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Establishing quantum correlations between two remote parties by sending an information carrier
is an essential step of many protocols in quantum information processing. We obtain trade-off
relations between discords and coherence within a bipartite system. Then we study the distribution
of coherence in a bipartite quantum state by using the relations of relative entropy and mutual
information. We show that the increase of the relative entropy of discord between two remote
parties is bounded by the nonclassical correlations quantified by the relative entropy of coherence
between the carrier and two remote parties, providing an optimal protocol for discord distribution
and showing that quantum correlations are the essential resource for such tasks.

PACS numbers:

INTRODUCTION

Quantum coherence and quantum correlations like
quantum discord are valuable resources in quantum in-
formation processing [1–3]. Stemming from the super-
position rule of quantum mechanics, quantum coherence
captures the feature of quantumness in a single system
and plays an important role in a variety of applications
ranging from thermodynamics [4, 5] to metrology [6]. Re-
cently, the resource theory of coherence has attracted
much attention, with efforts to the quantification and
manipulation of coherence [7–11]. Coherence in multi-
partite systems has been also studied [12–14], together
with its relations to quantum entanglement and quan-
tum nonlocality [15–19]. The distribution of coherence in
bipartite and multipartite systems has been investigated
in Ref. [20] and [13], respectively. In [13] the trade-off
relation between the intrinsic coherence and the local co-
herence in multipartite systems has been demonstrated.
In [21, 22] the authors proved that the increase of rela-
tive entropy of entanglement between two remote parties
is bounded by the amount of nonclassical correlations. A
rigorous characterization of the distribution of coherence
in multipartite systems is imperative and of paramount
importance.

The quantum discord quantifies the quantum corre-
lation in a bipartite systems and plays a central role in
quantum tasks due to its potential applications in such as
quantum critical phenomena [23–26] and quantum evo-
lution under decoherence [27–30].

We address the following fundamental questions: How
much can the discord between sender and receiver lab-
oratories increase under the exchange of a carrier? Is
there a quantitative relation between such increase and
the nonclassical correlations between the carrier and the
parties?

In this article, we present a general bound on the

discord gain between distant laboratories under local
quantum-incoherent operations and quantum communi-
cation, which is given by the quantum coherence between
them and the carrier. We first give some trade-off re-
lations between various types of discord and coherence
within a bipartite system. Then, we discuss the distribu-
tion of coherence in a bipartite quantum state into dis-
cord between subsystems and coherent in each individual
subsystem, by using the relations of relative entropy and
mutual information. Finally, discord distribution in mul-
tipartite state is studied, and the discord gain between
distant laboratories is bounded by the amount of quan-
tum coherence between them and the carrier.

LINKING QUANTUM COHERENCE TO
QUANTUM DISCORD

The relative entropy of coherence of a quantum state
ρ is given by C(ρ) = minσ∈I S(ρ||σ) = S(∆(ρ)) − S(ρ),
where S(ρ||σ) = Tr(ρ log2 ρ) − Tr(ρ log2 σ) is the quan-
tum relative entropy and ∆(ρ) =

∑
i |i〉〈i|ρ|i〉〈i| is the

dephased state in reference basis {|i〉} of the system, I
denotes the set of all incoherent (diagonal) states. Con-
sider bipartite systems A and B with basis {|i〉A} and
{|i〉B}, respectively. The B-incoherent states with re-
spect to {|i〉B}, denoted as IA|B , have the form σAB =∑
i piσ

i
A⊗|i〉B〈i|. A map ΛA|B which maps B-incoherent

states to B-incoherent ones is called B-incoherent op-
eration. With respect to B-incoherent states, the
corresponding coherence is defined by CA|B(ρAB) =
minσAB∈IA|B S(ρAB ||σA|B) = S(∆B(ρAB)) − S(ρAB),
where ∆B(ρAB) =

∑
i(I⊗ |i〉B〈i|)ρ(I⊗ |i〉B〈i|) is the lo-

cal dephasing associated with the subsystem B, I is the
identity operator. Since the relative entropy does not
increase under quantum operations, CA|B(ρAB) is mono-
tonically nonincreasing under local quantum-incoherent
operations and classical communication (LQICC).
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With respect to the dephasing on subsystem B, the rel-
ative entropy of discord for bipartite states ρAB is given
by [31], DA|B(ρAB) = minδAB∈FA|B S(ρAB ||δA|B), where

