-
ular, it is satisfied if a4+ are both periodic. Of course, the assumption is
less common for v < 1. It has, however, been shown that such a growth rate
naturally arises when studying periodic media perturbed by a defect that is
quite spread (see Example [1| below and [7,8]). It also arises in stochastic ho-
mogenization when considering a general random field satisfying a log-Sobolev
inequality (see [15, Th. 3]). As a consequence, Theorem [l| may be applied in
various frameworks, as illustrated in Section [I.5 below. We also remark that,
from a practical point of view, it may happen that correctors related to some
heterogeneous materials can be computed numerically. Thus, condition
would be easier to check than a structure assumption.

In light of [9,{17], it is a bit surprising that no structural relationship between
the coefficients a4 is assumed. Indeed, in |17, Prop. 5.4] the coefficients a4 have
a common periodic cell in the directions of the interface Z and in |9, Th. 5.7]
a diophantine condition relating the periods of the coefficients a4 is assumed.
The more general statement in Theorem [1, however, does come at a cost. In
particular, defining the glued composite correctors

s it 2t >0, o Jog@) if 2t >0,
#w) = {¢>_(z) it atco 0 Ol):= {U_(x) i 2t <o, 2D

4We use here the quite paradoxical words “random constant” to designate a random field
that is constant in space.



the estimates in |17, Prop. 5.4] provide an exponential decay of V(z) — Vo(x)
(and accordingly of Vo (x) — V&(z)) in the distance to the interface |x|. In
contrast, the methods used to prove Theorem [ only yield a decay as the inverse
of this distance.

Following our proof of Theorem [I} we show that enforcing a structural as-
sumption between the two surrounding media may lead to stronger estimates
than or , and not only in the periodic case [17]. In particular, we prove
in Theorem [3| that, in a special stochastic setting where both heterogeneous
media are independently generated from two Gaussian fields with integrable
correlation functions, we obtain that all the stochastic moments of the general-
ized corrector are uniformly bounded in R?.

As a counterpart to Theorem we justify that, under the assumptions
outlined in Section the rate is optimalﬂ (The only non-obvious case
is v = 1.) In particular, in Proposition [2| we give an example of coefficients a4
that admit bounded correctors and a uniformly elliptic and bounded a, such
that the global corrector for the medium with interface displays a logarithmic
growth.

We lastly underline that, apart from boundedness and uniform ellipticity,
no further assumptions are imposed on a, inside the layer of width 2 along
the interface. This is indeed a zone that we need to “sacrifice” in the proof of
Theorem [I] because of our use of cut-off functions —we cannot take advantage
of any good behavior of a in this zone, but we also do not suffer from any bad
behavior. As can be seen in , the presence of this zone does not worsen
the growth rate when v < 1, but its influence is felt when v = 1. (This is
also apparent in Proposition [2| below.) In the terminology of 9], the layer a,
could be seen as a defect since it it appears as “microscopic” when zooming out.
However, it is only in L°°(R¢) and not in any L"(R?) for r < co.

1.5 Examples

In this section, we propose three different simple, but representative, examples
of interfaces between heterogeneous media (see Figures|l|and [2)) satisfying (13)),
that will be further discussed in specific results. The first example is deter-
ministic, the second one is stochastic, and the third example does not require
homogenization theory, but it illustrates that is optimal.

Example 1. The matrices a4 represent periodic media perturbed by defects:
G_ = Aper,— + a_ and G4 = Qper,+ + 5+,

where the coefficient fields aper,+ are both periodic (with possibly different pe-
riods) and Holder continuous. Moreover, the defects are localized in the sense
of ay € L™ (Rd) nL" (Rd), for r € [1,00), and uniformly Holder continuous.
The coefficient fields a+, aper,+ satisfy . The only constraint on the layer is
that a, satisfies .

In such a case, by [9, Th. 4.1], is satisfied for v := min (1, ¢) if r # d (the
special case 7 = d can be treated in a suboptimal way by artificially increasing
r), and for a trivial ensemble (-). Such an example is illustrated on the left-hand
side of Figure [1| and might be a realistic model for an interface between two
crystals.

5Nevertheless, we do not claim that the exponent in the logarithm of (21)) is optimal.



Ezample 2. Let d > 2,0 < A < 1, k > 0 and a € (0,1). Let c_, ¢y and
¢o : R = R be covariance functions such that their Fourier transforms satisfy

|Fe— (k)| + | Fer (k)| + | Feo(k) < k(1 + |k|)_d_2a for any k € RY, (23)

and let the deterministic matrix-valued functions A_, A, A, : R — R%¥9 be
such that each element in the range of A_, A, and A, satisfies . Assume
that these functions are uniformly Lipschitz continuous, i.e.,

[AZ oo + 1Ay llpoe + [[AG ]l Loe < k. (24)

The coefficient fields a4, a— and a, are generated from independent vectorial
stationary Gaussian fields g_, g, and g, : R — R with covariance functions
c_, cy and ¢, in the following sense:

0 (@)= A_(g_(2)), ap(@)i=Ap(g4(2) and ao(e) == Ao(go(z)). (25)

We denote by (-) the ensemble induced by the joint laws of g_, g4 and go.

By |18, Prop. 3.2] (see also [15]), estimate is satisfied for v = 1 in
Example Of course, it might be more realistic to make use of the layer
coefficient a, to have a smooth transition between the two surrounding media
as in Figure

Remark 2. There is no need to assume independence between all the media in
order to apply Theorem [[] However, as will be seen in Theorem [3] below, this
produces more refined estimates.

Example 3. Let n be a function on R? defined by

n(z) =z ) (x - e2), (26)

where n; and 72 : R — [0, 1] are two smooth functions such that

[=1/2,1/2) € {t : ma(t) = 1} C Supp(nz) C [-1,1].

By definition 7 the support of 7 lies in the strip D defined by

{[1,—1—00) c {t : m(t) =1} C Supp(m) C [0, +00),

D :=[0,+00) x [~1,1] x R*72, (27)
We then define the symmetric coefficient field a as
a(z) =1+n(z)e; ®ey. (28)

In Example [3] one may write a in the form (7) for a_(z) := 1, at(z) =
I+ n(z)e; ® e1, and ao =1+ n(z)e; ® e1. Hence, a admits the matrix @ = I as
its homogenized matrix. Moreover, we easily derive that

T-€2
p-=¢y =0, 0-=0, and (04);; = (Jidjo — dindj1) 5k1/ 2.
0
Thus the correctors (¢4, 04 ) are uniformly bounded in R?. However, we show

in Proposition [2| that a admits a global corrector ¢ with an unbounded growth
rate.
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Figure 2: Value of aji(xz). The support of 7 corresponds to the zone D =
D1 U Ds.

1.6 Outline

The article is organized as follows: In Section [2] we sketch the main steps
leading to Theorem [I] Then, we state a few additional results: We deduce
from Theorem [I] an almost-optimal convergence rate for the modified 2-scale
expansion; we show that the rate is attained in Example [3} and in a special
stochastic case, namely Example 2] we get a slightly better growth rate for
the generalized correctors. Sections [3] - [§] are devoted to the proofs. Namely,
Sections 3] [] and [5] contain the proof of Theorem [T} each of them corresponding
to an intermediate result, whereas Sections [6] [7] and [§] contain the proofs of the
additional results. Last, we state and prove in Appendix [A] a useful result on
harmonic functions.

2 Strategy of proof and additional results

2.1 Strategy for the proof of Theorem

We go through the following sequence of steps: First, in Theorem 2] we assume
access to a strictly sublinear generalized ungauged corrector (see Definition
and obtain an averaged Lipschitz estimate for a-harmonic functions above some
minimal radius r* > 0. Then, in Proposition [, we show that, assuming the
existence of generalized correctors ® corresponding to a4 satisfying , we
can construct the generalized ungauged corrector needed as input in Theorem [2}
Therefore, we obtain a large-scale Lipschitz estimate for a-harmonic functions.
In turn, the latter yields annealed estimates for the first and second mixed
derivatives of the Green’s function associated to —div (aV) (as shown in [6]).
These Green’s function estimates are a main ingredient to get the almost-optimal
growth rates in Theorem [} Their use is complemented by Lemma [7} in which
we go from the ungauged flux corrector that comes out of Proposition [1| to a
unique (up to addition of a random constant) flux corrector satisfying the same
sublinearity properties, and Lemma [§] in which we control the moments of the
minimal radius r*.

10



2.2 Theorem |2 Large-scale Lipschitz estimate

Our Theorem [2] generalizes the previous result |17, Th. 4.1] by adapting the
proof of |15, Lem. 2]. It takes as input strictly sublinear ungauged generalized
correctors and yields a large-scale Lipschitz estimate for a-harmonic functions.
The method in [15] is inspired by the earlier work of Avellaneda and Lin in
the setting of periodic coefficients [4]. The main idea is to transfer regularity
properties from the constant-coefficient homogenized operator to the heteroge-
nous operator at large scales. In our case, to overcome the discontinuity of
the homogenized matrix at the interface, we need to use the modified 2-scale
expansion .

