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We study local distinguishability of maximally entangled states (MESs). Concerning the question
whether any fixed number of MESs can be locally distinguishable for sufficient large dimensions,
Fan and Tian et al. have obtained two quite satisfactory results for generalized Bell states and qudit
lattice states in the case of prime or prime power dimensions. Inspired by the method used in [Phys.
Rev. A 70, 022304 (2004)], we construct a general twist-teleportation scheme for any orthonormal
basis with MESs. Using this teleportation scheme, we obtain necessary and sufficient conditions for
one-way distinguishable sets of MESs, which include the generalized Bell states and qudit lattice
states as special cases. Moreover, we present a generalized version of the results in [Phys. Rev. A
92, 042320 (2015)] for arbitrary dimensional case.

PACS numbers: 03.67.Hk,03.65.Ud

I. INTRODUCTION

In quantum information processing, one often encoun-
ters that the subsystems of a composite system are spa-
tially separated. Therefore, quantum manipulation of
the system can be carried out only by local operations
and classical communication (LOCC). The local distin-
guishability of quantum states plays important roles in
the exploration of LOCC capabilities [1, 2]. Suppose
Alice and Bob share a bipartite quantum state chosen
from a set of previously known orthogonal states. Their
task is to identify the given state by using only LOCC.
The set of states are said to be locally distinguishable or
distinguishable by LOCC if there exist LOCC protocols
to identify exactly the states of the given set, otherwise
the set is locally indistinguishable or indistinguishable by
LOCC or nonlocal. The study on local distinguishability
of quantum states has direct applications in data hiding
[3] and quantum secret sharing [4].
Since Bennett et al. discovered a locally indistinguish-

able 3⊗ 3 pure product basis in [1], much work has been
focused on finding orthogonal product states or maxi-
mally entangled states which are locally indistinguish-
able [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19,
20, 21, 21, 22, 22, 23, 23, 24, 24, 25, 25, 26, 27, 28, 29,
30, 31, 32, 33]. One motivation for these constructions
is that constructing locally indistinguishable orthogonal
quantum states (product basis) helps to understand the
boundary between LOCC operations and global opera-
tions (separable operations).
However, its applications in data hiding and quantum
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secret sharing require that participants can reveal the en-
coding results by using LOCC. That is to say, quantum
states used to hide secrets should be able to be identi-
fied under local operations and classical communications.
Therefore, in addition to constructing sets of quantum
states that can not be locally distinguished, it is also very
important to study the sufficient condition to ensure that
a set of quantum states can be locally distinguished.

For the local distinguishability of maximally entan-
gled states, many results have been obtained. In 2004,
Fan [34] noticed that the local distinguishability is not
changed under local unitary operations. By using a se-
ries of complex Hadamard matrices acting on the gener-
alized Bell states (GBSs), it has been successfully proved
that: any l prime d-dimensional GBSs can be locally dis-
tinguished provided l(l − 1) ≤ 2d. In 2005, Nathanson
showed that any three orthogonal maximally entangled
states (MESs) can be distinguished by LOCC in C3⊗C3,
which is conjectured to be also true for higher dimen-
sional systems [35]. The result of Fan was extended by
Tian et al. to the prime power dimensional mutually
commuting qudit lattice states [36]. The classification of
local distinguishability of four GBSs in C4⊗C4 has been
analyzed in [37, 38]. Wang et al. showed that any three
orthogonal GBSs can be locally distinguished for any di-
mension d ≥ 4 [39]. An interesting question is whether
the results of Fan and Tian et al. can be extended to
arbitrary dimensional quantum systems.

The rest of this article is organized as follows. In Sec.
II, we mainly discuss the relationship between maximal
entangled states and unitary matrices. And we review
some important MESs such as generalized Bell states and
qudit lattice states. In Sec. III, for a given maximally en-
tangled basis, we present a direct proof of teleportation
scheme over unknown channels. In Sec. IV, we give a
necessary and sufficient condition such that a set of spe-
cial MESs can be distinguished under one-way LOCC.
In fact, the problem of one-way LOCC discrimination
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of special MESs is equivalent to the problem of distin-
guishability of the corresponding unitary matrices. We
study the properties related to this equivalence problem.
In Sec. V, we apply the main results obtained in Sec. IV
to general qudit lattice states. We obtain a general ver-
sion of the results given by Fan and Tian et al. for any
dimensionality. Moreover, we step forward to consider
for a given l, whether or not all l qudit lattice states can
be distinguished by LOCC for large enough dimension
d. Finally, we draw a conclusion and put forward some
interesting problems in Sec. VI.

