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We explore quantum phase transitions in the spin-1/2 XX chain with three-spin

interaction in terms of local quantum Fisher information and one-way quantum

deficit, together with the demonstration of quantum fluctuations. Analytical results

are derived and analyzed in details.

I. INTRODUCTION

Quantum entanglement plays a vital role in quantum information processing [1]. As

an important resource, quantum entangled states have been used in quantum teleportation

[2], remote state preparation [3], secure quantum-communications network [4], etc. Be-

sides quantum entanglement, quantum discord characterizes non-classical correlations [5].

The one-way quantum deficit [6] is another key measure to describe quantum correlation

[7]. While the quantum Fisher information [8, 9] is important in the estimation accuracy

scenarios.

On the other hand, the quantum phase transitions have received much attention in con-

densed matter physics [10]. The quantum fluctuations are able to be illustrated by quantum

correlations. In Ref. [11] the role of entanglement played in phase transition and theory of
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critical phenomena in XY system has been investigated. The quantum discord and entan-

glement between the nearest-neighbor qubits in an infinite (spin-1/2) chain described by the

Heisenberg model (XXZ Hamiltonian) were investigated in [12], and the critical points asso-

ciated with quantum phase transitions at finite temperature had been analyzed. In Ref.[13],

the authors studied the effects of Dzyaloshinskii-Moriya interaction on pairwise quantum

discord, entanglement, and classical correlation in the anisotropic XY spin-half chain. It

has been shown that the quantum discord can be useful to highlight the quantum phase

transition, especially for the long-distance spins, while entanglement decays rapidly. The

quantum discord has been also used to show the quantum phase transition in XX model

in [14]. In Ref. [15] the authors connected the local quantum coherence based on Wigner-

Yanase skew information and the quantum phase transitions. The local quantum coherence

and its derivatives are used effectively in detecting different types of quantum phase transi-

tions in different spin systems. In Ref. [16] the authors introduced a coherence susceptibility

approach in identifying quantum phase transitions induced by quantum fluctuations.

Although different measures of quantum correlations have been used to characterize quan-

tum phase transitions in different spin chain systems, both local quantum Fisher information

and one-way quantum deficit have not been adopted to study quantum phase transition in

Hersenberg XX models. In this paper, we investigate the quantum phase transitions of

the XX chain with three spin interaction. We explore the quantum fluctuation via both

local quantum Fisher information and one-way quantum deficit to investigate the quantum

phase transition. We review the basic definitions of local quantum Fisher information and

one-way quantum deficit in Sec. II. In Sec.III, the Hersenberg spin-1
2

is introduced and the

main results are presented. Conclusions are given in Sec. IV.

II. PRELIMINARIES

We first recall the basic definitions of local quantum Fisher information and one-way

quantum deficit.

Local quantum Fisher information Quantum Fisher information (QFI) is recognized as the

most widely used quantity for characterizing the ultimate accuracy in parameter estimation

scenarios. Recently, many efforts have been made toward evaluating the dynamics of QFI

to establish the relevance of quantum entanglement in quantum metrology. It has been
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demonstrated that quantum entanglement leads to a notable improvement of the accuracy

of parameter estimation. It is natural to ask whether quantum correlations beyond quantum

entanglement can be related to the precision in quantum metrology protocols.

For an arbitrary quantum state ρθ that depends on a parameter θ, the QFI is given by

[17],

F (ρθ) =
1

4
Tr[ρθL

2
θ], (1)

where the symmetric logarithmic derivative Lθ is defined as the solution of the following

equation

∂ρθ
∂θ

=
1

2
(Lθρθ + ρθLθ). (2)

The parametric states ρθ can be obtained from an initial probe state ρ subjected to a

unitary transformation Uθ = e−iHθ which is dependent on θ and a Hermitian operator H,

i.e., ρθ = U †θρUθ. In this case F (ρθ) is given by

F (ρ,H) =
1

2

∑
i 6=j

(pi − pj)2

pi + pj
|〈ψi|H|ψj〉|2, (3)

where ρ =
∑
i=1 pi|ψi〉〈ψi| is spectral decomposition of ρ, pi ≥ 0 and

∑
i=1 pi = 1.