We use the convention that the excess of an a-harmonic function on the ball
of radius r > 0 centered around zy € R is given by:

Er(zo)[u] = inf |Vu— (VP + Vo) €. (29)
gERd Br(xo)
For this definition of the excess we obtain the following large-scale regularity

result:

Theorem 2. Assume that the coefficient field a has the form and satisfies
, the homogenized matrixz @ has the form , and the a-harmonic coordinates
are defined by . We let (¢,0") denote an associated generalized ungauged
corrector. Then, for any Holder exponent o € (0,1), there exists a constant
§ = 0(d, \, @) such that the following properties hold:

Let zg € R and rpa > r* > 0. Assume that (¢, 0") satisfy the sublinearity

condition
1
s (f fo-f @
rE[r* ,Tmax] r B (zo0) Br(zo0)

Then, for R € [r*,rmax] and a function u that is a-harmonic in Bgr(xq), the
excess € defined by satisfies

r 20
En(wo)[u] <071 (E> Er(zo)[u] for any r € [r*, R]. (31)

2)% <6 (30)

Moreover, the correctors have the following non-degeneracy property:

SEP <[ VP64 Vo <R for any € € RY 7 € [ /2]
B,,v($0
(32)
Finally, the following large-scale Lipschitz estimate holds:

][ Vul” < 571][ Vul|® for any r* <r < R < rpax. (33)
B, (z0) Br(zo)

Remark 3 (Liouville theorem). As a consequence of Theorem [2| the space of a-
harmonic functions u € HllOC (Rd) that are strictly subquadratic is of dimension
d + 1. More precisely, such functions u can be written as

u(z) =c+0b- (P(z)+ ¢(x)) for constants ¢ € R, b € RY.
Here, u is said to be subquadratic if there exists 5 € (0,1) such that

2\ 1
lim R~(+5) (][ u—][ u‘ )2 = 0.
RTOO BR BR

11




2.3 Proposition Construction of generalized ungauged
correctors

For the construction of the generalized ungauged corrector (¢, ") that we take
as input for Theorem [2| we adapt the method used in [12}/24] to construct
Dirichlet and Neumann correctors. The general iterative scheme of [12,/24] was
first introduced to build higher order correctors in |11].

In [114[12}/24] it is sufficient to assume existence of a whole-space (first order)
corrector satisfying a quantified sublinearity condition. For simplicity, here, we
restrict ourselves to a slightly less general sublinearity conditiorﬂ Indeed, we
assume that there exist whole-space correctors (¢_,c_) and (¢, o) associated
with a4 such that

1 N

7(][ [(p_ o,y ,04)] ) <r7v for any r > 1, (34)

T NB,.(z0)
for a given exponent v € (0,1] and for o € R?. Note that if is satisfied,
then, (-)-almost surely, for any 2o € R? there exist (¢_,0_) and (¢, 0, ) such
that holds (up to a uniform multiplicative constant).

The basic strategy of the construction we use here is to iteratively, on in-
creasingly large scales, correct the glued composite correctors (¢, 5) defined in
([22). The intuition is that (V¢, Vo) should behave like (V¢4 - VP, Voy - VP)
far from the interface on the right /left. This naturally leads to the ansatz:

dp=(1-X)0;0;Pc+dx  and ol = (1—X)Fiud Py +Gijr,  (35)

where the function y is smooth, equals 1 on a narrow layer along the interface
(containing the interface layer [—1, 1] x R¢~1), and vanishes far from the interface
(it will specified precisely in Section ‘ The functions % and ¢ correspond to
layer corrections along the interface.

More formally, we decompose R? into dyadic annuli and solve the corrector
equations (3)) and in the associated increasing balls by using the ansatz (35)).
We thus obtain a sequence {((bM oM )} MeN of “local generalized ungauged
correctors”. An induction argument yields the convergence of this sequence.
Indeed, by appealing to the large-scale Lipschitz estimate of Theorem [2] in the
M*™ step, we ascertain a sublinearity estimate on the local generalized ungauged
correctors (¢M,U“’M). This latter property is then used in the M + 1" step
in order to invoke Theorem [2] again. Last, using these sublinearity estimates,
we find that ((bM,O'u"M) converges to solutions (¢, o") of and on the
whole-space R?.

Using the above strategy, we obtain the following result:

Proposition 1. Let a be defined in @ and satisfy , and a+ be the constant
homogenized matrices associated with a4. Assume that there exist generalized
correctors (¢p_,o_) and (¢4,04) associated with ay such that holds for
v € (0,1] and xo € RL. Then, there exists a generalized ungauged corrector
(¢, 0") associated with the coefficient field a that satisfies

W Jeen—f e

6 An inspection of the proof of Proposition [1| should convince the reader that the result, in
fact, holds under the direct analogue of the quantified sublinearity condition [12} (11)].

2\ %+ _
)2 <kr7v foranyr>1, (36)
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for the exponent v :=v/3, and a constant k depending on d, A and v.

Remark 4. Proposition also applies if the input correctors are ungauged.

Notice that the sublinearity condition involves an anchoring point xg €
R?. As we will see in Section this affects the definition of the cut-off func-
tions defining the various local generalized ungauged correctors. In particular,
in the method that we have described above, the successively large annuli were
implicitly centered at 0. Of course, the output (¢, o") of the proposition apriori
depends on the anchoring point z3. However, we see in Section that the
gradient of the corrector V¢ is unique and thus independent of x(, whereas
Vo' generally depends on zy (Vo is not unique since o" is ungauged).

As already observed in [12] for the boundary correctors, the estimate
is suboptimal in terms of the exponent v. Actually, even if the generalized
correctors (¢4, o4 ) were uniformly bounded, optimizing this method would only
upgrade to the exponent v = 1/2 (whereas one may hope for 7 = 1). The
non-optimality of this estimate is an inherent feature of the method, which relies
on energy estimates to capture the “smallness" of the layer around the interface.
This strategy is predestined to be suboptimal: Indeed, the normalized L?-energy
corresponding to the layer around the interface and inside a ball of radius r scales
like 7~1/2, whereas the normalized L'-norm of the same domain scales like r—!.
In particular, we formally have that

1
(][ (]l[_l’l]XRd—l)z ) S~ Y2 pml ’:][ ]].[_171]><Rd—1 for r>1.
B,

r

Thus, the energy norm is not the best way to account for the smallness of the
layer. This observation advocates for using more refined tools, namely estimates
for the mixed gradient of the Green’s function. The latter will transfer the L'
optimal bound corresponding to the layer to an L°° bound for the growth rate
of the generalized correctors (up to logarithmic losses). This remark is at the
core of the proof of Theorem [I] and a key observation of this paper.

2.4 Theorem (3} Improved rates via independence

To demonstrate the price that we pay in Theorem [I] due to a lack of joint
structure assumptions on the media, we take a closer look at the situation of
Example 2 in Section [1.5] Here, a relationship between the two media and
the layer is enforced by assuming independence of their laws. As an analogue
of |18] Sec. 3.2], we obtain:

Theorem 3. Assuming the situation described in Example [§ of Section
there exists a unique (up to addition of a random constant) generalized corrector
(¢, 0) associated with the coefficient field a that satisfies the estimate:

n* 2+ |z —y) i d=2,

(1(6.0) (@) = (6.0) DI Sarimens {1 A,

Our argument for Theorem [3]is essentially a corollary of the techniques used
in [18] Sec. 3.2] (where there is no interface), which rely on the availability of a
powerful tool: a spectral gap estimate. This ingredient is actually available in

13



our current setting. Indeed, thanks to the independence assumptiorﬂ and ,
the ensemble () is such that, for any functional F = F(a) and p € [1,00) the
following spectral gap holds:

(F =B St (( [
Rd
where we make use of the functional derivative defined by

. F(a+¢eba) — F(a) OF(a) a(z))dz
lim _/Rd da(z) (ta(2) dz.

e—0 IS

822)’2dz)p>, (38)

Moreover, the Gaussian fields ¢ = g—, ¢ = g4, and g = g, are smooth in the
following sense |18, Sec. 5.2]: For any 0 < o/ < « and p € [1,00), there holds

(1912 () Saromsa 1 (39)

2.5 Proposition [2} Example for optimality of Theorem

We show that the coefficient a given by Example [3] admits a global corrector ¢
with an unbounded growth rate:

Proposition 2. Assume that d > 2. Let the coefficient field a be defined by
and ¢ be the associated unique (up to addition of a constant) strictly sublinear
corrector. Then, there exists a constant C > 0 such that for any r > 1 there
exist points x,x’ € RY satisfying

lp(z) — p(z")] > Cln(r) and |z —2'|=r. (40)

2.6 Corollary [I} A convergence rate

As an application of Theorem [l we obtain optimal convergence rates (up to
powers of a logarithm). In particular, we prove the following corollary (which,
for simplicity, is deterministic):

Corollary 1. Letd > 2, v € (0,1] and e > 0. Assume that the deterministic co-
efficient field a is defined by , satisfies , is uniformly a-Hdélder continuous
for a fized exponent « € (0,1), and satisfies:

||aHCO,(y(Rd) < K.

Suppose that the underlying coefficient fields a4+ admit constant homogenized
matrices a4, and that there exist generalized correctors associated with ay that
satisfy:

s (2) — Ou(y)| < Kz —y'™*  for any z,y € RY

Let f € LP(RY) with support inside B(xg), for p > d. Assume that the
functions u and w are the zero-mean Laz-Milgram solutions to

—div (a (z/¢) Vuf (z)) = —div (@(z)Va(z)) = f(z) in RZ (41)

7 Independence is a sufficient —but not necessary— condition for deriving a spectral gap for
the global medium.
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Then, there there holds
05 = o oy Sarmawp € T2 24T [ fllo@e.  (42)

Moreover, if f € L™ (Rd), then:

IV = V= V(=) - V|| o gy Sarmaw & W24 )| o o)
(43)

Remark 5. The assumptions of Corollary [I] encompass special cases of Example

o

Remark 6. We assume in Corollary [If that the dimension d > 2 and that f has
compact support in order to ascertain that f € H~'(R?). (Relaxations of these
assumptions are possible, but we do not consider these subtleties for simplicity.)