II. UNITARY MATRICES AND MAXIMALLY
ENTANGLED STATES

Consider a d× d bipartite quantum system HA ⊗HB .
Let {|0⟩, |1⟩, · · · , |d − 1⟩} be the computational basis of
the subsystem. The standard maximally entangled state

can be expressed as |ψ0⟩ = 1√
d

∑d−1
i=0 |ii⟩. Any maximally

entangled states can be uniquely written in the form
|ψU ⟩ = (U ⊗ I)|ψ0⟩ for some unitary matrix U . There is
a one-one correspondence between maximally entangled
states in HA⊗HB and unitary matrices in U(d). We call
U the corresponding unitary matrix of |ψU ⟩. Moreover,
one has the following relation,

⟨ψV |ψU ⟩ = Tr(V †U) = ⟨V,U⟩.

That is, the correspondence is inner product preserving.
Below are two sets of important maximally entangled
states: generalized Bell states and qudit lattice states.

(i) Generalized Bell states. Let d be an integer with

d ≥ 2 and ωd = e
2π

√
−1

d be a primitive dth root of
unity. We define the bit flip and phase flip operators
to be

Xd =

d−1∑
i=0

|i+ 1 mod d⟩⟨i|, and Zd =

d−1∑
i=0

ωi
d|i⟩⟨i|.

The following d2 orthogonal MESs are called gen-
eralized Bell states:

{|ψm,n⟩ = (Xm
d Z

n
d ⊗ I)|ψ0⟩

∣∣0 ≤ m,n ≤ d− 1}. (1)

Noting that ZdXd = wdXdZd one has

(Xm
d Z

n
d )(X

m′
d Zn′

d ) = w̃(Xm′
d Zn′

d )(Xm
d Z

n
d ), (2)

where w̃ = wm′n−mn′

d . This implies that the defin-
ing matrices of GBSs are commutative up to some
phases.

(ii) Qudit lattice states. Firstly, we consider a sim-
ple case d = pr, that is, d is a power of some prime
number p. Let Z/pZ = {0, 1, ..., p− 1} be the addi-
tive group with p elements. For any r dimensional
vectors s = (s1, s2, ..., sr) and t = (t1, t2, ..., tr) ∈
(Z/pZ)r, we define unitary matrices,

Xs
pZ

t
p := (⊗r

i=1X
si
p )(⊗r

i=1Z
ti
p ).

Qudit lattice states are defined to be Xs
pZ

t
p⊗I|Ψ0⟩.

More generally, let d =
∏f

j=1 p
rj
j be the prime de-

composition of d. Set s = (s(1), s(2), ..., s(f)) and

t = (t(1), t(2), ..., t(f)), with s(j), t(j) ∈ (Z/pZ)rj .
We define a lattice unitary matrix to be

XsZt := ⊗f
j=1X

s(j)

pj
Zt(j)

pj
,

and the qudit lattice states to be XsZt⊗I|Ψ0⟩. One
can easily check that a similar commutative relation
to (2) holds

(XsZt)(Xs′Zt′) = w(s, t, s′, t′)(Xs′Zt′)(XsZt), (3)

where |w(s, t, s′, t′)| = 1.

If a set of orthogonal unitary basis {Ui}d
2

i=1 of Md(C)
satisfies the following relations

UiU
T
j = w(i, j)UT

j Ui, with |w(i, j)| = 1,

then we call this basis twist commutative. Note that
XT

d = Xd−1
d , ZT

d = Zd. Combining these equalities with
Eqs. (2) and (3), one can easily find that both generalized
Bell basis and qudit lattice basis are twist commutative.

Remark: If Bj = {U (j)
i }d

2
j−1

i=0 is a mutually orthogonal
unitary basis of M dj (C) which is twist commutative for

j = 1, 2, ..., f , with d =
∏f

j=1 dj . Then the following set

B = {U (1) ⊗ U (2) ⊗ · · · ⊗ U (f)
∣∣ U (j) ∈ Bj , j = 1, 2, ..., f}

is also an orthogonal unitary basis of M d(C) which is
twist commutative.