Now consider a bipartite quantum state ρAB in the Hilbert space H = HA ⊗ HB. We

assume that the dynamics of the first subsystem is governed by the local phase shift trans-

formation e−iθHA , with HA = Ha ⊗ IB the local Hamiltonian. In this case QFI reduces to

local quantum Fisher information (LQFI),

F (ρ,HA) = Tr(ρH2
A)−

∑
i 6=j

2pipj
pi + pj

|〈ψi|HA|ψj〉|2. (4)

Local quantum Fisher information was introduced to deal with pairwise quantum mea-

sures of discord type. The local quantum Fisher information Q(ρ) is defined as the minimum

quantum Fisher information over all local Hamiltonians HA acting on the subsystem A [18],

Q(ρ) = min
HA

F (ρ,HA). (5)

For local Hamiltonian HA = ~σ · ~r, with |~r| = 1 and ~σ = (σx, σy, σz) the Pauli matrices, one

has Tr(ρH2
A) = 1, and the second term in (4) can be written as

∑
i 6=j

2pipj
pi + pj

|ψi|HA|ψj〉|2 =
∑
i 6=j

3∑
l,k=1

2pipj
pi + pj

〈ψi|σl ⊗ IB|ψj〉〈ψj|σk ⊗ IB|ψi〉 = ~r† · T · ~r, (6)
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where the elements of the 3× 3 symmetric matrix T are given by

Tlk =
∑
i 6=j

2pipj
pi + pj

〈ψi|σl ⊗ IB|ψj〉〈ψj|σk ⊗ IB|ψi〉. (7)

To minimize F (ρ,HA), it is necessary to maximize the quantity ~r† · T · ~r over all unit

vectors ~r. The maximum value coincides with the maximum eigenvalue of T . Hence, the

minimal value of local quantum Fisher information Q(ρ) is

Q(ρ) = 1− λmax(T ), (8)

where λmax denotes the maximal eigenvalue of the symmetric matrix T defined by (7).

One-way quantum deficit (OWQD) The one-way quantum deficit is defined as the differ-

ence of the von Neumann entropy of a bipartite state, ρAB, before and after a measurement

performed on, without a loss of generality, subsystem B [7],

∆ = min
Πi

A

S(
∑
i

ΠB
k (ρAB))− S(ρAB), (9)

where ΠB
k is the measurement on subsystem B and S(ρAB) = −TrρAB log ρAB is the von

Neumann entropy. Throughout the article, log is in base 2. The minimum is taken over all

local measurements ΠB
k .

The states after the projective measurement can be expressed as

ρ̃AB =
∑
k

(I ⊗ Πk)ρAB(I ⊗ Πk)
†. (10)

The post-measurement states is given by

ρkAB =
1

pk
(I ⊗ Πk)ρAB(I ⊗ Πk)

†, (11)

where

pk = Tr[(I ⊗ Πk)ρAB(I ⊗ Πk)
†]. (12)

Here Πk (k = 0, 1) are the general orthogonal projectors

Πk = V |k〉〈k|V †, (13)

where V belongs to the special unitary group SU(2). The rotations V may be parametrized

by two parameters θ and φ, respectively,

V =

 cos(θ/2) −e−iφ sin(θ/2)

eiφ sin(θ/2) cos(θ/2)

 , (14)

with θ ∈ [0, π] and φ ∈ [0, 2π].
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III. QUANTUM PHASE TRANSITION OF THE HEISENBERG-1
2 XX SPIN

