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Abstract

We derive criterion in the form of inequality based on quantum Fisher information and quantum

variance to detect multipartite entanglement. It can be regarded as complementary of the well-

established PPT criterion in the sense that it can also detect bound entangled states. The inequality

is motivated by Y.Akbari-Kourbolagh et al.[Phys. Rev A. 99, 012304 (2019)] which introduced

a multipartite entanglement criterion based on quantum Fisher information. Our criterion is

experimentally measurable for detecting any N -qudit pure state mixed with white noisy. We

take several examples to illustrate that our criterion has good performance for detecting certain

entangled states.
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I. INTRODUCTION

Entanglement, as a mysterious phenomenon of quantum mechanics, was first expounded

by Einstein, Podolsky, and Rosen [1] and Schrdinger [2] questioning the completeness of

quantum mechanics theory. Later, Bell noticed that entanglement caused experimentally

testable deviations of quantum mechanics versus classical physics [3]. Finally, with the

development of quantum resource theory, entanglement was also recognized as a resource,

which made sense of many quantum-information processing like quantum teleportation [4],

quantum cryptography [5], or measurement based quantum computation [6]. A natural

problem is how to detect and quantify quantum entanglement. Unfortunately, it is still an

open problem of determining whether any given quantum state is entangled or separable.

This difficult problem has motivated the development of quantum information theory in the

last decades [7, 8].

Up to now, many kinds of entanglement criteria have been proposed for the detection of

entanglement in arbitrary quantum systems. But developing simpler and more efficient cri-

terion is indeed pivotal. The most remarkable one for detection of entanglement is positive

partial transpose (PPT) criterion proposed by Peres-Horodecki [9]. The condition is suffi-

cient and necessary to characterize entanglement for 2×2 and 2×3 system [10], but in higher

dimensional systems some entangled states escape the detection. Then Much subsequent

work has been devoted to search more sufficient conditions for the entanglement detection

of multipartite or higher dimension systems. The most remarkable one is the computable

cross norm [11] or realignment [12] (CCNR) criterion which have more powerful PPT entan-

glement detection capability. Another different type criteria are based on quantum Fisher

information, located at the centre of quantum metrology [13, 14, 15, 16], which are also

complement the approaches based on variance and uncertainty relations [17].

Recently, Y.Akbari-Kourbolagh et al. [18] proposed entanglement criterion for multipar-

tite quantum systems based on quantum fisher information which had better performance

than some other criteria. Considering from the aspect of detecting bound entangled states,

it also complements the well-established PPT criterion. Moreover, the well-known upper

bound of quantum Fisher information for separable multi-qudit states introduced by Toth

and Vertesi [15] can be also improved by their method. But this method can not be experi-

mentally measured. To overcome this flaw, we derive entanglement criterion in the form of
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inequality. Violation of this inequality reveals that the state is entangled and accordingly

shows the usefulness for quantum metrology. We take several examples to illustrate that

our criterion has good performance for detecting certain entangled states.

II. ENTANGLEMENT CRITERION

The variance of a quantum mechanical observable Â with respect to a quantum state ρ

is defined by

(△Â)2ρ = ⟨Â2⟩ρ − ⟨Â⟩2ρ. (1)

The corresponding quantum Fisher information F (ρ, Â) is defined by [5, 22]

F (ρ, Â) =
1

4
Tr(ρL̂2), (2)

where L̂, the symmetric logarithmic derivative, is a Hermitian operator satisfying

i[ρ,A] =
1

2
(L̂ρ+ ρL̂).

Under the spectral decomposition of ρ, ρ =
∑

k λk|k⟩⟨k|, where λk are eigenvalues and |k⟩

are the corresponding eigenvectors of ρ, the quantum Fisher information (2) can be rewritten

as:

F (ρ, Â) =
∑
k,l

(λk − λl)
2

2(λk + λl)
|⟨k|Â|l⟩|2, (3)

where λk + λl are nonzero [5, 13, 15, 16, 22, 23].

For pure states, the quantum Fisher information equals to variance, F (ρ, Â) = (△Â)2ρ.

For mixed state, the quantum Fisher information can be given by the convex roof of the

variance [18, 19, 20, 21],

F (ρ, Â) = inf
{pk,|ψk⟩}

∑
k

pk(△Â)2ψk
.

where the infimum is taken over all possible pure state decompositions of ρ =
∑

k pk|ψ⟩⟨ψk|.