In this paper, we mainly focus on maximally entangled
states {|ΨUi⟩} which correspond to a twist commutative
unitary basis {Ui}. Since the one to one correspondence
of MES and its defining unitary matrix, we simply iden-
tify a set of MESs with the set of corresponding defining
unitary matrices,

L := {|ψUni
⟩
∣∣ 1 ≤ i ≤ l} = {Uni

∣∣ 1 ≤ i ≤ l}. (4)

III. TWIST QUANTUM TELEPORTATION
SCHEME

Let |Ψ0⟩ = 1√
2
(|00⟩ + |11⟩), |Ψi⟩ = σi ⊗ I|Ψ0⟩, where

i ∈ {x, y, z} and

σx =

[
1 0
0 −1

]
, σy =

[
0 1
1 0

]
, σz =

[
0 1
−1 0

]
.

The quantum teleportation of a qubit state |ψ⟩ = α|0⟩+
β|1⟩ is based on the following equation:

|ψ⟩ ⊗ |Ψ0⟩ = |Ψ0⟩ ⊗ |ψ⟩+ |Ψx⟩ ⊗ σ†
x|ψ⟩

+|Ψy⟩ ⊗ σ†
y|ψ⟩+ |Ψz⟩ ⊗ σ†

z|ψ⟩.
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The above teleprtation scheme works d-dimensional
case too [40]. Suppose {|Ψi⟩

∣∣i = 0, 1, ..., d2 − 1} is an
mutually orthogonal maximally entangled basis of a bi-
partite system H ⊗ H with dimCH = d. Without loss

of generality, we assume that |Ψ0⟩ = 1√
d

∑d−1
i=0 |ii⟩ un-

der the computational basis {|i⟩}d−1
i=0 . Then there exists

a unique unitary matrix Ui corresponding to |Ψi⟩,

|Ψi⟩ = Ui ⊗ I|Ψ0⟩ = I ⊗ UT
i |Ψ0⟩.

Lemma 1. For any pure states |ψ⟩C =
∑d−1

i=0 αi|i⟩C, we
have

|ψ⟩C|Ψr⟩AB =
1

d

d2−1∑
i=0

|Ψi⟩CA ⊗ UT
r U

†
i |ψ⟩B,

where the sub-indices A,B and C denote qudits A,B and
C, respectively.

Proof: Since {|Ψi⟩AB}d
2−1

i=0 is an orthogonal normalized
basis of HA ⊗ HB , {|Ψi⟩CA|j⟩B

∣∣0 ≤ i ≤ d2 − 1, 0 ≤ j ≤
d−1} is an orthogonal normalized basis ofHC⊗HA⊗HB ,

|ψ⟩C|Ψr⟩AB =
d2−1∑
i=0

d−1∑
j=0

(CA⟨Ψi|B⟨j||ψ⟩C|Ψr⟩AB)|Ψi⟩CA|j⟩B.

(5)

The coefficients in the right hand side of (5) can be writ-
ten as

CA⟨Ψi|B⟨j||ψ⟩C|Ψ0⟩AB

=

d−1∑
k=0

αk(CA⟨Ψ0|I ⊗ UT
i

†
)B⟨j||k⟩C|Ψr⟩AB

=

d−1∑
k=0

d−1∑
m=0

d−1∑
n=0

αk

d
CA⟨mm|B⟨j|(IC ⊗ UT

i

†
Ur ⊗ IB)|k⟩C|nn⟩AB

=

d−1∑
k=0

d−1∑
m=0

d−1∑
n=0

αk

d
δmkδjn⟨m|UT

i

†
Ur|n⟩

=

d−1∑
k=0

αk

d
⟨k|UT

i

†
Ur|j⟩.

(6)

Clearly

d−1∑
j=0

(

d−1∑
k=0

αk⟨k|UT
i

†
UT
r

T |j⟩)|j⟩ = UT
r U

†
i |ψ⟩. (7)

Combining equations (5), (6) and (7) one proves the
Lemma.

Lemma 1 shows that if Alice and Bob share the max-
imally entangled states |Ψr⟩AB and Alice wants to tele-
port the state |ψ⟩C to Bob, she only needs to make a

projective measurement under the basis {|Ψi⟩}d
2−1

i=0 and
tell Bob the measurement outcome. However, if Alice
and Bob do not know exactly which maximally entan-
gled state they share, Bob could not recover perfectly

the state |ψ⟩. But he knows that his state must be one

of the {UT
r Ui|ψ⟩}d

2−1
r=0 .We call such teleportation scheme

twist teleportation (See Fig 1).