FA|B =
∑
i piF iA ⊗ |i〉B〈i| is the set of quantum-classical

correlated states. A symmetric version of quantum dis-
cord with respect to both dephasing on subsystems A and
B is defined by DAB(ρAB) = minχAB∈CAB

S(ρAB ||χAB),
where χAB =

∑
jk pjk|j〉A〈j| ⊗ |k〉B〈k|, and CAB is

the set of classical-classical correlated states. The
global discord [32] for bipartite states ρAB is defined by,
DA|B(ρAB) = min

{Πi
B}
D{Πi

B}(ρAB), where D{Πi
B}(ρAB) =

S(ρAB ||Πi
B(ρAB)) − S(ρB ||Πi

B(ρB)), ΠB = {Πi
B} is a

complete projective measurement on subsystem B, see
also the original definition of discord [33, 34].

It is evident from the above definitions that D(ρAB) ≤
C(ρAB) [12], as this measure of discord is the minimum
amount of the coherence in any product basis [2]. We
have the following conclusion, see proof in Appendix.

Theorem 1. For any bipartite state ρAB , it holds
DA|B(ρAB) + PρB ≤ DA|B(ρAB) ≤ CA|B(ρAB) ≤
C(ρAB) − C(ρA), where PρB = minΠB

S[πΠB(ρAB)] −
S(πρAB

) with πρAB
= TrBρAB ⊗ TrAρAB the product

of the reduced states.

If the project measurement ΠB on subsystem B is
given by the reference basis {|i〉B} of the coherence for
subsystem B, one can easily get that PρB = C(ρB) for
relative entropy of coherence. Thus Theorem 1 shows
that the summation of the global discord with local mea-
surements on subsystem B and the coherence of subsys-
tem B is bounded byDA|B(ρAB) and CA|B(ρAB). On the
other hand, the B-incoherent state of ρAB , CA|B(ρAB)
(or the discord with local measurements on subsystem
B, DA|B(ρAB)), and the coherence of subsystem A is
bounded by the coherence C(ρAB) of the ρAB . The first
two equalities in Theorem 1 hold for some optimal bases
{|i〉∗B〈i|} which give the minimum solution of quantum
discord DA|B(ρB). Moreover, if one performs local mea-
surements on subsystem A, similar relation can be ob-
tained, DB|A(ρAB) + PρA ≤ DB|A(ρAB) ≤ CB|A(ρAB) ≤
C(ρAB)− C(ρB).

To illustrate the inequality presented in Theorem 1,
let us consider two simple examples. The first one is a
two-qubit separable state [35, 36]: ρAB = 1

4 [|+〉〈+| ⊗
|0〉〈0|+ |−〉〈−|⊗|1〉〈1|+ |0〉〈0|⊗|−〉〈−|+ |1〉〈1|⊗|+〉〈+|],
where |+〉 = 1√

2
(|0〉+ |1〉) and |−〉 = 1√

2
(|0〉 − |1〉). The

optimal basis {|i〉∗B〈i|} which gives the minimum solu-
tion of quantum discord DA|B(ρB) is just {|i〉B〈i|}. Un-
der this basis we have PρB = 0, C(ρA) = C(ρB) = 0,
DA|B(ρAB) = DA|B(ρAB) = CA|B(ρAB) ≈ 0.311, and
C(ρAB) = 0.5. The first two inequalities in Theo-
rem 1 are equalities in this case. The second one is
the Werner state: ρAB = (1 − p) I4 + p|ψ〉〈ψ|, where
|ψ〉 = 1√

2
(|00〉 + |11〉) is a Bell state, p ∈ [0, 1]. The

state is a separable for 0 < p ≤ 1
3 with nonzero dis-

cord. The nearest classical state is just the closet inco-
herent state of ρAB [37]. Under optimal basis {|i〉B〈i|}
we have PρB = 0, C(ρA) = C(ρB) = 0, DA|B(ρAB) =
DA|B(ρAB) = CA|B(ρAB) = C(ρAB). In this case, all
the inequalities in Theorem 1 become equalities.