In our proof of Corollary [, we make use of the generalized 2-scale expansion
(5). In Figure [3| we illustrate its accuracy in comparison with a naive glued
2-scale expansion. For this, we define the local errors E'! and E%? respectively
corresponding to the left-hand side of and to the glued 2-scale expansion:

E* = Vuf — Va - Vo (g) v,
per . J Ve = ([+V6y (2))-Val i Ry xR
Ve - (1+ Ve (2))-Va]  in R xRIL

As expected, we observe that our approximation performs well uniformly on the
space, whereas the glued 2-scale expansion is accurate far from the interface, but
useless in the vicinity of it. While letting € | 0, we observe that the convergence
rate is approximately linear in €, as predicted by Corollary

. 0.5
10° \
) 0.4 ey
03 10'F " ETETETAN
BT
0.2
-0. 10°2 B
0.1 e
. B 0
0.2 0 0.2 0 10 Small scale ¢ 10

Figure 3: Consider a coefficient field a as on the left of Figure [I] and a smooth
forcing term f with compact support. On the left of this figure we have the
local error E5!, in the middle is the local error E%2, and on the right we see
the L°°-norms of the aforementioned quantities when ¢ | 0.

0.2

0.1

0

-0.1

-0.2

2.7 Further extensions

Corners and boundary In this contribution, we only consider equations
posed on the whole-space R?. This has the beneficial consequence of avoiding
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the problem of boundaries. However, this is not only a convenient simplification.
Indeed, if we would replace R? by a smooth bounded domain and complement
the equation with homogeneous Dirichlet boundary conditions, we would face
the geometrical problem of the crossing between the interface and the boundary.
There, the regularity results for discontinuous coefficients that we are using from
|201/21,22] do not apply. This geometrical problem is not unrelated with the case
of a non-flat interface with a corner —which might be relevant when modeling
interfaces between crystals. We intend to explore these issues in upcoming
works.

From another perspective, let us emphasize that the techniques used here
could improve the results of [12,/24]. In particular, one could obtain almost-
optimal growth rates for correctors on the half-space with homogeneous Dirichlet
and Neumann boundary conditions.

The case of a wide interface layer In this article, we have assumed that
the layer around the interface has a width 2L = 2 (see (7). In general, this
width L > 1 might be much larger than the characteristic scale (here 1) of
the oscillations of the coefficients a4.. Thus, it might be useful to track the
dependence in L in the estimates and .

To handle this situation, we perform the rescaling a(y) := a(Ly). Notice
that the width of the interface layer of @ is now 2, so that we may apply our
results to a. Also, remark that the correctors QS, o, qﬁi, etc. associated to a are
obtained from the correctors ¢, o, ¢4 associated to a by the following rescaling:
g(y) = L71¢(Ly). Performing the arguments for Theorem (see Section |5)) in
this special context produces (after rescaling back) the following estimates

(/B|¢(x+z)—¢(y+z)|2dz)g>;§L1n (2+|%|)+|r|1 v plv) (2+‘ ).
(/B|0(:c+z) 70(y+z)|2dz)%>% §Lln3 (2+ %) +|T|17uln1+2LuJ <2+|%|)’

for any z,y € R? with |z —y| = 7.

Systems In all of this article, we consider a scalar equation. However, we
do not use any elliptic tool specific to scalar equations (e.g., the maximum
principle). Therefore, our theorems may extend to the case of systems, that is

replacing by

—div(A:Vu)=f in the sense of — aiA?fajuﬁ = f°,
where the coefficient A = (Aio‘jﬁ), for i,j € [1,d] and o, 8 € [1,m], m € N, is
elliptic in the following sensdﬂ

2 af acB 2 d _ (e dxm
A" < A3 (2)67E7 < €] for any z € RY, and § = (§) e R, (44)

8Notice that elastic systems do not satisfy fully (44)), but a weaker version of it, where the
vector-valued vectors & in shall be symmetric in the sense of £ = &, (in such a case,
m = d) —see [25| Sec. 2.4 p. 26]
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3 Argument for Theorem

In all of this section, we place ourselves under the assumptions of Theorem[2] We
follow the strategy of |15, Prop. 1] and for brevity, whenever an argument does
not see substantial alteration in its passage to the current setting of an interface,
we keep details sparse and refer the reader to the latter contribution. The
main idea is to take advantage of the sublinearity of the (ungauged) generalized
corrector in oder to control the excess. This is rephrased in the following
lemma, which is an adaptation of |15, Lem. 3]:

Lemma 1. Assume that the function u is a-harmonic in Br(xo) and that §

defined by
0= ]1%(]{33(950) (@0%) - ][]-3R(aco)(¢)7 o) 2) ’ (45)

satisfies § < 1. Then, there exists a constant € = e(d, \) > 0 such that, for any
0 < r < R, the following estimate holds:

£.(z0)[u] Sax ((%)2 + W(?)d”)]{g . )|Vu|2. (46)

We remark that the difference between our proof of Lcmma and |15 Lem.
3] is that we use the generalized 2-scale expansion instead of the classical one.
This results in the standard algebraical identity involving the difference between
the solution of the oscillating problem and the 2-scale expansion (see |16}, p. 26-
27] or [15, (79)]) being replaced by (19); and the regularity estimate for V2
used in the original proof (that is unavailable in the case of an interface) is
replaced by a corresponding estimate for VVa, which is given in Lemma

Before proceeding with the proof of Lemma [I] we emphasize two technical
lemmas: Lemma which concerns the regularity of VVu and Lemma which
provides a weighted energy estimate.

Lemma 2. Let zg € R? and p € (0,1). Assume that w € H* (B(x)) is a-
harmonic in B(xzq), where @ is defined in . Then, we have that

sup PAIVVa(z))? +  sup  |[Va(z)? Saa p*d][ |Va|®.  (47)

2€B1_,(w0)\T zEB1_,(0) B(zo)

Lemma 3. Assume that a satisfies and let uw € H'(B) satisfy
—div (aVu) =div(g) in B, (48)
u=20 on 0OB.

Then, there exists an exponent = ((d,\) € (0,1) such that the following
estimate holds:

[ =t Fu@Pde San [ (1= 1) lgo)d. @9)
B B

As both of the above lemmas are classical, we do not prove them here. We refer
to [21, Prop. 2.1] for Lemma[2] and to the lecture notes [14, Chap. 3| for Lemma
(see also the Hardy inequality from |23 Th. 1.6]).

Proof of Lemmal[ll Let 3 be given by Lemma [3] Without loss of generality, we
may assume that 4r < R and R = 1. Furthermore, we may assume that ¢ and
o" are of zero mean on B(zg).
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Step 1: Set-up We define the function u € H!(B(z¢)) as the Lax-Milgram
solution of

—div(@aVu) =0 in B(wzo), (50)

u=u on 0B(zg),

and denote the corresponding homogenization error as
wi=u—7u—n¢- Vi, (51)

where n € C2° (B(zg)) will be fixed later. Notice that w = 0 on 0B(z), and,
using the same computations as in Step 3 of |15, Prop. 1], w solves the following
cut-off version of :

—div (aVw) =div(g) in B(wzo), (52)
for g; := (aijon — o}y;,) 05 (nOxu) + (1 =) (ai; — @iz) ;.

Step 2: Estimate for ¢ We claim that the following inequality holds:

/ (1 =z —z0))’ g < (p° + p~97262) / \Val, (53)
B(zo) B(zo)

where we assume now that n = 1 in By_2,(z0), Supp(n) C Bi_,(x0), and
|Vn| < p~!. We remark that is the counterpart of [15 (96)] and is proven
in the same way, using Lemma [2]

Step 3: Excess decay estimate We claim the following:

Er(20)[u] 5r*d*2][ (1 — |z — zo))’ |Vw]® + (2 + r*d52)][ |val® .

B(xo) B(zo)
(54)
To obtain , we set
f::][ vu and w:=u— (P+¢— P(xg)) & —u(xo)- (55)
B7~(10)

By definition of the excess, there holds:
& (zo)lu] < ][ V. (56)

BT(xO)

Since the function @ is a-harmonic in B(zg), the Caccioppoli estimate yields

foowatsf g (57)
By (zo0) B2, (o)

Applying the triangle inequality to the definition of w, we may decompose
in Ba,(x0) (recall the definition of w):

@] < |w| + @] [€ — Va| +[@ — (P = P(x0)) - € = U(x0)].
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The second and third terms on the right-hand side may then be handled by
appealing to Lemma [2] (see [L7, Lem. 5.3] for more details), to the effect of:

e~ 5o < (.

B(zo)

[ — (P — P(20)) - € = @(20)l| oo (3, (20)) S 7~ <]{3( ) IVaP)

v ),

1
2

Combining these observations with , we find that

fowarser P (Eef ) vaf
Br(wo) Bzr(wo) BZT(wO) B(QZO)

< r*H][ (1 — |z — 20)" 2 |Vw]? + (r? + r’d62)][ Ival?.
B(wo)

(zo)

(58)

This entails (54)).

Step 4: Conclusion Applying Lemma (3| to w, which satisfies , and in-
voking , we deduce that

[ a-lemml Vol s [ o= ao)’ o
B(Io) B(IO)

S(pﬂ+p‘d‘252)/ vl
B((Lo)

We optimize the above estimate by setting p := ST Thus,

[ -l vl s [ |va (59)
B(zo) B(zo)
for e := B/(d+ 2+ B). By (54), this entails

& (wo)u] < (=262 1 12 1 r~452) ][ val?. (60)
B(zo)

Then, since 6, r, and ¢ are smaller than 1, we deduce that §2 < r=2§2°. More-
over, by , there holds:

fovaPsf v,
B(zo) B(zo)

As a consequence, is obtained from by restoring the scale R. 0O

With Lemma [I] in-hand, we are now in a position to give the argument for
Theorem Since it closely follows the argument for [15, Th. 1], we do not
detail every step.