 Ancilla

Alice

Bob

ΨUr\

Ψ\

 Outcome  “ i ”

 Ur
TUi
+|Ψ\ 

 8 Ψi] XΨi = |Ψi \

Fig. 1:Sketch of twist teleportation protocol given in
Lemma 1.

IV. LOCAL DISTINGUISHABILITY OF TWIST
COMMUTATIVE MAXIMALLY ENTANGLED

STATES

Given a set of unitary operators {Ui}li=1 ∈ U(d), we
say that they are distinguishable if there exists a unit
vector |α⟩ ∈ Cd such that {Ui|α⟩}li=1 are pairwise orthog-
onal. By definition two nonorthogonal unitary matrices
might be distinguishable. For example, the following two
3× 3 matrices

U1 =

 1 0 0
0 1 0
0 0 1

 , U2 =

 1 0 0
0 0 1
0 1 0


are distinguishable as one can choose |α⟩ = (0, 1, 0)T .

It should noted that {Ui}li=1 ∈ U(d) are distinguish-
able if and only if {UT

i }li=1 ∈ U(d). In fact, {Ui|α⟩}li=1

are pairwise orthogonal if and only if {UT
i |α⟩}li=1 are

pairwise orthogonal, where |α⟩ is the complex conjuga-
tion of |α⟩. The following is an general version of one
main result (the Theorem 1) in [20].

Theorem 1. Let {|Ψi⟩}d
2−1

i=0 be an orthonormal maxi-
mally entangled basis of HA ⊗ HB whose corresponding

unitary matrices S = {Ui}d
2−1

i=0 are twist commutative.
Let L be a subset of S. Then the states correspond to L
can be distinguished by one-way LOCC from A → B, if
and only if the set of unitary matrices in L are distin-
guishable.

Proof: The proof of the necessary part has been investi-
gated by Nathanson [30]. For the sufficient part, suppose
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|α⟩ is a unity vector such that {UT |α⟩
∣∣ U ∈ L} are pair-

wise orthogonal. Firstly, Alice prepares the state |α⟩ in
her ancilla system C. Then Alice and Bob use the state
|ΨU ⟩, which needs to be identified, as the resource state
to teleport Alice’s state |α⟩ according to the twist tele-
portation scheme shown in Fig. 1. Alice first makes pro-

jective measurement under the basis {|Ψi⟩}d
2−1

i=0 . If the
outcome is “i”, Lemma 1 tells us that the states of Bob is

just UTU†
i |α⟩. By the commutative assumption, one has

UTU†
i |α⟩ ∝ U†

i U
T |α⟩. Hence, for U, V ∈ L and U ̸= V ,

we have

⟨α|Ui(V
T )†UTU†

i |α⟩ = ⟨α|(V T )†UT |α⟩ = 0.

This implies that Bob can distinguish these states by a
projective measurement according to the orthonormal set

{UTU†
i |α⟩}U∈L, see Fig. 2.

9V T Α]=
VÎL mutually orthogonal.

ΨU\

Α\State Preparation

 Distinguishing  Protocol

Ψi\

 UTUi
+|Α\ 

 Ancilla

 Alice

 Bob

Α\  twist 

teleportation  

with 

outcome "i"
Projective under

9V T Ui
+ Α]=

VÎL U

Fig. 2:A sketch of the teleportation protocol based on
Theorem 1. There are two stages: Firstly Alice pre-
pares a state |α⟩ and manipulates the twist teleportation
scheme; then Bob identifies the state by projective mea-
surement.

One might find that to study whether a set of unitary
matrices are distinguishable or not is more efficient than
to determine the one-way LOCC distinguishable prob-
lem of the corresponding states. In the following we give
some useful properties of the distinguishability of unitary
matrices.

Proposition 1. Let d1 and d2 be two integers such that

2 ≤ d1 ≤ d2. For any orthogonal unitary basis {Ui}
d2
1

i=1
of Md1(C) and V ∈ U(d2), the set of unitary matrices

{Ui ⊗ V }d
2
1

i=1 ⊆ U(d1d2) are distinguishable.