The total correlation between systems A and B in a
bipartite state ρAB is given by the quantum mutual in-
formation I(ρAB) = S(ρA) + S(ρB) − S(ρAB). In the
following, we show that the total correlation present in a
bipartite state ρAB is bounded, see proof in Appendix.
Theorem 2. For any bipartite state ρAB , we

have I(ρAB) ≤ IT (ρAB) + DT̄ |T (ρAB) − PρT , where
PρT = minΠT

S[πΠT (ρAB)] − S(πρAB
), IT (ρAB) =

max{Πi
T } I(Πi

T ρABΠi
T ), T = A,B,AB, T̄ is the

complementary of T in the subsystem of AB, with
DĀB|AB(ρAB) = DAB(ρAB).

The equality in Theorem 2 holds, I(ρAB) =
IΠT

(ρAB) + DT̄ |ΠT
(ρAB) − PρΠT

, if the measurement
ΠT on system T is just the reference basis of coher-
ence for T , T = A,B,AB. When T = AB, one gets
I(ρAB) + C(ρA) + C(ρB) = C(ρAB) +DAB(ρAB), where
C(ρAB) = IAB(ρAB) [31] is classical correlation given by
the minimal distance between ρAB and product states
π, C(ρAB) = minπ S(ρAB ||π), with ρAB ∈ CAB . This
means that the sum of the mutual information and the
local coherence is equal to the sum of the quantum dis-
cord and classical correlations. One can also obtain that
I(ρAB)− C(ρAB) = DAB(ρAB)− C(ρA)− C(ρB), which
means that the overall quantum correlations given in a
bipartite state ρAB is equal to the quantum discord mi-
nus the coherence in each subsystem. When T = A(B),
one obtains I(ρAB) + C(ρB) = IB(ρAB) + DA|B(ρAB),
namely, the sum of the mutual information and the co-
herence of the measured subsystem B(A) is equal to the
sum of the discord and conditional mutual information
performed on subsystem B(A).

Example 1 Let us consider the Bell-diagonal states
[38, 39], ρAB = 1

4 (I ⊗ I +
∑3
j=1 cjσj ⊗ σj), where σj

are the standard Pauli matrices. In this case, we have
I(ρAB)− IAB(ρAB) = I(ρAB)− C(ρAB) = DAB(ρAB) =
DAB(ρAB), and I(ρAB) − IB(ρAB) = DA|B(ρAB) =
DA|B(ρAB), see Appendix for detailed derivations.

DISCORD DISTRIBUTION BETWEEN
SPATIALLY SEPARATED PARTIES

Consider two remote agents, Alice and Bob, having
access to particles A and B, respectively. Alice interacts
an ancilla C with her particle A and sends C to Bob. Bob
interacts C with his particle B. At the end how much
discord they share could be increased? What is the cost
to increase the discord they share by sending an auxiliary
quantum particle C? see Fig 1.

Let ρ be the initial state of the particles A, B and C.
The initial discord between Alice and Bob is DAC|B(ρ).
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FIG. 1: Alice and Bob have particles A and B, respectively.
(a) Alice interacts an ancilla C with her particle A. (b) C is
then sent to Bob’s side. (c) Bob interacts C with his particle
B.

If the particle C is sent to Bob’s side without any
operations, the discord between the them is given by
DA|BC(ρ). We first present a general relation among
DAC|B(ρ), DA|BC(ρ) and the cost CAB|C(ρ) for arbitrar-
ily given ρ. Consider the optimal projective measurement
Π∗C = {|i〉C〈i|} on C, with pi the probability of outcome i
and ρiAB the corresponding conditional states of systems
AB, i.e., Π∗C(ρABC) =

∑
i piρ

i
AB⊗|i〉C〈i|. Then we have

the following result, see proof in Appendix.
Theorem 3.–For any tripartite state ρ of systems A, B

and C, it holds that

DT |T̄C(ρ)−DTC|T̄ (ρ) ≤ CAB|C(ρ), (1)

where T = A,B, and T̄ is the complementary of T in the
subsystem AB.