The quantum variance of mixed states can also be given by the convex roof of variances:

(△Â)2ρ = sup
{pk,|ψk⟩}

∑
k

pk(△Â)2|ψk⟩.

where the supremum is taken over all possible pure state decompositions of ρ =∑
k pk|ψ⟩⟨ψk|. Obviously, quantum information and variance satisfy the following inequality,

F (ρ, Â) ≤
∑
k

pk(△Â)2|ψk⟩ ≤ (△Â)2ρ. (4)
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Let HX be the Hilbert space associated to quantum system X and I be the identity

matrix of HX . Any bipartite separable state ρ ∈ HA ⊗HB can be written as:

ρ =
∑
k

pk|ek⟩⟨ek| ⊗ |fk⟩⟨fk|, (5)

where 0 < pk ≤ 1,
∑

k pk = 1, |ek⟩ and |fk⟩ are arbitrary but normalized states of the

subsystems.

Theorem 1 Any separable bipartite state (5) must satisfy the following inequality:

F (ρ, Â⊗ I + I ⊗ B̂) ≤ △(Â⊗ I − I ⊗ B̂)2ρ (6)

for any local observables Â and B̂.

[Proof] For any separable state (5), by the inequality (4), we get

F (ρ, Â⊗ I + I ⊗ B̂) ≤
∑
k

pk △ (Â+ B̂)2|ek⟩⊗|fk⟩

=⟨Â2⟩ρA + ⟨B̂2⟩ρB −
∑
k

pk[⟨ek|Â|ek⟩2 + ⟨fk|B̂|fk⟩2]

=⟨Â2⟩ρA + ⟨B̂2⟩ρB − 2
∑
k

pk⟨Â⟩|ek⟩⟨B̂⟩|fk⟩

−
∑
k

pk[⟨ek|Â|ek⟩ − ⟨fk|B̂|fk⟩]2

≤⟨(Â⊗ I − I ⊗ B̂)2⟩ρ − [
∑
k

pk⟨(ek|Â|ek⟩ − ⟨fk|B̂|fk⟩)]2

=⟨(Â⊗ I − I ⊗ B̂)2⟩ρ − ⟨(Â⊗ I − I ⊗ B̂)⟩2ρ

=△ (Â⊗ I − I ⊗ B̂)2ρ.

(7)

From the inequality (4), we can obtain that the inequality F (ρ, Â⊗I+I⊗B̂) ≤ △(Â⊗I+

I⊗B̂)2ρ holds for all quantum states. From Theorem 1 we have that (6) holds for all separable

states. If for some proper observables such that the state ρ satisfies Covρ(Â ⊗ I, I ⊗ B̂) =

⟨Â⊗ B̂⟩ − ⟨Â⊗ I⟩⟨I ⊗ B̂⟩ > 0, then from (6) the state ρ is entangled.

In [18] an elegant entanglement criterion has been derived: For any bipartite separable

state (5), the following inequality must hold,

F (ρ, Â⊗ I + I ⊗ B̂) ≤ ⟨Â⟩2ρA + ⟨B̂2⟩ρB − 2|⟨Â⊗ B̂⟩ρ|, (8)
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where ρA and ρB are the reduced states of ρ associated with the subsystems A and B,

respectively.

Example 1. Consider the two-ququart PPT bound entangled state [18],

ρ = p
4∑

n=1

|ψn⟩⟨ψn|+ q
6∑

n=5

|ψn⟩⟨ψn|, 4p+ 2q = 1,

where p and q are non-negative real numbers, the pure states |ψn⟩ are defined by,

|ψ1⟩ =
1

2
(|01⟩+ |23⟩), |ψ2⟩ =

1

2
(|10⟩+ |32⟩),

|ψ3⟩ =
1

2
(|11⟩+ |22⟩), |ψ4⟩ =

1

2
(|00⟩ − |33⟩),

|ψ5⟩ =
1

2
(|03⟩+ |12⟩) + 1√

2
|21⟩,

|ψ6⟩ =
1

2
(−|03⟩+ |12⟩) + 1√

2
|30⟩.

Set p = (2 −
√
2)/4 and q = (

√
2 − 1)/2. The state is then a metrologically useful PPT

bound entangled state [17]. Taking observables Â = B̂ = |0⟩⟨0|+ |1⟩⟨1| − |2⟩⟨2| − |3⟩⟨3|, we

have

F (ρ, Â⊗ I + I ⊗ B̂) = 8− 4
√
2,

and

△(Â− B̂)2ρ = 4
√
2− 4.

Obviously inequality (6) is violated. Therefore, from Theorem 1 the entanglement is de-

tected, which is in accordance with the result from [18].

The state in above example is isotropic and the observables for each system have been

taken to be same ones. Now let us consider an non-isotropic state.