Proof of Theorem[4 Let R € [r*,rmax] and 6 € (0,1). Since u — (P + ¢) - € is
a-harmonic for any ¢ € R?, we deduce from Lemma [I| that

Eor(wo)[u] < C (02 + 6%07972) Er(wo)[u). (61)
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We set 6 and then ¢ (in that order) sufficiently small so that C#* < §2%/2 and
C§%0=972 < 92> /2. Then reads:

Eor(zo)[u] < 92"€R(x0)[u]. (62)

Up to setting ¢ smaller, follows by a standard iteration argument (see Step

1 of [15, Th. 1]).
The proofs of and are similar to (33) & (16)]. In particular,
follows from the Caccioppoli and Poincaré inequalities (see Step 7 of Prop.

1]) and is a corollary of and (see Step 2 of Th. 1]). O

4 Argument for Proposition

We begin by introducing the geometric objects needed in our argument and
constructing local ungauged generalized correctors. In the second subsection,
we show that we can inductively use the large-scale Lipschitz estimate from
Theorem 2] to, given a local ungauged generalized corrector at some scale, obtain
another local ungauged generalized corrector on a larger scale that still satisfies
the same sublinearity property. In the final subsection we show that we can pass
to the limit in this procedure to obtain a global ungauged generalized corrector
that is strictly sublinear.

4.1 Construction of local ungauged generalized correctors

We use a geometrical construction involving dyadic balls and a narrow layer
along the interface (see Figured)) according to which we decompose the interface
layer corrections ¢ and ¢ that we have already introduced in Section

Figure 4: In this figure, we set o = 0. Here the blue area represents the support
of the cut-off function y along the interface, i.e. the “trumpet”, and the pink
areas denotes the support of 1,, —7,—1. Notice that V (9, —,—1) is supported
in the lighter pink area and 7,, — 7,,—1 = 1 in the darker pink area.
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Geometrical setting Fix zy € R? For 9 > 1 to be fixed later, we set a
dyadic sequence 7, := 2™ry for m > 0 and r,, = 0 if m < 0. In order to define
the interface layer, we introduce the function

L(r) == r~2v/341 £ 2, (63)

which, as will be seen in our proof, actually turns out to be optimal for our
estimates. We now let S, be functions of z depending only on z+ and satisfying
the following constraints:

{reRl:su@ =1} c{o e R |ot| < 202l ],
Supp(Sm) € {w € R: [ | < L(rm)}, (64)
IV Sl e ey S (L(rm)) ™" s and [[Sinl| oe ray < 1.

We remark that the “+2” in is included to ensure that S, = 1 on [—1,1] x
R?=1. We also define the cut-off functions 7,, associated with the nested balls

B, —r(r) (0) € {z € R : yp(x) = 1} € Supp(nm) € By, (o) (65)

such that |Vn,,| < |L(rm)|~t. To compliment this definition, we use the con-
vention that a ball of negative radius is the empty set. Finally, we introduce
the notation

+oo
Xm = Sm(nm - nm—l) and X ‘= Z Xm
m=0

and notice that x equals 1 in a layer along the interface and vanishes far from it.
This layer is thin along the interface, but is shaped like a trumpet and becomes
wider far from the origin.

Local ungauged generalized corrector ((;SM ,ouM ) In this subsection, for
simplicity, we set zo = 0 (the cases xg # 0 can be dealt with similarly). For
m > 0, we first derive an equation for the m' contribution to the interface layer
correction ¢™. For each M > 0 we sum these contributions up to the scale rj,
in order to obtain the local corrector ¢ . In particular, we have the following
result:

Lemma 4. For every m >0 and k € [1,d], there exists ;52" € H} (RY) that is
a weak solution of

—div(aVep) = 9;(gp) in R4, (66)

for the vector g;* defined by

m

9 = (xXom (aij — @ij) + (aadj — Gij) O (M — Mm—1) — Xm)) 0 Pe,  (67)

such that

[195 Sa [ 1o (69
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Furthermore, the function ¢ € HL (R?) defined by

M M
O = 3 o+ (i = Y X )d- VP (69)
m=0 m=0
is a “local corrector” in the sense that it satisfies
—div (a (Vép" + nuVP) —nuaVP) =0 in RY, (70)
whence
—div (a (Vo' +VP,)) =0 in B, ,. (71)

Remark 7 (Discontinuities through the interface). In order to make sense of g
in , we notice that the functions ¢ and & are (generically) discontinuous
through the interface Z. This is, however, not a problem as (1 — x) and Vy
vanish in a neighborhood of the interface and, therefore, possible singularities
of distributions multiplied by these functions in this neighborhood are not im-
portant. To illustrate this, we remark that apriori the formal product 8l¢3j8j Py
has no mathematical significance for 2+ = 0 (even in the sense of distributions),
but the expression

0 ) if ¢ Supp((1-x)),
(1 = x)19;0;Pr) (x) if = € Supp ((1—x))

is well-defined. From now on, we will use this and all analogous conventions
without further notice.

(1= x)816,0; Py (x) := {

Proof of Lemma[j} The matter of the existence of 52” and the energy estimate
can be settled using a standard Lax-Milgram argument.

By the definition of nur, is an obvious consequence of and
(14). Then, by and @, there holds:

~an(ov( X ) 72

M M
— 81-( > X (ai; — @i5) 05 P + (aud; — Gij) O, (ﬂM = Xm)ajpk).
m=0

m=0

To finish, we show that with the ansatz (69)), the relations and are
equivalent. By plugging the ansatz in ([70)), we obtain:

—0; (aij i 8@%) = 8¢((77M - i xm> (aualéj +aij — aij) 9; P,
m=0 m=0

M M
+ a0 (T}M - Z an)éz;jajpk + Z Xm (@ij — @ij) 3jpk)-
m=0

m=0

By the definition and skew-symmetry of &, the first term on the right-hand side
reads

0; (QM (ailalgf)j +a;; — Eij) 8ij) =—0; (QMalﬁlijaij) = -0 (6lij810M8ij) s
where we used M := 1), — Z%:o Xm for brevity. Whence is established.
O
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With the local correctors ¢™ from Lemma |4, we can now build local un-
gauged flux correctors:

Lemma 5. Let g™, qz~5m and oM be defined as in Lemma |Z| For M > 0 and
j,k €[1,d], assume that there exists a function N% € HL (R?) that satisfies

loc

M
AN% == Z (Qﬂ + ajzal&") in RY (73)

m=0

If we, furthermore, assume VNM to be strictly sublinear, then oM defined by
B B M

ol =N = 0NN + (mr = > xm ) Gt Py (74)
m=0

is a “Qocal ungauged flux corrector associated with ¢M”. In other words, it sat-
isfies (18) in R? and is a weak solution of

82‘0';7}’]]6\/[ = nMajlalPk — Qji (8l¢2/[ + nMalPk) m Rd7 (75)

which implies that

aiO';lj’,iV[ = ajlalPk — aji (81Pk + 8[¢£4> m BTM*l. (76)

Proof of Lemma[5 Notice that oM defined by (74) naturally satisfies .
The only part that remains to be checked is (75). For this, we recall from

Lemma 4| that g™ + qugm is divergence-free, which, when combined with ,
implies that Ad; N, % = 0. As a consequence, by the first order Liouville principle

for harmonic functions, 6j]v % is constant. We then have that

M
OuN) — 00Ny == (9;7.3 + aj13l¢km> : (77)

m=0

Whence, by the definitions of ¢ and &, and as a consequence of , we
obtain that

amfj’fy :@'iﬁf\g — ajaiﬁﬁ,j + &'((UM — f xm>5rijlalPk)

m=0
M B M
= Z (* 9ik — ajzazQS?) +0; (77M - Z Xm>(7ijzalpk
m=0 =0
M
+ (77M -y Xm> (@ji — aji — a;nOndr) O Py
m=0
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By definition of g, , and the antisymmetry of &:
M ) M
aiff?j’;iw Z( - Z Xm (aji — @j1) — (ajidr — Gjar) O (77M - Z Xm>)3lpk
m=0 o v m=0 o
— a;;0; <¢]1€\4 - (ﬂM -> Xm>¢zalpk> — 65u0; (77M -3 Xm>3lPk
m=0 m=0

M
+ (77M - Z Xm) (@ — aji — a;nondt) O P

m=0
=nu (@ — aji) — ajOop' ) O P,
which establishes . O

4.2 Inductive use of large-scale Lipschitz regularity

Lemma 6. Let « = 1/2, M > 0, v € (0,1], and z9 € R:.  Assume that
there exists a local ungauged generalized corrector (¢, oc"M) on B,.,,_, (zo) that
stmultaneously satisfies the growth conditions (34)), and (30) for r* =rqg > 1
and rmax = Tav—1 and for 6 :=6(d, \,1/2) as in Theorem |2

Under these assumptions, there exist a local corrector M+, namely a solu-
tion of , and a local ungauged flux corrector oM+t namely a solution of
(75) satisfying , such that for any r > rq the following estimates hold:

| ¥
S Je—f o) co@nrs @)
T NB,(z0) B, (z0)

1
and 7(][
T NB,(z0)

for a constant C(d, \) only depending on d and .

2\ L
AT ][ M) <o N (79)
B, (z0)

Proof. Using the objects that we have defined in Lemmas [4] and [5, we proceed
in three steps: We first establish an estimate on V¢ by appealing to Theorem
from which we deduce in a second step. Then, to finish, we show
by using the result of the first step and basic facts about harmonic functions.