We point out that the inequality (1) holds for any di-
mensions of the subsystems. The implications of Theo-
rem 1 is illustrated in Fig. 2. In particular, for tripartite
pure state ρABC = |ψ〉ABC〈ψ| from Theorem 3 we have

|S(ρA)− S(ρB)| ≤ S[∆(ρAB)],

where ∆ is a full dephasing operation.
Now let α denote the initial state of A, B and C, and β

the state after Alice interacts the ancilla C with particle
A. As local operation on AC cannot increase the dis-
cord in the AC|B cut, one has DAC|B(β) ≤ DAC|B(α).
Then Alice sends C to Bob, who interacts C with parti-
cle B. From Theorem 3 for state β one gets DA|BC(β) ≤
DAC|B(α) + CAB|C(β). This shows that the discord
gained between Alice and Bob is bounded by the quan-
tum coherence measured on C.

It is impossible to distribute the discord by LQICC.
Let us first address the case of CAB|C(ρ) = 0, i.e., ρ
is a quantum-incoherent state, ρ =

∑
i piρ

i
AB ⊗ |i〉C〈i|,

which corresponds to classical communication from Alice

FIG. 2: The area (yellow and blue) represents the discord be-
tween AC and B, while the area (red and blue) represents the
quantum correlations between AB and C. The total area (yel-
low, blue and red) represents the discord between A and BC.
One can read off the main result: DA|BC(ρ) − DAC|B(ρ) ≤
CAB|C(ρ).

to Bob. The index i embodies classical information that
Alice may copy locally before sending C to Bob. Then
both Alice and Bob have access to this information after
C is transferred from Alice to Bob, and a local incoher-
ent transformation can be performed by Bob depending
on the index i. The process is just the one communica-
tion step for a general protocol in terms of LQICC. The
protocol may also include the round of classical commu-
nication with C that is sent from Bob to Alice. Then one
obtains DB|AC(β) ≤ DBC|A(α)+CAB|C(β). In this case,
local classical registers can be kept or erased at any stage
of the protocol. Inequality (1) gives rise to that coher-
ence does not increase at any step of a protocol based on
LQICC. If CAB|C(ρ) does not vanish, the transfer of C
cannot be interpreted as classical communication, reveal-
ing the role of coherence in general quantum communi-
cation. Hence, (1) constitutes a nontrivial relaxation of
the condition of monotonicity of discord under LQICC,
bounding the increase of discord under local quantum-
incoherent operations and quantum communication.

In order to investigate the discord distribution via a
quantum-classical system, besides the coherence present
in β, there must be coherence on the receiver’s side al-
ready in the initial state α. Exchanging the roles ofB and
C, one gets from (1), DA|BC(β)−DAB|C(β) ≤ CAC|B(α).
Suppose C is a classical state, i.e., DAB|C(β) = 0, we
obtain the relation DA|BC(β) ≤ CAC|B(α). Note that
if C is initially not correlated with AB, one further
gets DA|BC(β) ≤ CA|B(α). Another interesting case
CAC|B(α) = 0. Then B is incoherent state initially, and
hence β =

∑
i piβ

i
AC ⊗ |i〉B〈i|. In this case discord be-

tween Alice and Bob can only be created if C and A (B)
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have non-vanishing discord, in particular, only if at least
one βiAC has non-vanishing discord. Indeed, such β sim-
ply describes a situation in which Bob, upon reading the
index i interacted in B, knows which states βiAC he will
end up sharing with Alice. Let us consider two examples.

Example 2 Discord distribution with non-vanishing ini-
tial discord between Alice and Bob. Let us consider the
state ρ = |+〉A〈+| ⊗ |0〉C〈0| ⊗ |−〉B〈−|, where |+〉A =
1√
2
(|0〉+ |1〉) and |−〉B = 1√

2
(|0〉 − |1〉). Alice applies an

incoherent operation O(ρACB) = pUACρACBU
†
AC + (1−

p) I4 ⊗ |−〉B〈−|, where I is unit operator, 0 ≤ p ≤ 1, UAC
is the CNOT gate UAC(|i〉⊗|j〉) = |i〉⊗|i⊕j〉. The output
state is ρ1 = p|Ψ〉〈Ψ|⊗|−〉B〈−|+(1−p) I4⊗|−〉B〈−|, with
|Ψ〉 = 1√

2
(|00〉 + |11〉). Obviously, the discord between

subsystems A and C is greater than 0 for p > 0, and
the entanglement is vanished when p ≤ 1

3 . From the in-
equality (1), we have that the discord between A and BC
is bounded by CAB|C(ρ1) after A interacts with C, i.e.,

DA|BC(ρ1)−DAC|B(ρ) ≤ 1−p
4 log 1−p

4 + 1+3p
4 log 1+3p

4 −
1+p

2 log 1+p
4 .