Proof: Let {|i⟩A}d1
i=1 and {|i⟩B}d2

i=1 be the computational
orthonormal basis of systems A and B, respectively. Set

|α⟩ =
∑d1

i=1 |i⟩A|i⟩B . For 1 ≤ k, l ≤ d21, we have

⟨α|(U†
k ⊗ V †)(Ul ⊗ V )|α⟩

=
∑d1

i=1

∑d1

j=1 A⟨i|B⟨i|U†
kUl ⊗ I|j⟩A|j⟩B

=
∑d1

i=1

∑d1

j=1 A⟨i|U†
kUl|j⟩Aδij

=
∑d1

i=1 A⟨i|U†
kUl|i⟩A

= Tr(U†
kUl) = d1δkl.

Therefore the d21 {Uj⊗V |α⟩}d
2
1

j=1 are pairwise orthogonal.

Proposition 2. Let Lj be a set of distinguishable mutu-
ally orthogonal unitary matrices in U(dj), j = 1, 2, ..., f ,
and

L̂ = {U (1)⊗U (2)⊗· · ·⊗U (f)
∣∣ U (j) ∈ Lj , j = 1, 2, ..., f}

a set of unitary matrices of U(d1d2 · · · df ). Then L̂ are
also distinguishable.

Proof: Since Lj can be distinguished, there exists a unit
vector |αj⟩ ∈ Cdj such that {U |αj⟩

∣∣ U ∈ Lj} are pair-
wise orthogonal. Set |α⟩ = |α1⟩⊗|α2⟩⊗· · ·⊗|αf ⟩. Let U =

U (1)⊗U (2)⊗· · ·⊗U (f) and V = V (1)⊗V (2)⊗· · ·⊗V (f)

be two different elements in L̂. There must exist some j0
such that U (j0) and V (j0) are different elements in Lj0 ,

⟨αj0 |U (j0)V (j0)
†|αj0⟩ = 0, which implies that

⟨α|UV †|α⟩ =
f∏

j=1

⟨αj |U (j)V (j)†|αj⟩ = 0.

Hence, {U |α⟩
∣∣ U ∈ L̂} are indeed pairwise orthogonal

and the set L̂ are distinguishable by definition.
From proposition 2, the Remark in section II and the

Theorem 1, we can easily deduce the following corollary.

Corollary 1. Let {|ψ(j)
i ⟩}d

2
j−1

i=0 be an orthonormal maxi-
mally entangled basis of HAj ⊗HBj whose corresponding

unitary matrices Bj = {U (j)
i }d

2
j−1

i=0 are twist commuta-
tive for j = 1, 2, ..., f . Suppose that the states corre-
sponding to Lj ⊆ Bj can be distinguished by one-way
LOCC from Aj → Bj for all j. Then the set corre-

sponding to L̂ = {U (1) ⊗ U (2) ⊗ · · · ⊗ U (f)
∣∣ U (j) ∈

Lj , j = 1, 2, ..., f} can be also distinguished by one-way
LOCC from A → B when looking the bipartite states as

HA

⊗
HB := (⊗f

j=1HAj )
⊗

(⊗f
j=1HBj ).

V. APPLICATION TO QUDIT LATTICE
STATES

In 2015, Tian et al. successfully generalized Fan’s re-
sult to pr ⊗ pr system [36]. Particularly, they showed
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that any l qudit lattice states in pr ⊗ pr are one-way lo-
cally distinguishable if l(l − 1) ≤ 2pr. Based on these
results and Corollary 1, we give a more general result for
arbitrary dimension d.

Theorem 2. Let d be an odd positive integer with prime
factorization d = pr11 p

r2
2 ...p

rf
f , pr11 < pr22 < · · · < p

rf
f .

Then any set of l qudit lattice states are distinguishable
by one-way LOCC provided that l(l − 1) ≤ 2pr11 .

Proof: Let L denote the corresponding unitary matrices
of any given l qudit lattice states. Every matrix in L can
be written as f tensor products of unitary matrices of
dimension prii ,

U = U (1) ⊗ U (2) ⊗ · · · ⊗ U (f), U (i) ∈ U(prii )

for i = 1, 2, ..., f . For each i ∈ {1, 2, ..., f}, we define

Li = {U (i)
∣∣ U (1) ⊗ U (2) ⊗ · · · ⊗ U (f) ∈ L}.