Step 1: Energy estimate We first show that, for any r > rg and m < M +1,
the functions ¢™ from Lemma [4 satisfy the following estimate

]ér(zo) ‘Vamf §d7/\ min (17 (TTM)d)T;fD/B' (80)

To obtain (0], we use (67) to write:

mi2 T2
/IQIS/x%ﬁ/!(,o)
Rd Rd Rd

Since the function y,, has a localized support, i.e. we have that

IV (1 = 1) = Xom)|* - (81)

Supp(xm) C B, (xo)\Brmfz (o) N {33 eER?: |37J_| < L(Tm)} )
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the first integral on the right-hand side of is bounded as

d—
/ X72n S Tm 1L(Tm)'
Rd
For the second integral we use the decomposition

\Y% (nm — Nm-1 — Xm) == (1 - Sm) (vnm - V'r]m—l) - (nm - nm—l) vSm

and properties of the cut-off functions defined in Section [£.] to estimate
- 2 2
[ 1600719 (1 = 1) = )
c o2 _ c 2 _
s J@oltom e [ @) L)
B, (zo0) B, (z0)

< T;in+2(1_y)L(7’m)_2 + 7‘21+2(1_U)L(7"m71)_2~

~

Notice that we have also used the growth condition .
As a consequence,

L(T ) r%l—l/) T2(1_7u)
m2 < d ( m ) d m-1__ 2
Ad |g | ~ T'm T + L(T‘m)2 tTrm—1 L(T‘mfl)z ( )

Recalling that r,, = 2™rq, appears to be the optimal choice and plugging
it in yields:

/ "2 < 2ol (83)
Rd

Therefore, from and , we obtain for r > r,,_o.

For the case r < r,,_s, we can use Theorem |Z| for which, up to the scale
ro2M =1 it is sufficient to have a local ungauged generalized corrector in B,.,, . (x().

Since ¢™ is a-harmonic in B,., ,(zo) C B,,,_, (), this entails

~ 12 ~ 12
Lol eh ol s
Br(zo) By, _,(x0)

where we have used for r = r,,,_p. This finishes the argument for for
all » > rg.

Step 2: Argument for Once is established, applying the Poincaré-
Wirtinger inequality yields

~ ~ 3 m _
5 o) s ()

Whence, by definition combined with the triangle inequality, , and
recalling r,, = 2™ry, we obtain as follows:

M+1

Y e e ) e i (1 () s e
T VB, (z0) B.(z0) r

m=0
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Step 3: Argument for (79) Since the right-hand term of is divergence-
free, we can rewrite it as

M+1

ST (e 5 e mi)

m=0

Now, we would like to invoke Lemma[I0} To do this we first notice that, for
r > 1, we have:

M+1 _ 2 M+1 -~
fo e Y hread) sr Y (f  1amre|ven?).
Br(x()) m=0 m=0 »(Zo

By applying this becomes:

M+1 1 M+1

2 /2
ry ][ ¢m’ " <r ) min (1, (TT’") )r;u/S < v/,
m=0

m=0 r(Zo)
On the other hand, since g,, = 0 outside of B, (x0)\Bs,,_,(z0), implies
that

M+1 % min(M+1,[r]+2) y ) 1
- ") < ([ )
Z ][(950) mz::() R¢
min(M+1,[r]+2)
roNd/2
< om —v/3 < pl-v/3
<r Z . ) r < .
m=0

Therefore, we obtain:

(]ir(mo)

As a consequence, Lemma, produces a solution NM+1L ¢ (73). Moreover,
(139) implies that, for any r > 1, there holds:

- (]{37.(;1;0)

Finally, we define ¢“M*1 by . Then, since (73] is satisfied and .
implies that VNM+! is strictly sublinear, by Lemma know that ou ML g
a local ungauged flux corrector and solves . Last, summing up and the
estimate satisfied by & yields (79). 0O

M+1

(.2? — 3,‘0) “ej Z (gzk + a,llal(bk )‘ ) 5 7“1—1//3.

~ ~ 2\ 3 f
VNMH ][ VNI gy, (84)
B (o)

4.3 Proof of Proposition
Proof. As in the previous works [11}|{12], the proof is done by induction.
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Step 1: Induction Note that the local ungauged generalized corrector ((;50, O’O)
satisfies and , as a straightforward corollary of the energy estimate —
possibly at the price of taking a larger uniform constant. We then set ro > 1
such that

C(d, \rg""® < 8(d, A\, 1/2), (85)

where C(d, \) refers to the common constant of and and 0(d, A,1/2)
is fixed in Theorem 21

Next, assume that the local ungauged generalized corrector (qSM N ) sat-
isfies and for a given M € N. T herefore, by , this local generalized
corrector also satisfies the growth condition for 7* = rg, "max = rm—1, and

u,M

§ :=6(d, \,1/2). Whence, applying Lemma we obtain that (¢™*1, oM +1)

also satlsfy . and ( .

As a conclusion of the inductive proof, (¢M oM ) satisfy and for
any M € N.

Step 2: Limit M 1 oo By a compactness argument in L2 _(R?), the following
convergences hold up to a subsequence:

(qu,U“’M) M?Oo (¢,0") and VoM ? V¢ in LIOC(]Rd).

By taking the limit of the weak formulations of and , we deduce that
¢ and o" respectively satisfy and . Also, the generalized ungauged
correctors (¢, o") inherit and . As a consequence, we have established

H(t PRCER 1 e

Step 3: Post-processing We use a standard argument to get from
. Applying the Cauchy-Schwarz inequality and , there holds:
2) s

‘]{smo) ((b’gu)]{azr(m) (%] = <]{32r<m> (d)’gu)][BQr(zo) (%)

<d ETI Vv
for any » > 1. Thus, using a dyadic sequence of increasing balls, for 2"~ < r <
2™ we get

n+1
. ~ 1 ~
((ba Uu) _][ (¢7 Uu) rgd K 2J(1_V) Sd E,‘“irl_u'
I E > _—

Jj=1

24 1 .
) : <kr~" foranyr > 1. (86)

As a conclusion, combining the above inequality and , we obtain . O

5 Argument for Theorem

As already discussed in Section [2| we first collect some peripheral results and
then combine these in Section [5.4] which contains the proof of Theorem [f}
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5.1 Enforcing the gauge on the flux corrector

Here, we assume that we are given an ungauged generalized corrector satisfying
a quantified sublinearity estimate (e.g. the output of Proposition [1)) and use
Lemma [I0] to obtain a generalized corrector with the same sublinearity proper-
ties. We also show that strictly sublinear generalized correctors are unique up
to the addition of a random constant. Here is the result of this subsection:

Lemma 7. Let a; and a_ € R™? be fived, and let (-) be an ensemble on
O such that, {-)-almost surely, a admits a defined by (L0) as its homogenized
matriz (this ensemble does not necessarily satisfy the assumptions of Section
.

Assume that (¢, 0") is an ungauged generalized corrector such that for fized
zo € R? and p € [2,00), and for any r > 2 we have that

1

1 2 S\ p _
T<<~7£T(w0) ’qﬁ(x) —]{3(10) gzﬁ‘ dx) > < kr7VInf (r), (87)

and 71"<(]{3T(m0) o"(x) —]{3(%) o"

forve(0,1], 8 >0, B >0, and k > 0. Under these conditions, ¢ is (-)-almost
surely unique up to the addition of a constant in the class of strictly sublinear
correctors. Furthermore, (-)-almost surely, there exists a strictly sublinear flux
corrector o that is unique up to the addition of a constant and that satisfies, for
any r > 2,

1 ][ 2 B\» —v 1, B+1v]
- o(x) —][ a‘ dx Syp5 bk In (r). (89)
T<< B (@0) B(zo) ) > rp

Remark 8. An easy consequence of Proposition [I] and Lemma [7] is that for
an ensemble (-) on  satisfying the conditions of Section there (-)-almost
surely exist generalized correctors (¢, o) and (¢*, 0*) respectively associated to
a and a* that are strictly sublinear and, therefore, unique (up to the addition
of random constants).

de)%>% < fir‘”lng(r), (88)

Proof of Lemma[] We first focus on ¢. By the Markov inequality and Borel-
Cantelli lemma (using the same arguments as in Step 2 of Lemma , ¢ is
(-)-almost surely strictly sublinear. Now, assume that, given a realization a,
there are two strictly sublinear solutions to . By definition, their difference
u is a-harmonic in R%. Yet, by Theorem [2 there exists 7* > 1 which is (-)
almost-surely finite, such that, for any R > r > r*, there holds

f \w?s][ Vul?.
B, (z0) Br(zo)

Therefore, using the Caccioppoli estimate and the strict sublinearity of u, we

get
1
(]{BT(M) |VU|2> = = (]ém(%)

2\ 4
U 7][ u‘ ) — 0.
Bar(zo0) ftfoo
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Since r > r* is arbitrary, we deduce that Vu = 0. Therefore, (-)-almost surely,
u is constant in the space, so that ¢ is unique up to the addition of a random
constant.

Next, we apply Lemmawith f=ol—1s (o) Oiji» Which we may do since
(136) is satisfied. We obtain a solution Njj to such that VN;; satisfies
(140) and o as defined in , i.e. o5k = 0;Nji — 0;N;y;, satisfies . The
(-)-almost sure uniqueness (up to the addition of constants) of o follows from the
uniqueness of the N;; up to the addition of affine functions (shown in Lemma

10). O

5.2 Control of the stochastic moments of r*

We define the minimal radius r* (inspired from [15, Th. 1]), above which Lips-
chitz regularity is available for the operator —V-aV and prove that its stochastic
moments are bounded:

Lemma 8. Let the assumptions of Section hold and ®(a) := (¢, d*, 0,0%)
be composed of strictly sublinear generalized correctors associated to a and a*
respectively. Given &g > 0 and x € R?, we define r*(x) > 1 as the minimal
radius such that there exists an ungauged corrector ®" associated with a with

(1,
sup f(
r>r*(z) T VB, (z)

Then, for any vy < v and p € [2,00), the p'* moment of r*(z) is bounded as

2y}
@u—][ @u) < 5. (90)
B..(x)

* L 1/v
(r™(2)P)7 Sarsomvon Coron- (91)
Proof. Notice first that the generalized corrector ® = (¢, ¢*, 0, 0*) and thus the

minimal radius 7*(z) are (-)-almost surely well-defined thanks to Remark|[8] For
brevity, we use the notations