Example 3 Discord distribution with vanishing
initial discord between Alice and Bob. Con-
sider the initial three-qubit state in Ref. [40],
α =

(
1
3 |φ

+〉〈φ+|+ 1
6 |01〉〈01|+ 1

6 |10〉〈10|
)
⊗ |0〉B〈0| +(

1
6 |00〉〈00|+ 1

6 |11〉〈11|
)
⊗|1〉B〈1|, where |φ+〉 = 1√

2
(|00〉+

|11〉) is the maximally entangled state of A and C. Alice
performs a CNOT operation on A and C with A as the
control qubit, and passes C to Bob. Bob performs an-
other CNOT operation on the system BC with B as the

control qubit, i.e., α
CNOTAC−−−−−−→ β

CNOTBC−−−−−−→ γ. It shows
that the qubit B has zero discord with A and C all the
time. Nevertheless, A and C may share some discord at
last, DA|BC(γ) ≤ 1

3 log 2.

In fact, one may obtain similar results for other quan-
tum correlations such as information deficit, which quan-
tifies the amount of information that cannot be local-
ized by classical communication between two parties. If
only one-way classical communication from party X to
party Y is allowed, one has the one-way information
deficit: ∆X|Y (ρXY ) = minΠi

Y
S(ρXY ||

∑
i Πi

Y ρXY Πi
Y ),

where the minimization goes over all local von Neumann
measurements {Πi

Y } on subsystem Y . We have

∆A|BC(ρ)−∆AC|B(ρ) ≤ CAB|C(ρ), (2)

see proof in Appendix. This shows that the deficit of the
bipartite partition A|BC cannot be larger than the sum
of the deficit of the partition AC|B plus the quantum
coherence across the partition AB|C. Thus, the inequal-
ity (2) may be viewed as a type of monogamy relation
satisfied by a tripartite quantum state.

CONCLUSION

Establishing quantum correlations between two distant
parties is an essential step of many protocols in quan-
tum information processing. We have investigated the
trade-off relations satisfied by discord and coherence dur-
ing such essential steps, via distributing the coherence in
a bipartite quantum state to the discord between the
subsystems, based on the relations between relative en-
tropy and mutual information. We have identified quan-
tum correlations as the key resource for discord distribu-
tion and derived a general bound on the discord gained
between distant paries under local quantum-incoherent
operations and quantum communication. Explicitly, we
have proved that the discord gained between distant par-
ties is bounded by the amount of quantum coherence be-
tween them and the information carrier, which provides
a fundamental connection between quantum discord and
quantum coherence and a natural operational interpre-
tation of quantum coherence as the necessary prerequi-
site for the success of discord distribution. Our results
may highlight further studies on quantum resources con-
suming in information processing and give rise to related
experimental demonstrations.
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APPENDIX

Proof of Theorem 1

It can be shown that DA|B(ρAB) corresponds to
the minimal entropic increase resulting from the com-
plete projective measurement ΠB on B: DA|B(ρAB) =
minΠB

S[ΠB(ρAB)] − S(ρAB), where ΠB(ρAB) is the
state after the measurement ΠB , ΠB(ρAB) =

∑
i(I ⊗

Πi
B)ρAB(I ⊗ Πi

B) =
∑
i piρ

i
A ⊗ |i〉B〈i|. Similarly,

DAB(ρAB) = minΠAB
S[ΠAB(ρAB)] − S(ρAB), where

ΠAB(ρAB) is the state after the measurement ΠAB ,

ΠAB (ρAB) =
∑
j,k

(
Πj
A ⊗Πk

B

)
ρAB

(
Πj
A ⊗Πk

B

)
=∑

jk pjk|j〉A〈j| ⊗ |k〉B〈k|. Note that CA|B(ρAB) is dif-
ferent from the relative entropy of discord which involves
a minimization over all bases of B, while CA|B(ρAB) is
defined for a fixed incoherent basis {|i〉B}.