Let li denote the number of elements Li, li := |Li| ≤ l.
Then

li(li − 1) ≤ l(l − 1) ≤ 2pr11 ≤ 2prii .

From Tian’s results in [36], the states corresponding to Li

can be one-way LOCC distinguished. Due to the neces-
sity of Theorem 1, the unitary matrices in Li are distin-

guishable. By Corollary 1, the unitary matrices in L ⊆ L̂
are distinguishable too. From the sufficient part of The-
orem 1, the set of qudit lattice states corresponding to L
are distinguishable by one-way LOCC.

For any l ≥ 2, we say that d satisfies P(l) if any l
unitary matrices corresponding to l different qudit lat-
tice states of dimensional d are distinguishable. De-
note P (l) = {d ∈ N

∣∣d satisfied P(l)}. It is obvious
that P (l) ⊇ P (l + 1). As any two orthogonal bipartite
states are distinguishable by one-way LOCC, we have
that P (2) = {2, 3, 4, ...}. An interesting problem is to
determine P (l) for l ≥ 3.

Theorem 3. Any three qudit lattice states in d⊗d, d ≥ 3,
are distinguishable by one-way LOCC.

Proof: Let d = pr11 p
r2
2 ...p

rf
f be the prime factorization of

d with pr11 < pr22 < · · · < p
rf
f . If p

r1
1 ≥ 3(3 − 1)/2 = 3,

we can draw the conclusion for such d by Theorem 2.
Hence we only need to consider the case pr11 = 2, that
is, d = 2d′ with d′ > 1 as d ≥ 3. Suppose the unitary
matrices corresponding to the three states are given by

L = {U (1)
i ⊗ U

(2)
i |U (1)

i ∈ U(2), U
(2)
i ∈ U(d′), i = 1, 2, 3}.

Denote L1 = {U (1)
i

∣∣i = 1, 2, 3} and L2 = {U (2)
i

∣∣i =
1, 2, 3}.

(a) |L2| = 1. As 2 < d′, the condition of Proposition 1 is
satisfied. Hence L is distinguishable.

(b) |L2| = 2. Without loss of generality, we assume that

U
(2)
2 = U

(2)
3 . Then there exists a unit vector |α2⟩ ∈

Cd′
such that

⟨α2|U (2)
1

†
U

(2)
2 |α2⟩ = ⟨α2|U (2)

1

†
U

(2)
3 |α2⟩ = 0.

Moreover, there also exists a unit vector |α1⟩ ∈ C2

such that ⟨α1|U (1)
2

†
U

(1)
3 |α1⟩ = 0. Set |α⟩ = |α1⟩ ⊗

|α2⟩. Then for any 1 ≤ i ̸= j ≤ 3, we have

⟨α|(U (1)
i

†
⊗U

(2)
i

†
)(U

(1)
j ⊗U

(2)
j )|α⟩ = 0, i.e., the set L

is also distinguishable.

(c) |L2| = 3. Similar to the case (b), there exists a unit

vector |α2⟩ ∈ Cd′
such that

⟨α2|U (2)
i

†
U

(2)
j |α2⟩ = δij , for 1 ≤ i, j ≤ 3.

Choosing an arbitrary unit vector |α1⟩ ∈ C2 and set-
ting |α⟩ = |α1⟩⊗|α2⟩, we have the following relations

⟨α|(U (1)
i

†
⊗ U

(2)
i

†
)(U

(1)
j ⊗ U

(2)
j )|α⟩ = δij ,

which implies that L is distinguishable.

Then the sufficient part of the Theorem 1 implies the
conclusion.

As any three Bell states can not be locally dis-
tinguished, from Theorem 3 we have that P (3) =
{3, 4, 5, ...}. In the next theorem, we try to determine
the P (4).

Theorem 4. Any 4 qudit lattice states in d⊗ d, d ≥ 91,
are distinguishable by one-way LOCC. Moreover,

N \ {1, 2, 3, 4, 5, 6, 10, 12, 15, 18, 20, 30, 50, 60, 90} ⊆ P (4).

Proof: We first give two claims whose proofs will be pre-
sented in Appendix A.

• Claim 1: If 3 ≤ d′ ≤ d′′ and d′′ ∈ P (4), then
d′d′′ ∈ P (4).

• Claim 2: If p is a prime number with p ≥ 7, then
2p ∈ P (4).