5(z,r) = 11"(/3<> |<1>i|2)% 92)

for € R? and r > 0.
Since p > 2, by the Cauchy-Schwarz and the Bochner inequalities, we may
post-process to obtain, for any x,y € RY,

<(/C2 [@s(y+2) —]{M %\de)%f Sep(Ltly—a)' ™. (93)

In the sequel, we anchor 4 at x, in the sense of fQ(x) ®, = 0. Whence, by the
above inequality combined with the Bochner estimate, we deduce that

D=

(0(z,m)P)? Sacpr™ for any r > 1. (94)
We set 0 < g < v and
et i=1+sup (r°d(z, 7‘))1/1/0 , (95)
r>1
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so that we have 0(x,7) < (er)~" for any r > 1. Notice that, by a simple
scaling argument, the generalized corrector associated to af = a+ (g) is given
by &5 =4 (g) This means that

Sl )= (]és_lr(z)cbif)ér-vo,

which allows us to apply Proposition |1| to obtain an ungauged generalized cor-
rector ®=" = (¢, 0°") associated with the coefficient ﬁel(ﬂ a® :=a(<). By
applied to ®“° we obtain:

1 1

= <][ |pwe|? ) Y for any r > 1. (96)
T VB, (2)

Rescaling in the opposite direction as before, we notice that ®" := ¢~ 1d%e (¢ )
is a generalized ungauged corrector associated to the original coefficient field a,
so that translates into

1 2
7( ][ v ][ o
7 B, (2) B(z)

where C(k,d,vy) is a constant depending only on x,d,vy. By @ and by
definition of ¢, it appears that

1
)2 < C(k,d, 1/0)5*”0/37"*”0/3 for any r > ¢!,

(97)

r*(z) < max (5_1,5_1(0(5, d, Vo)éal)"%) <1+sup (r”og(xm))l/yo .

r>1

Therefore, taking the p*™ moment, using a dyadic argument and , we get

(r @ 1+ Z (6w 2)h) s14 chﬁy P2E S o).
This concludes the proof of Lemma O

5.3 Estimate for the Green’s function

We now use the uniform control of the p** stochastic moments of r*(z) for x € R?
from the previous subsection in order to bound the pt" stochastic moments of
local L2-averages of the second mixed derivatives of the heterogeneous Green’s
function. In particular, we find:

Lemma 9. Assume that d > 2. Let the assumptions of Section[1.9 hold. Then,
the mized second derivatives of the Green’s function G associated with the op-
erator —div (a - V) in RY satisfy, for any vy < v, p € [2,+0), and |z — y| > 3,

1

(£, 9T P ) ) Sunmay e =i (09

Remark 9. If the coefficient field @ is uniformly Hélder continuous in R?, then
estimate can be upgraded to a pointwise estimate by Schauder theory.

9By definition, the interface layer of a® has a width 2e < 2.
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Proof of Lemma[9 Invoking the result [6 Th. 1] (and |6, Cor. 1] for d = 2)
we obtain: For a well-chosen constant dg > 0 depending on d and A, and for
the minimal radius 7*(z) > 1 associated with the condition (90), the mixed
derivatives of the Green’s function G satisfy

Nl=

Hence, is a direct consequence of and Lemma which yields:

(" (@ @) ™) < (7 @)V (0 () V) S s L

5.4 Proof of Theorem [I]
Equipped with Lemmas [7] [§] and [9] we are in a position to proceed with the:

Proof of Theorem[1] Throughout our argument we fix p € [2,00) and use the

“

notation “ <7 to denote “ Sqavwep

Strategy of proof By Remark [8] we already have the (-)-almost sure exis-
tence and the uniqueness up to a random constant of a strictly sublinear gener-
alized corrector (¢, ). Therefore, the following proof is devoted to establishing
the improved sublinearity estimates and . We use a similar construc-
tion as that in Section ] but replacing the use of energy estimates with that of
the Green’s function estimates provided by Lemma [9]

More precisely, we set a smooth function x(z) only depending on z
that

+ such

[-2,2] x R"1 C {&: x(x) = 1} € Supp(x) C [-3,3] x R

Then, imposing the anchoring relation JCQ (o) &, =0 for 2y € R?, we propose a
decomposition of ¢ in the spirit of Proposition [T}

o = (1= X)&;[%0]0; Pr + i [wo), (100)

where the dependence of ¢[z], ¢[zo], and &[] in the anchoring is made explicit.
Moreover, we define an ungauged corrector o"[zg] by:

z]k[ o] = (1= X)dij1[0) 01 Py, + O; Njk[zo] — 8; Nix[zol,
Njklwo] = —gjklwo] — ajdiorlzo), (101)
gzk[mo} (x (aij — @i;) — (aud;lxo] — Gaslwo]) Dix) 95 Py

Then, we prove estimates on 5[3:0] and o"[z¢] that may be transfered to ¢ and
o, either directly using or indirectly through Lemma m (note that the
uniqueness of (¢, o) plays a fundamental role).

Our argument has five steps: In Step 1, we use Lemma [9] to show that

1

<(/B(a:0) |V$[x0”2)%>; N C%Lfl/u? (14 |z5]) (102)
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for any p < co. In Step 2, using the uniqueness V¢ and changing the anchoring
point zy, we extend the above estimate as follows:

VB [ ) e 24
<<A(z> ‘V(b[xO” ) > NCde/VO {(1+ |x_x0|)1711 lf |{L‘J" S 4 (103)

From this, we deduce in Step 3 that the corrector ¢ satisfies . In Step 4,

defining xj, = (0, xy)), we show that the ungauged flux corrector o"[z(] satisfies

(4 PN f ol

for any r > 2. In Step 5, by appealing to Lemma we obtain that the (gauged)
flux corrector o satisfies

2, 2, L
o J‘ E\ 7 < cLHd/vo 1y 14+2(v] (r) (105)
<(]{3,,($> ]{3@) ) > e

for any = € R¢ and r > 2. To finish, we convert this into .

N
) ’ >p S c;gl/uzorl_" 't () (104)

Step 1 Set zp € RZ. We reinterpret and in the easier context of
(I100) to write:

—div(aVer[zo]) = ; (gikl[zo]) in R (106)
with g defined by (101). By (93)), we have:

(e

for any p < oo and x € R?. The definition (T01]) then yields that

<(/Q(a:) \g[x0]|2>§>% < {8p(1+|:c—:vo|)1” i ii ; {:jziﬂ’ (108)

Gl sleal))) ")’ St +le -z (o)

To obtain (T02), we decompose ¢[zo] = ¢'[zo] + ¢2[xo], where for each
k € [1,d] the function ¢}[zo] € HL (RY) is a Lax-Milgram solution of

—diV(aV(gllc [.’L‘o]) = 82 (]ng(IO)gik[xo]) in Rd (109)
and 5% [z0] € H}.(RY) is a strictly sublinear solution to

—div(aVei[zo]) = 9 (1 — Lay(me)®)) giklzo])  in R (110)
Combining the energy estimate with (108]), we get
2

(LIwami)) sal([ | lomif)) 5o o

To obtain estimates for V& [xo], we differentiate the Green’s function rep-
resentation and decompose it on cubes. In particular, for € Q(zg), we write:

V@) = [ V9,6 o)) (1 = Ly () do
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Combining this representation with the triangle inequality and Holder’s inequal-
ity, we obtain:

(e

$ 3 AU | oy T30 slaslirf az)"’

k€ZI\Qs

b

V52[I0]’2>§>%

1

S (L )Y 9l an))

keZI\Q3

We treat the second term on the right-hand side of the above estimate with
Lemma [0 to the effect of

2 P\ 35 d/v
([ [ o 6enfan)’)” sdls, kb,
Q(zo0) J Q(k+wo)

Since g[xo] is supported inside [—3, 3] x R4~1 and satisfies (108]), we have:

<</Q( Ve wol@de) ) Sewchs,, > KR

k € 2\Qs,
g + kT € [—4,4]

V —d 1—v
< Camprn HZ: 1(1+\k”|+\$é|) '
klezd=

A

1+d/lj0

~ c2dp/1/0 (1 + ‘JZO |

(112)
(By monotonicity, we have cagp/y, > c2p.) Thus, we have established (102)).

Step 2 Here comes the argument for . Recall that V¢ is uniquely defined
(almost surely). Therefore, by -, changlng the anchoring of ¢ in the sense

of xg ~ x € R%, implies replacing V[zg] ~ Vcb[ ] as follows:

Vonla] =Vrlwo] + Tn, e /Q T /Q " 61 ) VP Vx

+ ILfoRd,l( b — ¢,) . VP.Vy.
Qo) Q)

In_particular, changing the anchoring point zy does not change the value of
V¢[zo] outside of [~3, 3] x R, Hence, for any x € R%\([—4,4] x R4~1), (102)
yields that

<(/Q(x) |V$[m0”2)§>; _ <(/Q(I) ]V&Z[xw)
(114)

Moreover, when z € [—4, 4] x R, using (113, by assumption in the form
and by (102)), we obtain:
p> 5

<(/Q(z) aleall’) ")’ s <(/Q(@> 930l ) ") + (] [ e /Qm) bs

1+d/vo
~ C2dp/l’o

(113)

yaa
2

1
P 1+d 1n-
) S ol (L )

(1+|zo — x\)l_
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As a consequence, (103 holds.

Step 3 We now establish . To estimate ¢, we set a suitable anchoring
point zo € R% and apply the triangle inequality on : The part (1 — x)¢[zo]
is treated with (13) whereas 5[%] is handled by integrating Vgg[xo], which is
controlled by along a suitable path T'.

Fix z,y € R?; we assume that 2+ < —4 < 4 < y*. (It is easy to check that

our method extends to the general case.) We then introduce the points
zo:= (0,21, z1:=(2lz—yl,2l), and 2o := 2|z —y|,y). (115)

From these points we draw the path T' = [z, 21] U [z1, 22] U [z2, y] parametrized
by 7 :[0,1] — I" (that is a renormalized natural parametrization).