Under the von Neumann projective measurement
ΠB = {Πi

B}, the state of the system B is given by ρiA =
TrB [(I⊗Πi

B)ρAB(I⊗Πi
B)]/pi, with the measurement out-

come probability pi = Tr[(I⊗Πi
B)ρAB ]. The conditional

entropy of system A is then S[ΠB(ρA|B)] =
∑
i piS(ρiA).

Therefore, the quantum mutual information induced by
the von Neumann measurement on the system B is given
by

IΠB
(ρAB) = S(ρA)− S[ΠB(ρA|B)].

The measurement-independent quantum mutual infor-
mation IB(ρAB) is given by

IB(ρAB) = max
ΠB

IΠB
(ρAB)

= max
{Πi

B}
I
(
(I⊗Πi

B)ρAB(I⊗Πi
B)
)
,

which is interpreted as the one-sided classical mutual in-
formation on subsystem B. Let Π∗B = {|i〉∗B〈i|} be the
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optimal basis of system B for DA|B . Then we have

DA|B(ρAB)

= min
ΠB

S(ρB)− S(ρAB) +
∑
i

piS(ρiA)

≤ S(ρB)− S(ρAB) + S[Π∗B(ρAB)]− S[Π∗B(ρB)]

= S(ρB) + S[trBΠ∗B(ρAB)]− S(ρAB) + S([Π∗B(ρAB)]

− S[trAΠ∗B(ρAB)]− S[trBΠ∗B(ρAB)]

= S(πρ)− S(ρAB) + S[Π∗B(ρAB)]− S(πΠ∗B(ρAB))

= DA|B(ρAB)− [S(πΠ∗B(ρAB))− S(πρ)]

≤ DA|B(ρAB)− PρB ,

where we have used S[trAΠ∗B(ρAB)] = S[Π∗B(ρB)] and
Π∗B(ρB) =

∑
i pi|i〉∗B〈i|. Then one gets

DA|B(ρAB) + PρB ≤ DA|B(ρAB).

It is evident that DA|B(ρAB) ≤ CA|B(ρAB) for any ref-
erence basis [12]. In fact, the measure of discord is the
minimum coherence in any product basis [2]. The equal-
ity holds for an optimal basis. On the other hand,

CA|B(ρAB) = S[∆B(ρAB)]− S(ρAB)

= S[∆AB(ρAB)]− S(ρAB)

− (S[∆AB(ρAB)]− S[∆B(ρAB)])

≤ C(ρAB)− C(ρA), (A1)

where ∆AB is the completely dephasing operation.

Proof of Theorem 2

The total mutual information of a bipartite state ρ
is given by the relative entropy between ρ the product
state of the reduced states πρ = ρA ⊗ ρB , I(ρAB) =
S(ρAB ||πρAB

) = S(ρAB ||ρA ⊗ ρB) [31]. We have

IB(ρAB) = S(ρA)−
∑
i

piS(ρiA)

= S(ρA) +
∑
i

S(Πi
B(ρB))

− [
∑
i

S(Πi
B(ρB)) +

∑
i

piS(ρiA)]

= S(ρA) +
∑
i

S(Πi
B(ρB))−

∑
i

S(Πi
B(ρAB))

= S (ΠB(ρAB) ‖ ρA ⊗ΠB(ρB))

= S(ρA) + S(ΠB(ρB))− S(ΠB(ρAB)), (A2)

with maximization taken over measurement {Πj
B}, where

ΠB(ρAB) =
∑
i(I⊗Πi

B)ρAB(I⊗Πi
B) =

∑
i piρ

i
A⊗|i〉B〈i|

and ΠB(ρB) =
∑
i pi|i〉B〈i|.

Combining

DA|B(ρAB) = min
ΠB

S[ΠB(ρAB)]− S(ρAB)

and

PρB = min
ΠB

S[πΠB(ρAB)]− S(πρAB
)

= min
ΠB

S(ΠB(ρB))− S(ρB)

we have I(ρAB) = IΠT
(ρAB)+DT̄ |ΠT

(ρAB)−PρΠT
, where

IΠT
(ρAB), DT̄ |ΠT

(ρAB) and PρΠT
are the projective mea-

surement ΠT dependent, T = A,B,AB, and T̄ is the
complementary of T in the subsystem AB. Under the op-
timal local measurements, one has I(ρAB) ≤ IB(ρAB) +
DA|B(ρAB)− PρB . With a similar consideration, we can
also get I(ρAB) ≤ IA(ρAB) + DB|A(ρAB) − PρA and
I(ρAB) ≤ IAB(ρAB) +DAB(ρAB)− PρAB

.