CHAIN MODEL WITH THREE SPIN INTERACTION

The Hamiltonian of the Heisenberg spin-1
2
XX chain can be expressed as [19],

H =
N∑
l=1

−J(Sxl S
x
l+1 + Syl S

y
l+1 + ∆Szl S

z
l+1)− J ′{(Sxl−1S

z
l S

y
l+1 − S

y
l−1S

z
l S

x
l+1)

+ ∆(Syl−1S
x
l S

z
l+1 − Szl−1S

x
l S

y
l+1) + ∆(Szl−1S

y
l S

x
l+1 − Sxl−1S

y
l S

z
l+1)}, (15)

where Sql (q = x, y, z) are spin operators of S = 1/2-spin on site l, N is the total number of

spins, J is the nearest-neighbor Heisenberg exchange coupling, J ′ is the strength of three spin

interaction, and ∆ represents the anisotropy parameter. The model exhibits several quantum

phases depending on the parameters J ′/J and ∆. The same Hamiltonian is used in the study

of current-carrying states for the system with only the nearest-neighbor interactions, where

the three-spin terms play the role of the Lagrange multiplier.

If ∆ = 0, the Hamiltonian (15) reduces to a free spinless fermion model,

H =
N∑
l=1

−J(Sxl S
x
l+1 + Syl S

y
l+1)− J ′{(Sxl−1S

z
l S

y
l+1 − S

y
l−1S

z
l S

x
l+1)}. (16)

Applying the Jordan-Wigner transformation,

Sxl = 1/2Πl−1
n=1(1− 2c†ncn)(c†l + cl);

Syl = 1/2iΠl−1
n=1(1− 2c†ncn)(c†l − cl);

Szl = c†l cl − 1/2, (17)

H can be rewritten as

H =
N∑
l=1

[−J/2(c†l cl+1 + h.c.) + J ′/4i(c†l cl+2 − h.c.)], (18)

which can be diagonalized by means of the Fourier transformation,

H =
∑
k

ε(k)c†kck, (19)

where the energy dispersion

ε(k) = −J [cos k − α/2 sin(2k)], (20)

with α = J ′/J .
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The matrix form of the Hamiltonian form can be denoted as

ρ =



uij 0 0 0

0 ωij yij 0

0 yij ωij 0

0 0 0 uij


, (21)

where all the elements of the matrix can be written in terms of spin-spin correlation functions,

uij =
1

4
+ 〈Szi Szj 〉,

ωij =
1

4
− 〈Szi Szj 〉,

yij = 〈Sxi Sxj 〉+ 〈Syi S
y
j 〉,

with 〈Sqi S
q
j 〉 (q = x, y, z) the two-point spin-spin functions at sites i and j, and the expec-

tation value taken over all the quantum states.

Using the method proposed by Lieb, Schultz, and Mattis [20], we can also calculate the

spin-spin correlation functions,

〈Sxl Sxl+m〉 = 〈Syl S
y
l+m〉 =

1

4

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Gl,l+1 Gl,l+2 · · · Gl,l+m

Gl,l Gl,l+1 · · · Gl,l+m−1

· · · · · · . . . · · ·

Gl,l−m+2 Gl,l−m+3 · · · Gl,l+1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, (22)

and

〈Szl Szl+m〉 = −1/4(Gl,l+m)2, (23)

with

Gl,l+m =


2
mπ

sin(mπ
2
) α < 1,

1
mπ

[1− (−1)m] sin(m arcsin(1/α)) α ≥ 1.
(24)

Let t1 = 4〈Sxl Sxl+m〉, t2 = 4〈Syl S
y
l+m〉 and t3 = 4〈Szl Szl+m〉. The 3 × 3 matrix T is of the

form,

T =


(t3+1)(2t21+t3−1)

t21−1
0 0

0
(t3+1)(2t21+t3−1)

t21−1
0

0 0
2t21+t3−1

t3−1

 , (25)
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FIG. 1: m = 1: (a) LQFI and OWQD with respect to α. The orange dashed line denotes LQFI.