Yy X2

Figure 5: Path of integration I'.

By , using zq as the reference point, there holds:

1

(( /Q [Flaol(a +2) — dlrolly + 2)[*az) * ) S cpl1+ fo— 9l ™)

Combining with the splitting (100) and an application of the triangle in-
equality, we obtain:

<(/Q|¢(17+Z)—¢(y+z)2dz>g>’l’
St e+ ([ Flta+2) i+ 2faz) )

which implies that proving (20)) amounts to establishing

P

(] [plae-+2) = Gl + [ a2) )
S Copul (1 |z =y W @2 4 [z — y)).

For (116)), we first use the Bochner inequality:

(/Q‘<ﬂx0}(m+z)_a[xo](y—i—z)’de)% _ (/

|
<[ ([, [Fo=lefe) woa
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As a consequence, using once more the Bochner inequality, we get from (103)
that
1
> P

Vo0

<(/Q ‘5[10}(»? +2)— 5[%](@/ 4 z)rdz)

1 _ ) g
5/o <(/Q(v(t)) |V[zo](2)| dz)
S aighy /o (T @+ @l at

1+d/v —v v
S (1 o — ) @+ o - )

This establishes (116]), so that is proved.

Step 4 We now consider the ungauged corrector o"[z(] defined by (101)), for

xH = (07£U(|)‘).

By splitting N[x}] into a far-field and near-field contribution (depending on
the support of the right-hand side), we can use the Green’s function associated
to the Laplacian for the far-field piece and the standard energy estimate for the
near-field piece to obtain:

[ 1R S [ (alabl + [VEisy))
B(z) Q2(x)

+ (/Rd\Q2(I) — |V¢[x0](z)|dz)2.

|z — 2|

Using (103) and (108]), we can decompose the above estimate to find that

D 1

(7))

1 2 ~ 2\ B\ F
< - / / P
~ glzol|” + |Volz
gz;d (|’ffﬂ|+1)d<(/cz(k) lzoll” +[Volao] ) > (117)
< Cl+d/u0( Z 1+ |k — 336|)1_V . Z &)
~ 2dp/v .
o kezd,[kt|<4 (Ik =l + Dd kezd, |kt |24 (|k — = + 1)d

Now, up to a multiplicative constant, we bound the first right-hand term of

([117) by

(1 + |EI — xl“)liy B (1 + |kl — xg —|—x“|)17”

wai (L R =l + 22D GG (L [k + [t )
S+l =2+ )T )T

and the second right-hand term of (117 by

k]~ 1N~ 1
Z k7<(1+\x ) “In(2+]z"]).
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By summation, we deduce from the three above inequalities that
D 1
N 2\» 14+d/v 1—v 1
<(/B(ac) |V2N[$6]|2) > S’C2d10//l/00 (1 + ‘xH - l'g ) (1 + “’ELD
14d/v v .
+ oo (L 2 ]) " In (2 4+ |2).

Integrating the previous estimate along a path I' similar to Step 3, we obtain

that
<(/B V¥ lab)(ao + ) ~ V¥l + ) )

1+d -
S b0 o — 2o W (2 4 o — o))

ya
2

As a consequence, for any R > 1 and v € (0, 1], we find:

<<]{3R($0) ‘vﬁ[xo] —]{3(%) Vﬁ[xo}r) %>2/p

14+d/vo\2 p— —v v
S (o) R d/B 1220 120+ D (2 4 |2)) de
R

1+d/v0\2 p2(1—v) 1, 2(1+|v
< (bt B0 W20+ D (2 4 R,
Then, recalling in the form , we obtain that o" defined by (101)) satisfies
(104).

Step 5 From the previous step, we have a family of ungauged flux correctors
o"[z(] depending on the anchoring point z( = (0, x(l)‘) € R? and satisfying (104).
Thus, we may apply Lemma|[7]to each o"[z{] and obtain a new estimate on the
(-}-almost surely unique (up to the addition of a random constant) flux corrector
o. Namely, the latter satisfies 7 for any z € R,

Finally, we notice that, for fixed =,y € R? such that |z —y| = r > 1, we may
apply for  and y with » = 1 and then again for y, replacing r ~» 2r, in
order to obtain the desired by the triangle inequality. O

6 Proof of Corollary

Since a very similar version of Corollary 1| has already been proved in [17], we
only emphasize the main steps. Indeed, the only technical difference between
the setting in [17] and here is that the generalized correctors considered here
are not bounded, but only satisfy (20). We refer the interested reader to [17]
for the technicalities due to the interface, and to [7] for the technicalities due to
the growth rate of the generalized correctors. We also refer to [19], from
which the main ideas of the aforementioned articles are borrowed.

Proof of Corollary[1, We first justify , which corresponds to |17, Prop. 4.3].
It is a consequence of (19)), that can be reformulated thanks to the Green’s
function G¢ associated with the operator —div (a(-/¢)V-) in R? as

u®(z) —u(z) — 5¢(§) -Vi(z) = —¢ /}Rd 0y, G*(,y) ((aij¢k - Uijk)(g)ajgkﬂ(y)>dy~
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By applying a Holder inequality on the above right-hand term, in which we
inject the regularity of Vu (see |22, Th.]), the estimates on the generalized
correctors provided by and the following estimate on the Green’s function

Vy G (2, 9)| £ o =y~ (118)

(which follows from [6 Th. 1]) we obtain (42).
By a duality argument detailed in |7, Th. 4.6] and in [17, Prop. 4.4], we
deduce from that, for any x # y, the following estimate hold:

_ In' 2 (2 4 Loyl
|Gs(l‘7y)—G(aj7y)‘ 55’/ |£L’—:5|d2+l’€ )7 (119)

where G is the Green’s function of the homogenized operator —div (@V-) in R9.
As in |17, Th. 4.5], it is deduced from Lipschitz regularity (i.e. Theorem
that the previous estimate (119) can be upgraded to the level of the gradients:

1n2+2[uj (2+ \w—y|)
e
‘I _ y|d71+u
(120)

V.G (2, y) — V.G(x,y) — V(b(g) ~ﬁ$G(x,y)‘ < Ce”

Finally, as in the proof of |17, Cor. 4.6], we express
Vut (z) — Va(z) — w)(g) - Va(z)
_ €T — _
= [ (TG ) = VGw0) ~ Vo( D) - T w) Sy

Then, by using a simple Holder inequality involving the previous estimate, we
obtain the desired result . (In the case v = 1, an additional decomposition
is required to avoid the singularity @ = y for v = 1; it is detailed in |17}, Cor.
4.6].) O

7 Proof of Proposition

Proof. In the sequel, the symbol “<” will be used for “Sq.,,,n,”- The equation
on ¢ reads:

—div (aV¢y1) = div (aey) = div (ney) in RY

The strategy of the proof is to make use of the Green’s function G associated
with the operator —div (a - V) to express the growth rate of ¢; between two
points z and 2’ € R%:

a1(w) = or(o) = [

[z',x]

(/Dn(y)VszG(:c”,y) . eldy) .da2". (121)

The proof then falls in two steps. Step 1 is devoted to deriving an asymptotic
estimate for V,G(z,y) when y is far from the interface Z. Equipped with this,
in Step 2, we choose suitable points = and 2’ € R? and explicitly compute the

leading order of ([121]), thus obtaining .
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Step 1 We prove an approximation of V,G(z,y) in the form of

_1 _
clr—y 2+ Oty

}VyG(x,y)JrVG‘(xfyﬂ = 2 — yld1

(122)

Recall that ¢+ = 0 and that the flux correctors o+ are bounded. Therefore,
we may apply Theorem [I] to obtain strictly sublinear generalized correctors
(¢,0). By regularity of a, we may turn (102)) into a pointwise estimate, to the
effect of:

IVo(y)| S (1+ |y )™t for any y € R (123)

Also, the Green’s function G satisfies (120). Thus, we may deduce from the
symmetry of a the following (suboptimal but convenient) estimate:

V,Gla,y) + 1+ Vo (y)  VG(z —y)| < |z —y| 743, (124)

for any z,y € R?, |2 — y| > 1, where G is the Green’s function of the operator
—A. The latter function satisfies

VG(x) = —Cylz| %, (125)

for a universal constant Cy; > 0 (see [13], (4.1) Chap. 4 p. 51]). By a triangle
inequality involving (123)), (124), and (125), for any z,y € RY with |z —y| > 1,
we obtain ((122)).

Step 2 We now show that, given r > 2 sufficiently large, estimate holds
for © := —e; and 2’ := —(r + 1)ey.
We split the strip D, defined in , into a far domain and a near domain:

Dy = [r,+00) x [-1,1] x R®™2 and Dy :=[0,7] x [-1,1] x R*2  (126)
see Figure |2)). e 1dentity 1s accordingly reinterpreted as
(see Fi ). The identity (I21)) i dingly rei d
@) =@ = ([ +] )io)v.0,66"pdy) - da” =1 + 1
[z ,x] Dy Dy
(127)

By Lemma |§| combined with (118)) and the regularity of a, the Green’s func-
tion G satisfies the following estimates:

VyGla )| S le -y~ and  |[VoV,Gl,y)] Sl — 9™, (128)

for any z,y € R? with |z —y| > 1. Whence, we may estimate I; defined in (127)
by

1

1
| s/ / 14y < / EEL S
[#",z] J D1 |2 — y|? (1,1 xRy xRe-2 (1 + ‘y|)d
(129)

where we used that |z — 2’| = r.
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We now consider I in (127). We first integrate along the z” variable:
I, = / 1n(y) 9y, G(z, y)dy —/ n(y) 0y, G(z',y)dy =: I + Iz.
Do Do
On the one hand, we treat the second integral by using ([128))

1 r 1
Lo 5/ 7_@5/ / __dpdg<1. (130)
D, |2/ —yld1 0 Jra-2 (r+1+y + |y|)d !