Derivations in Example 1

Consider the Bell-diagonal states [38, 39], ρAB =
1
4 (I ⊗ I +

∑3
j=1 cjσj ⊗ σj) =

∑
ab λab|βab〉〈βab|, with the

maximally mixed marginals (ρA = ρB = I
2 ). The den-

sity matrix of Bell-diagonal states with σ3 representation
takes the form

ρσ3

AB =
1

4


1 + c3 0 0 c1 − c2

0 1− c3 c1 + c2 0
0 c1 + c2 1− c3 0

c1 − c2 0 0 1 + c3

 .

The eigenstates of ρσ3

AB are the four Bell states: |βab〉 =

(|0, b〉 + (−1)a|1, 1⊕ b〉)/
√

2, with the corresponding
eigenvalues λab = 1

4 [1 + (−1)ac1 − (−1)a+bc2 + (−1)bc3],
where a, b ∈ {0, 1}.

For Bell-diagonal states, the reduced states have no
coherence in the subsystems. The relative entropy of
coherence is given by

C(ρσi

AB) = −H(λab)−
2∑
j=1

(1 + (−1)jci)

2
log2

(1 + (−1)jci)

4
,

where H(λab) = −
∑
ab λa,b log2 λab. The mutual infor-

mation for Bell-diagonal states is given by

I(ρAB) =
∑
a,b

λab log2(4λab).

The classical correlation for Bell-diagonal states is given
by

C(ρAB) =

2∑
j=1

(1 + (−1)jc)

2
log2(1 + (−1)jc),

where c = max{|c1|, |c2|, |c3|}.
Before calculating DAB(ρAB), we note that from the

derivation of Theorem 2, the quantum discord can be
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rewritten as the difference of relative entropies:

DA|B(ρAB) = I(ρAB)− IB(ρAB)

= S (ρAB ‖ ρA ⊗ ρB)

−S(ΠB (ρAB) ‖ ρA ⊗ΠB(ρB))

= S[ρAB ||ΠB(ρAB)]− S[ρB ||ΠB(ρB)],

with the minimization taken over the measurement
{Πj

B}. Performing measurements on both subsystems A
and B, one has the symmetric version DAB (ρAB),

DAB (ρAB) = min
{Πj

A⊗Πk
B}

[S (ρAB ‖ ρA ⊗ ρB)

−S (ΠAB (ρAB) ‖ ΠA (ρA)⊗ΠB (ρB))] ,(A3)

where ΠAB (ρAB) =
∑
j,k

(
Πj
A ⊗Πk

B

)
ρAB

(
Πj
A ⊗Πk

B

)
.

Expressing (A3) in terms of the mutual information I,
we obtain

DAB (ρAB) = min
{Πj

A⊗Πk
B}

[I(ρAB)− I(ΠAB (ρAB))] , (A4)

which is the symmetric version of the expression for the
loss of correlation due to measurement [41, 42]. Re-
markably, DAB (ρAB) is equivalent to the measurement-
induced disturbance [43] if the measurements performed
(A3) are replaced by the eigenprojectors of the reduced
density operators, respectively. Moreover, Eq. (A3)
also provides the symmetric quantum discord considered
in Ref. [44] and experimentally witnessed in Ref. [45].
Eq. (A3) yields

DAB (ρAB) = min
{Πj

A⊗Πk
B}

[S (ρAB ‖ ΠAB (ρAB))

−S (ρA ‖ ΠA (ρA))− S (ρB ‖ ΠB (ρB))]

≤ S (ρAB ‖ ΠAB (ρAB))− PρA − PρB .

Specially, for some basis the symmetric extension quan-
tum discord DAB (ρAB) is bounded by the correlated co-
herence Ccc(ρAB) = C(ρAB)−C(ρA)−C(ρB) defined in
[46].

From (A4), we have the quantum discord for Bell-
diagonal states,

DAB(ρAB) = −H(λab)−
2∑
j=1

(1 + (−1)jc)

2
log2

(1 + (−1)jc)

4
.