The orange solid line shows OWQD. (b) The derivatives of LQFI (dashed orange line) and OWQD

(solid orange line) with respect to α, respectively.

with eigenvalues{
2t21 + t3 − 1

t3 − 1
,
(t3 + 1) (2t21 + t3 − 1)

(t1 − 1)(t1 + 1)
,
(t3 + 1) (2t21 + t3 − 1)

(t1 − 1)(t1 + 1)

}
. (26)

From (8) we have the LQFI,

LQFI = 1−max[
(t3 + 1) (2t21 + t3 − 1)

t21 − 1
,
2t21 + t3 − 1

t3 − 1
]. (27)

By tedious calculation, we can also work out the OWQD. The analytical expression of

OWDQ for the Heisenberg XX spin chain is given by

∆ = −2 (1 + 2t1) log (1 + 2t1)− 2 (1− 2t1) log (1− 2t1)

+
1

4
[(1− t3 + 2t1) log(1− t3 + 2t1)

+(1− t3 − 2t1) log(1− t3 − 2t1)

+2(1 + t3) log(1 + t3)], (28)

with the optimal value attained at φ = 0 and θ = π/4.

From the above analytical expressions, we can show the quantum fluctuations in the

Heisenberg spin-1
2
XX spin chain system.

Fig. 1 shows the LQFI, OWQD and their derivatives with respect to α. In Fig. 1(a), the

dashed line denotes LQFI, while the solid line stands for OWQD. One sees that in region

[0, 1], both of them are in a fixed value. LQFI and OWQD decrease quickly at first and
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FIG. 2: m = 2: (a) LQFI and OWQD with respect to α. The orange dashed (solid) line denotes

LQFI (OWQD). (b) Dashed (solid) orange line denotes the derivative of LQFI (OWQD) with

respect to α.

then slowly in the region α > 1. They have the same trends. However, LQFI is greater than

OWQD. They approach zero when α goes to infinity.

The derivatives of LQFI and OWQD with respect to α are shown in Fig. 1(b), from which

we see that the quantum phase transition happens at α = 1. In the region α ∈ [0, 1], both

derivatives of LQFI and OWQD are zero. For α > 1, the derivatives of OWQD is greater

than that of LQFI, meaning that the slope related to LQFI is steeper than to OWQD.

Fig.2 shows LQFI and OWQD, and their derivatives with respect to α when m = 2.

The LQFI and OWQD for m = 2 are smaller than that for m = 1 in Fig.2(a), respectively.

Around the region α ∈ [1, 2], the slope of the lines is more than the ones for m = 1.

When α gets larger, the LQFI is approximately coincident with the OWQD. Both quantum

correlation measures LQFI and OWQD show quantum phase transition in Fig. 2(b).

Fig. 3 shows the behavior of LQFI vs α (dashed blue line). Fig. 4 shows the behavior

of OWQD vs α (solid blue line). The insets show the quantum phase transition related

to their derivatives. One can see that when m increases, the slopes of the lines get larger.

However, both of them show quantum phase transition of the Heisenberg XX model by the

first derivatives at α = 1.
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FIG. 3: LQFI and its derivative (inset) with respect to α for m = 3.
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FIG. 4: OWQD and its derivative (inset) with respect to α for m = 3. The inset shows the

quantum phase transition related to its derivatives.

IV. CONCLUSIONS

We have studied the quantum phase transitions in Heisenberg spin-1
2
XX spin model,

showing that the quantum phase transition happens at α = 1. Both quantum measures, local

quantum Fihser information and one-way quantum deficit, are able to show the quantum

fluctuation and the quantum phase transition for the Heisenberg spin-1
2
XX spin system.

Our results may highlight the corresponding experimental demonstrations of the quantum

fluctuation and the quantum phase transition in the Heisenberg spin-1
2
XX spin systems.
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