Now let d = pr11 p
r2
2 ...p

rf
f be the prime factorization of d

with pr11 < pr22 < · · · < p
rf
f . If p

r1
1 ≥ 4(4 − 1)/2 = 6, by

Theorems 1 and 2, we have d ∈ P (4). Hence only those
d whose pr11 = 2, 3, 4, 5 might lie outside P (4). If f =
1, there are only four exceptional points, d = 2, 3, 4, 5.
Hence we assume f ≥ 2.

If pr11 = 3, 4, 5, then prii can not be greater than 6 for
2 ≤ i ≤ f . Otherwise, Claim 1 and Proposition 2 would
imply that d ∈ P (4). For example, d = 3 × 4 × 7 ×
192. Then 7, 192 ∈ P (4) imply that 7 × 192 ∈ P (4) by
Proposition 2. Hence 4×7×192 ∈ P (4) by Claim 1. So
is d. Therefore, this contributes three exceptional cases
d = 3× 4, 3× 5, 4× 5 and 3× 4× 5.
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If pr11 = 2, then pf ≤ 5. Otherwise 2pf ∈ P (4) by
Claim 2. With similar argument above, we have d ∈
P (4). Hence, f = 2 or 3. If f = 2, then d = 2 × 3i or
d = 2 × 5i with i ≤ 2. Otherwise, we can decompose
d = 6 × 3i−1 or d = 10 × 5i−1 and apply Claim 1 to
obtain d ∈ P (4). If f = 3, then d = 2×3i×5j with i ≤ 2
and j = 1.

VI. CONCLUSION AND DISCUSSION

We have studied the problem of local distinguishability
of maximally entangled states based on twist teleporta-
tion. Focusing on maximally entangled basis whose cor-

responding unitary matrices S = {Ui}d
2

i=1 are twist com-
mutative, we have shown that the maximally entangled
states corresponding to {U}U∈L ⊆ S are one-way LOCC
distinguishable if and only if the set of unitary matrices
{U}U∈L are distinguishable. Applying our results to the
lattice qudit settings, we have obtained a general ver-

sion of Fan’s and Tian’s results: if d =
∏f

i=1 p
ri
i with

pr11 < pr22 < · · · < p
rf
f , then any l lattice states are one-

way LOCC distinguishable if l(l−1)/2 ≤ pr11 . For given l,
one might wonder whether any l lattice states are LOCC
distinguishable if the dimension d is large enough. By
using the main criterion we obtained, we have demon-
strated that this is true for l = 3 and 4. There are also
some interesting questions remained open, for example,
how to determine whether a set of unitary matrices is dis-
tinguishable or not? For l ≥ 5, whether there exist some
N(l) such that if d ≥ N(l) then any l qudit lattice states
are distinguishable? And can one determine the set P (l)?
Our approach might hight further investigations on local
distinguishability of bipartite or multipartite states.

Acknowledgments This work is supported by the
NSFC 11571119, NSFC 11675113, NSFC 11871295,
and Beijing Municipal Commission of Education
(KM201810011009).

APPENDIX A

Proof of Claim 1: Suppose the unitary matrices cor-
responding to the four qudit lattice states are given by

L = {U (1)
i ⊗U (2)

i |U (1)
i ∈ U(d′), U

(2)
i ∈ U(d′′), i = 1, 2, 3, 4}.

Denote

L1 = {U (1)
i

∣∣i = 1, 2, 3, 4}, L2 = {U (2)
i

∣∣i = 1, 2, 3, 4}.

We separate the arguments into four cases according to
the cardinality of L2.

(a) |L2| = 1. As d′ ≤ d′′ the condition of Proposition 1
is fulfilled, hence L is distinguishable.

(b) |L2| = 2. Without loss of generality, there are two

subcases: i) U
(2)
1 = U

(2)
2 = U

(2)
3 ̸= U

(2)
4 . In this case,

U
(1)
1 , U

(1)
2 , U

(1)
3 are pairwise different. Since the three

states are distinguished by ony-way LOCC, there ex-

ists |α1⟩ such that ⟨α1|U (1)
i

†
U

(1)
j |α1⟩ = 0 for 1 ≤ i ̸=

j ≤ 3. Clearly, there exists |α2⟩, ⟨α2|U (2)
i

†
U

(2)
4 |α2⟩ =

0 for i = 1, 2, 3. Then |α⟩ = |α1⟩ ⊗ |α2⟩ is just the

vector we wanted. ii) U
(2)
1 = U

(2)
2 ̸= U

(2)
3 = U

(2)
4 .