Example 2. Consider a two-qubit state with white noise:

ρ = p|ψ⟩⟨ψ|+ (1− p)
I ⊗ I

4
, 0 ≤ p ≤ 1,

where |ψ⟩ = 2
3
(|00⟩ + |11⟩) + 1

3
|10⟩. From the PPT criterion, this state is entangled if and

only if p > 9
25
.

From the fact that for a N -qudit quantum state |ψ⟩ mixed with white noise, ρnoisy(p) =

p|ψ⟩⟨ψ|+ (1− p) I
⊗N

dN
, the quantum Fisher information of ρnoisy(p) can be rewritten as [13]

F (ρnoisy, Â) =
p2

p+ 2(1− p)d−N
F (|ψ⟩, Â),
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For this state we obtain

F (ρ, Â⊗ I + I ⊗ B̂) =
64p2

9p+ 9
,

where we have taken Â = B̂ = σz. It is also direct to verify that

△(Â− B̂)2ρ = 2− 4p2

81
− 14p

9
.

Hence, ρ violates the inequality (10) for p > 0.5044.

From (8) given in [18], one can get

⟨Â2⟩ρA − ⟨B̂2⟩ρB − |⟨Â⊗ B̂⟩ρ| = 2− 14p

9
,

namely, ρ violates the inequality for p > 0.5067. Therefore, our Theorem 1 detects better

entanglement than (8) in this case.

Our results can be generalized to tripartite systems. Any fully separable tripartite state

ρ ∈ HA ⊗HB ⊗HC has the following form,

ρ =
∑
k

pk|ek⟩⟨ek| ⊗ |fk⟩⟨fk| ⊗ |gk⟩⟨gk|. (9)

where 0 < pk ≤ 1,
∑

k pk = 1, |ek⟩, |fk⟩ and |gk⟩ are normalized states of the three subsys-

tems.

Theorem 2 Any separable state (9) must satisfy the following inequality,

F (ρ, Â+ B̂ + Ĉ) ≤ 1

2
[△(Â− B̂)2ρAB

+△(Â− Ĉ)2ρAC
+△(B̂ − Ĉ)2ρBC

]. (10)

where Â+ B̂ + Ĉ stands for Â⊗ IBC + B̂ ⊗ IAC + Ĉ ⊗ IAB, Â− B̂ denotes Â⊗ I − I ⊗ B̂

and ρAB = trC(ρ), Â− Ĉ, B̂ − Ĉ, ρAC and ρBC are similarly defined.

[Proof] For any separable state (9), from the inequality (4), we have

F (ρ, Â+ B̂ + Ĉ) ≤
∑
k

pk △ (Â+ B̂ + Ĉ)2|ek⟩⊗|fk⟩⊗|gk⟩

=
∑
k

pk[(△Â)2|ek⟩ + (△B̂)2|fk⟩ + (△Ĉ)2|gk⟩]

=⟨Â2⟩ρA+⟨B̂2⟩ρB+⟨Ĉ2⟩ρC −
∑
k

pk[⟨Â⟩2|ek⟩ + ⟨B̂⟩2|fk⟩ + ⟨Ĉ⟩2|gk⟩]

=
1

2
⟨Â2⟩ρA+

1

2
⟨B̂2⟩ρB−⟨Â⊗ B̂⟩ρAB

− 1

2

∑
k

pk[⟨Â⟩|ek⟩−⟨B̂⟩|fk⟩]
2
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+
1

2
⟨Â2⟩ρA+

1

2
⟨Ĉ2⟩ρC−⟨Â⊗ Ĉ⟩ρAC

− 1

2

∑
k

pk[⟨Â⟩|ek⟩−⟨Ĉ⟩|gk⟩]
2

+
1

2
⟨B̂2⟩ρB+

1

2
⟨Ĉ2⟩ρC−⟨B̂ ⊗ Ĉ⟩ρBC

− 1

2

∑
k

pk[⟨B̂⟩|fk⟩−⟨Ĉ⟩|gk⟩]
2

≤1

2
⟨(Â⊗ I − I ⊗ B̂)2⟩ρAB

− 1

2
[
∑
k

pk(⟨Â⟩|ek⟩ − ⟨B̂⟩|fk⟩))]
2

+
1

2
⟨(Â⊗ I − I ⊗ Ĉ)2⟩ρAC

− 1

2
[
∑
k

pk(⟨Â⟩|ek⟩ − ⟨Ĉ⟩|gk⟩)]
2

+
1

2
⟨(B̂ ⊗ I − I ⊗ Ĉ)2⟩ρBC

− 1

2
[
∑
k

pk(⟨B̂⟩|fk⟩ − ⟨Ĉ⟩|gk⟩)]
2

=
1

2
[△(Â− B̂)2ρAB

+△(Â− Ĉ)2ρAC
+△(B̂ − Ĉ)2ρBC

].