On the other hand, by (122) and since 1 < |z —y| S |2’ —y| if y € Dy, we
approximate I as follows:

- oyt Y2 (14 [yt )
s [ e | s [ TP UAWD g0y
Dy Do |z =yl

We further simplify I5; by using a Taylor expansion to remove the depen-
dence of 31G(z) on z-ey. In particular, this requires the decay of V2G provided
by . Recalling that 7 is defined by , that 7, = 1in [1, 400), substituting
r = —eq, injecting , we may explicitly compute

121 = *Co/ /d 81@ ((71 — yl,O,g))) dﬂdyl —+ O(].)
0 JRd—2

T 14+ ~

=—-C, sdydy: + O(1) (131)
bhe (@4 +18)°

= —CyIn(r) + O(1)

for positive constants Cy, Cy,Cy > 0.

Combining (127), (129)), (130) and (131]) establishes for r > 1 sufficiently

large and concludes the proof of Proposition [2} O

8 Proof of Theorem [3

Remark 10. For the sake of simplicity, we make use of Theorem [I] to show The-
orem [3 However, we only need the uniqueness of correctors and a (suboptimal)
growth quantification (the one provided by Proposition [1]is sufficient).

Proof of Theorem[3 Existence and uniqueness (up to the addition of a con-
stant) of strictly sublinear generalized correctors is already provided by Theorem
Thus, we only have to check that is satisfied.

We follow the classical approach described in the lecture notes [18]. First,
we obtain from Theorem [I] and from the regularity of the coefficient field a a
bound on the moments of the gradient of ¢ and o:

((V$, Vo) (@)P)? <1 forany o € RN\ (—e; +ZUer +I).  (132)

Next, we establish that holds. We finally obtain by applying to
a suitable functional and by making use of the regularity of a.

For simplicity, we assume that d > 2. (The only difference for the case d = 2
is located in Step 3, where dimension plays a role in the potential theory).
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Step 1 Let 2 € R?. By combining the Caccioppoli estimate, 7 , we
easily obtain that

<<]{3(w) [(Vo, Vo)|? )p> Sdamap 1l  forany pe[1,+00).

Moreover, by and , the coefficient a satisfies

S =

P <
Callgo. s oo (—erszuerszy ) SaAman 1 forany p € [1,+00).

Thus, a local version of the regularity theorem [20, Th. 1.1] successively yields
that ¢ and o satisfy (132).

Step 2 For simplicity, we assume that F only depends on g_ and g, (the
argument below is easily generalized), and that (F') = 0. We denote by (-),
the ensembles associated with g+ respectively. We already know (see [18, Sec.
3.2]), that any functional depending only on g1 satisfies with a and ()
respectively replaced by g4+ and (-),. By independence of g_ and g, we also
have that (G) = ((G)_)_, for any random variable G' depending only on g_
and g4 .

We apply the spectral gap first with respect to (-)_, and then with
respect to (-), to the effect of

Qe = ey, ([ |5 e )y e,
L arm ) (L))

where we have used the Bochner inequality and (F) = 0. Finally, by the chain
rule (and recalling (24))), we establish (38).

Step 3 For the sake of simplicity, we only show for ¢. Also, we make
take p large (by Jensen’s inequality, if holds for p = py, then it also holds
for any p = py < p1). Let 2,y € R? (we recall that d > 2 here). The aim of this
step is to establish the following estimate:

Qém¢—é@¢ﬁ>51 (133)

By the Sobolev embedding (provided 2p > d), there also holds that

e —]{3(1 o ]{Bm i

Thence, taking the expectation and recalling (132)), we deduce that

(o —f o)< (f, 1vol) s

Combining this estimate with (133]) establishes and concludes the proof in
the case d > 2.
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Here comes the argument for (133). We define w and v as the strictly
sublinear solutions to

—Aw = ﬁ (1B(w) — ]lB(y)) and — div (a*Vv + Vw) = 0. (134)
We set
B(z) B(y) R4 Rd
Now, notice that
OF D¢ 9¢
9a) = s Vw v@a(z) » Vv -aV 9a(2) (V(¢; + P;) ® Vv) (2),

where we used the equation in its differentiated form:

09,
Oa(z)

~div(a-V +0.V (85 + P)" ) =0.

Therefore, by the spectral gap and a duality argument, we deduce that

(|F) 5<(/}R V(65 + Py e Vo))

S s ([ V(g5 + P @Vl |GR)
()<t N IR

p
)

where p’ is the conjugated exponent of p (i.e. 1/p+ 1/p’ = 1). By the Holder
inequality and thanks to (132)), we estimate the above right-hand side as follows:

1
a

([ 170+ Pro v 6R) < [ (W0 + PP (IGVu )7

1
7

g/ (1Gvo V7.
Rd

Since G does not depend on space, we may multiply the equation by G.
Therefore, if p’ is sufficiently small, that is, if p is sufficiently large, we may
apply the annealed Meyers estimates (see [18|, where it is sufficient that a* is
uniformly elliptic and bounded). Thus, we get

1
7

/<mwﬁ®P5/<mwwMﬁ5/|wﬁsL
Rd Rd Rd

since w is deterministic and (|G|** /> < 1 (the last bound being obtained by the
potential theory in dimension d > 2). This implies (133). O
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A A technical lemma for harmonic functions

Throughout this paper we make use of the following technical lemma:

Lemma 10. Let d > 2, p > 2, 29 € R?, (-) be a given ensemble, and f €
LP(Q, L2 (Rd,Rd)) be a random vector field. We assume that for any R > 2

loc
we have:

<(]{3 ($)|f|2)g>’l’ < CyR"" In’(R) (136)

for some exponents v € (0,1] and § > 0. Then, (-)-almost surely, there exists a

distributional solution u € HL (R?) of

~Au=V-f in R? (137)
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subject to the constraint:

2\ 1
limsup R™* <][ ‘Vu —][ Vu‘ ) ‘=o. (138)
Rtoo Br(zo) Br(zo)

The solution u is unique up to the addition of affine functions. Moreover, for
any R > 2 we have that

(e
and <(]1B .

Proof of Lemma[I0. The uniqueness of the solution u is a direct application of
the Liouville principle for harmonic functions. Our argument then breaks down
into three steps: First, in Step 1, we prove the (-)-almost sure existence of a
solution to . Then, in Step 2, we show that this solution satisfies for
any R > 1. To finish, in Step 3 we deduce from .

2\ 5\ L
Vu — ][ Vu‘) > g CoR"™"In"(R), (139)
Br(zo)

1

PNE NS
Va—f i)"Y Savs GETWIR). (100)
B(zo)

Step 1 We decompose
+oo
f = Z f’m for fm = f]lBgm,l(zg)\B2n17171(zo)
m=1
and let u,, € H! (R?) be the Lax-Milgram solutions of

Vi - Vi, = —/ Vi fn. (141)
Rd Rd
Taking 1) = u,, in (141]) and using Holder’s inequality and (136 implies that

1 1

(o)) <[ )Y mp et o

(142)

We then define:

U () 1= Um(.%‘) if m=1,

and claim that the series
—+oo
U= Z Um, (144)
m=1

almost surely defines a distributional solution to . In particular, we show
that the series in converges in Hl_(R?) (-)-almost surely.

Let R := 2™° for my € N. Notice that, to show the desired convergence,
we may discard the terms of with m € [1,mq + 3] as the estimate
ensures that (-)-almost surely Vu,, € L?(R%) for any m > 1. For m > mg + 3,
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the function u,, is harmonic in Bog(zp), which means that we have access to
the mean-value property and the Caccioppoli inequality. We obtain:

([3)
][ V| ? R? sup |Vun|' S R2][ V2, |
Br(zo) Bar (o)

Br(zo)

(145)
< 32][ V2u,|* S R22*2m][ V.
Bym—1(%0) Bam (z0)
Therefore, recalling (142)) we obtain for any m > mg + 3
<<][ |Vﬁml2>§>5 S2memeri=n? (24 2m).
BR(mo)
Thus, by the triangle inequality, we get
—+o00 % p 1 o0
(S (F wmp))) s 3 omweson
m=mo+3 Br(zo) m=mo+3
< 2mo=) P (2 4 2mo) | (146)

which shows the desired convergence. Hence, u is a solution to (137).

Step 2 As above, we set R := 2™°. Thus, we obtain
1

(v vl < () wm))

(142
2(m—mo)d/22m(l—u) lnﬁ (2 + 2m) .

ya
2

r(zo0)

Whence, by the triangle inequality, we have

mo+2 B _ 2 g %
(15 o f wa)l))
mo+2
< i g(m=mo)d/2gm{1=v) 18 (9 4 9m) < gmo(1=) 1B (2 4 9™M0)  (147)

m=1

Therefore, by a triangle inequality involving (146|) and (147) (recall that R =
2™0) we obtain ((139)). Hence

400 P, 1
m%; 2’m0<<]{3 ‘Vu —]{32% o) Vu’z) >,, < +o0.

Therefore, by the Markov inequality and the Borel-Cantelli Lemma, this shows
that (138]) is (-)-almost surely satisfied.

r(zo0)

amo (o)

Step 3 We finally replace the innermost integral of the left-hand side of (139)
by an average over B(xzg). Indeed, by the Cauchy-Schwarz inequality, there

holds:
2\ 1
Vu —][ Vu‘ ) °
Bom (zg)

‘][ Vu—][ Vu’ §2d/2(][
Bym—1(z0) Bam (o) Bam (x0)
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Hence, invoking (139)) yields

1 m

1 0
U v f oY s E o,
B(zo) Bymg (z0) 0

which, by a triangle inequality involving once more (139)), produces (140|) for
R :=2™0 (the general case R > 2 being a consequence of it). O
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