For this case, we need to find a vector |α1⟩ such that

⟨α1|U (1)
1

†
U

(1)
2 |α1⟩ = 0 and ⟨α1|U (1)

3

†
U

(1)
4 |α1⟩ = 0. To

show that the above conditions can be fulfilled, we de-

fine L̃1 = {I, U (1)
1

†
U

(1)
2 , U

(1)
3

†
U

(1)
4 }. As |L̃1| ≤ 3, by

Theorem 1 and theorem 3, we can find |α1⟩ such that

⟨α1|U |α1⟩ = 0 for U ∈ ∆(L̃1). Since both U
(1)
1

†
U

(1)
2

and U
(1)
3

†
U

(1)
4 are in ∆(L̃1), we complete the proof.

(c) |L2| = 3. We can assume U
(2)
3 = U

(2)
4 without loss of

generality. We then have |α1⟩ and |α2⟩ such that

⟨α2|U (2)
i

†
U

(2)
j |α2⟩ = 0, 1 ≤ i ̸= j ≤ 3,

⟨α1|U (1)
3

†
U

(1)
4 |α1⟩ = 0.

Then |α⟩ = |α1⟩ ⊗ |α2⟩ is the vector we needed.

(d) |L2| = 4. As L2 is distinguishable, we can find |α2⟩
such that

⟨α2|U (2)
i

†
U

(2)
j |α2⟩ = 0, 1 ≤ i ̸= j ≤ 4.

One can then choose an arbitrary unit vector |α1⟩ ∈
Cd′

such that |α⟩ = |α1⟩⊗|α2⟩ is a vector we wanted.

Proof of Claim 2: Let d = 2p and suppose that the
unitary matrices corresponding to the four qudit lattice
states are given by

L = {U (1)
i ⊗U (2)

i |U (1)
i ∈ U(2), U

(2)
i ∈ U(p), i = 1, 2, 3, 4}.

Denote

L1 = {U (1)
i

∣∣i = 1, 2, 3, 4}, L2 = {U (2)
i

∣∣i = 1, 2, 3, 4}.

If |L2| = 1 or 3 or 4, we can prove that L is distinguish-
able with a similar argument as above. We only need to
consider the case |L2| = 2. In this case, up to a local
unitary equivalence, we find that

∆(L) ⊆ {X2⊗I, Y2⊗I, Z2⊗I,X2⊗Xl
p, Y2⊗Xl

p, Z2⊗Xl
p, I⊗Xl

p}

for some 1 ≤ l ≤ p − 1. Let |α⟩ =
∑1

i=0

∑p−1
j=0 αij |i⟩|j⟩.

There exist some nontrivial solutions |α⟩ such that
⟨α|U |α⟩ = 0 for U ∈ ∆(L). In fact, that

⟨α|X2 ⊗ I|α⟩ = 0, ⟨α|Y2 ⊗ I|α⟩ = 0,

⟨α|X2 ⊗X l
p|α⟩ = 0, ⟨α|Y2 ⊗X l

p|α⟩ = 0,

⟨α|Z2 ⊗X l
p|α⟩ = 0, ⟨α|I ⊗X l

p|α⟩ = 0,

⟨α|Z2 ⊗ Ip|α⟩ = 0,
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is equivalent to that∑p−1
j=0 α0jα1j =

∑p−1
j=0 α1jα0j = 0,∑p−1

j=0 α0j⊕lα1j =
∑p−1

j=0 α1j⊕lα0j = 0,∑p−1
j=0 α0j⊕lα0j =

∑p−1
j=0 α1j⊕lα1j = 0,∑p−1

j=0 |α0j |2 =
∑p−1

j=0 |α1j |2,

respectively. If we set

(α00, α01, ..., α0p−1) = (0, 1, 0, 1, 0, 1, 0, ...., 1, 0)

(α10, α11, ..., α1p−1) = (0, 1, 0, w, 0, w2, 0, ...., w
p−1
2 , 0).

where w = e
2π

√
−1

(p−1)/2 , then |α⟩ satisfies all the equations
above. Hence L is distinguishable.
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