We note that the one-side quantum discord, two-side
quantum discord and the relative entropy of quantum
discord are identical for Bell-diagonal states. It is easy to
verify that the quantum discord is equal to the coherence
under an optimal basis. Therefore, I(ρAB)− IB(ρAB) =
DA|B(ρAB) = DA|B(ρAB) as C(ρA) = C(ρB) = 0 and
I(ρAB)− IAB(ρAB) = I(ρAB)− C(ρAB) = DAB(ρAB) =
DAB(ρAB).

Proof of Theorem 3

Let ρi∗AB be the state resulted from the optimal mea-
surement on subsystem B for DA|B(ρiAB). As the state∑
i piρ

i∗
AB ⊗ |i〉C〈i| is a quantum-classical state, we have

DA|BC(ρ) ≤ S(ρ‖
∑
i

piρ
i∗
AB ⊗ |i〉C〈i|)

= −S(ρ)− Tr[ρ log(
∑
i

piρ
i∗
AB ⊗ |i〉C〈i|)]

= −S(ρ)− Tr[Π∗C(ρ) log(
∑
i

piρ
i∗
AB ⊗ |i〉C〈i|)]

=
[
S(Π∗C(ρ))− S(ρ)

]
+
[
− S(Π∗C(ρ))

−Tr
(

Π∗C(ρ) log(
∑
i

piρ
i∗
AB ⊗ |i〉C〈i|)

)]
= CAB|C(ρ) + S(

∑
i

piρ
i
AB ⊗ |i〉C〈i|

‖
∑
i

piρ
i∗
A:B ⊗ |i〉C〈i|)

= CAB|C(ρ) +
∑
i

piS(ρiAB‖ρi∗AB)

= CAB|C(ρ) +
∑
i

piDA|B(ρiAB)

= CAB|C(ρ) +DA|BC(Π∗C(ρ))

= CAB|C(ρ) +DAC|B(Π∗C(ρ))

≤ CAB|C(ρ) +DAC|B(ρ),

where the first inequality is due to that the quantum-
classical state

∑
i piρ

i∗
A:B ⊗ |i〉C〈i| cannot be better than

optimal state for the sake of DA|BC(ρ), the second
equality holds since Tr(σ log Π(τ)) = Tr(Π(σ) log Π(τ))
for all projective measurements Π, and for all σ and
τ [47], the fourth equality is due to the optimality
of Π∗C for CAB|C(ρ), the fifth equality is due to the
chain rule for relative entropy [48], the last two equal-
ities are due to the fact that the relative entropy
of coherence satisfies the “flags” condition Ref. [49],
i.e., DFX|Y

(∑
i pi|i〉F 〈i| ⊗ ρiXY

)
=
∑
i piDX|Y (ρiXY ) =

DX|Y F
(∑

i piρ
i
XY ⊗ |i〉F 〈i|

)
. From the above consider-

ation, the cost for sending the particle C from Alice to
Bob is bounded by CAB|C(ρ), DB|AC(ρ) − DBC|A(ρ) ≤
CAB|C(ρ).

Derivation of (2)

Let σ =
∑
i Πi

BρΠi
B be the state from the local mea-

surement ΠB = {Πi
B} on the B part of ρ, which mini-

mizes the relative entropy of σ and ρ such that

∆AC|B(ρ) = S(ρ||σ).
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Assume state ρ1 is the closest C-incoherent state to ρ,
namely,

CAB|C(ρ) = S(ρ||ρ1).

Suppose ΠC = {Πi
C} is the local measurement such

that ρ1 =
∑
i Πi

CρΠi
C . One has σ1 =

∑
i Πi

CσΠi
C .

Since Tr(ρ log ρ1) = Tr(ρ1 log ρ1) and Tr(ρ log σ1) =
Tr(ρ1 log ρ1), we have

S(ρ||σ1) = S(ρ||ρ1) + S(ρ1||σ1).

As the relative entropy does not increase under quan-
tum operations, S(Λ(ρ)||Λ(σ)) ≤ S(ρ||σ), we have

S(ρ1||σ1) ≤ S(ρ||σ). Then

S(ρ||σ1) ≤ CAB|C(ρ) + ∆AC|B(ρ).

By the definition of deficit, we have ∆A|BC(ρ) ≤
S(ρ||σ1), and

∆A|BC(ρ)−∆AC|B(ρ) ≤ CAB|C(ρ).