Example 3. Consider a three-qubit GHZ-type state mixed with white noise [25],

ρ = p|ψ⟩⟨ψ|+ (1− p)
I ⊗ I ⊗ I

8
, 0 ≤ p ≤ 1, (11)

where |ψ⟩ = 2
3
(|000⟩+ |111⟩) + 1

3
|110⟩. Taking Â = B̂ = −|1⟩⟨1| and Ĉ = |0⟩⟨0|, we have

F (ρ, Â+ B̂ + Ĉ) =
656p2

243p+ 81
,

and
1

2
[△(Â− B̂)2ρAB

+△(Â− Ĉ)2ρAC
+△(B̂ − Ĉ)2ρBC

] =
7

4
− (

p

9
+ 1)2 − 7p

12

the violation of the inequality (10) is equivalent to solve the following equality:

y1 :=
656p2

243p+ 81
− (

7

4
− (

p

9
+ 1)2 − 7p

12
) > 0

Hence ρ violates the inequality (10) for p > 0.3439. An elegant entanglement criterion for

tripartite system has been derived [18]: For any tripartite separable state (9), the inequality

must satisfied:

F (ρ, Â+ B̂ + Ĉ) ≤ ⟨Â2⟩ρA + ⟨B̂2⟩ρB + ⟨Ĉ2⟩ρC − η, (12)

where η = |⟨Â ⊗ B̂⟩ρAB
| + |⟨B̂ ⊗ Ĉ⟩ρBC

| + |⟨Â ⊗ Ĉ⟩ρAC
|. Taking the observables Â = B̂ =

Ĉ = σz, we have:

F (ρ, Â+ B̂ + Ĉ) =
2624p2

243p+ 81
,

the right hand of inequality (12) can be also derived:

⟨Â2⟩ρA + ⟨B̂2⟩ρB + ⟨Ĉ2⟩ρC − η = 3− 23p

9
,
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FIG. 1: Red (dashed) line represents our criterion for Example 3, and blue (dot-dashed) line

represent violation of inequality (12) given in ref.[18]

the violation of the inequality (12) is equivalent to solve the following equality:

y2 :=
2624p2

243p+ 81
− (3− 23p

9
) > 0,

By simple calculation, ρ violates the inequality (12) for p > 0.3657. Both results are better

than the one, p > 9
23
, based on inequality relation of the mean values of certain observables

[24]. Therefore, our criterion has better performance than the one presented in [18] in

detecting the entanglement of the non-isotropic state (11), see Fig. 1.

Our conclusions can be further generalized to multipartite quantum systems. For arbi-

trary multipartite quantum system A1A2 . . . AN , any fully separable state ρ ∈ HA ⊗HB ⊗

. . .⊗HN can be represented as

ρ =
∑
k

pk|ek⟩1⟨ek| ⊗ |ek⟩2⟨ek| ⊗ . . .⊗ |ek⟩N⟨ek|. (13)

where 0 < pk ≤ 1,
∑

k pk = 1, |ek⟩i, i = 1, 2, . . . , N are normalized states of i subsystems.

Similar to the form of Theorem 2, we have the following theorem for multipartite quantum

systems.

Theorem 3 Any separable state (13) must satisfy the inequality,

F (ρ, Â1 + Â2 + · · ·+ ÂN) ≤
1

2

N∑
i=1

△(Âi − Âi+1)
2
ρAiAi+1

, (14)

where ÂN+1 = Â1. violation of the inequality implies ρ is entangled.
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The proof of this theorem is similar to theorem 2, so we omit here.

III. CONCLUSION

We proposed a sufficient entanglement criterion for the multipartite systems based on

quantum Fisher information and variance of local observables. Our criterion have better

performance for detecting non-isotropic states. And our criterion is experimentally measur-

able for detecting any N -qudit pure state mixed with white noisy. We calculated several

examples to illustrate the efficiency. In [16, 26, 27], it has been shown that it is possible

to establish connection between generalized variances and generalized quantum Fisher in-

formation. For more generalized definition of quantum Fisher information, maybe one can

derive more efficient results. It would be also interesting to deal with the problem of de-

tecting the genuine multipartite entanglement based on quantum Fisher information, which

will be our next considerations. Our results may highlight further investigations on both

the separability of bipartite states and the genuine multipartite entanglement.
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