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Abstract

A tensor v is the sum of at least rank(v) elementary tensors. In addition, a ‘border rank’ is defined:
rank(w) = r holds if w is a limit of rank-r tensors. Usually, the set of rank-r tensors is not closed, i.e.,
tensors with r =rank(w) < rank(w) may exist. It is easy to see that in such a case the representation of
rank-r tensors v contains diverging elementary tensors as v approaches w. In a first part we recall results
about the uniform strength of the divergence in the case of general nonclosed tensor formats (restricted
to finite dimensions). The second part discusses the r-term format for infinite-dimensional tensor spaces.
It is shown that the general situation is very similar to the behaviour of finite-dimensional model spaces.
The third part contains the main result: it is proved that in the case of rank(w) = 2 < rank(w) the
divergence strength is > e~/2 i.e., if |v — w| < € and rank(v) < 2, the parameters of v increase at
least proportionally to e 1/2

Mathematics Subject Classification: 14N07, 15A69, 46A32
Keywords: tensor approximation, nonclosed tensor formats, border rank

1 Introduction

The essential tool for the numerical treatment of tensors are appropriate sparse representations, i.e., the
elements of the huge tensor spaces are represented by parameters or moderate size. There are several
representations (also called ‘formats’) with different properties. One of the properties is whether they are
closed or not. As explained below, nonclosed formats can lead to the unfavourable occurrence of an instability,
known as cancellation effect from numerical differentiation.

To be concrete, we describe two examples of nonclosed formats. Let

V= ® Vi (V; vector spaces, d > 3) (1.1)
j=1
be the tensor space. The underlying field is K € {R, C}. For fixed integer 7, the r-term format (also called
‘canonical representation’, ‘CP’, etc.) consists of all tensors of the form

rod
V= Z ®v£j) with o) € V. (1.2)

v=1j=1
We denote this set by R, (cf. [4, §7, p. 233ff]). It is easy to see that, e.g., R is not closed (cf. De Silva—Lim
2]). Choose V; = K2, a = [}], b= [}]. Then v(t) = & [®? (a+ tb) — ®* (a — tb)] belongs to Ro. It is the
centred divided difference tending to the derivative
do(t)
dit
It is known that the latter tensor has rank d (cf. [4, Lemma 3.46, p. 72]; note that d > 3); hence, it does

not belong to Ry but to its closure. For later purpose we notice that the approximation error of the centred
difference is £ ~ t2, while the two terms of v(t) are of the size &5 + O(1) ~ e~ /2.

iz =b®a®...0a +a®bR...Qa+...+ a®a®...Qb. (1.3)



Another source of nonclosed representations are graph-based formats involving a graph not being a tree
(therefore containing a cycle). Such representations are often used in physics (cf. [7]). In general, these
formats are not closed (cf. Landsberg [6, Theorem 14.1.2.2]). The simplest example corresponds to a cycle
and is called the ‘cyclic matrix product representation’. Let V; = K"/ and fix integers p; > 2. Then matrices

Agj) € Kri-1%Pi (1 <14 < nj) define the components
v(i1,...,iq4] = trace (AZ(-II) Ag) - Agj))

of a tensor v € V. A concrete example of a tensor not being in this format but in its closure, is given in [4,
Theorem 12.11, p. 469]. For more examples see Czaplinski-Michalek—Seynnaeve [1].

In §2 we give a survey of the results about the unstable behaviour of nonclosed formats. The first example
from above exhibits divergence of the representing parameters like e~1/2. Possible questions are: Do other
tensors exist with weaker divergence, can the divergence be arbitrarily weak, are there uniform estimates?

The analysis in §2 is restricted to the finite-dimensional case, since otherwise the compactness arguments
do not apply. The infinite-dimensional case dim V; = oo of the r-term format R, in a general Banach tensor
space will be considered in §3. It will turn out that the behaviour is almost equal to the finite-dimensional
one. This proves that we can restrict the study to the model spaces V = ®?:1 K™,

In the case of the format Ro, the relevant model space is ®?:1 K2. In §4 we prove that the divergence
strength ¢~1/2
requires parameters diverging at least like ce

the tensor we refer to §2.

is the minimal one, i.e., the approximation of all tensors of border rank 2 but rank > 2
—1/2_ Concerning the possible dependence of the constant ¢ on

2 General Divergence Behaviour of Nonclosed Formats

The following statements are described in detail and proved in [5] and [4, §§9.5.3-9.5.6, p. 312ff]. We consider
a format satisfying the following simple conditions. It is described by a continuous mapping

p:DCP—V (2.1)

with 0 € D and p(0) = 0, where P is a normed vector space and D a closed subset (usually D = P).! The
format is defined by
F = range(p).

A two-sided cone condition is required: v € F implies Av € F for all A € K. In order to apply compactness
arguments for bounded sets, we require dim(P) < co and dim V < oo. The norms on P and V are denoted
by ||| . Finally, F is assumed to be nonclosed, i.e., there is a disjoint set B of ‘border tensors’ such that

F=FUB. (2.2)

Since, in general, the representation of v € F is not unique, we introduce the minimal? bound of the
corresponding parameter by

o(v) = inf{[|p[| : v = p(p)}. (2.3)

A natural task is to approximate some w € B by tensors v € F with ||w — v|| < . The smallest parameter
size is given by
d(w,e):=inf{o(v):veF, |w-v|<e}. (2.4)

If w € B, weakly monotone divergence §(w,e) /" oo holds as € N\, 0. The proof is based on the following
lemma (cf. [2, Proposition 4.8])

Lemma 2.1 Letv; € F with v; := p(p;) be a sequence converging to w. Then sup; ||p;|| < co implies w € F.

'Tn the case of F = R, we may choose D = P as the product space (Vi X ... x V)" containing the vectors vﬁj) from (1.2).
Alternatively, D may be the subset of P =V containing all r-tuples of elementary tensors.
2The right-hand side in (2.3) can be replaced by min{...}.



The proof uses a convergent subsequence p; — p* so that w = limp(p;) = p(p*) proves w € F.
Correspondingly, d(w,e) " oo follows by an indirect proof. It ensures the existence of the diverging quantity
d(w,e), but does not describe the strength of divergence quantitatively. In particular, the divergence might
be different for different w € B.

Aiming at a uniform statement, the strongest formulation would be

d(w,e) > cdp(e) with do(e) /oo ase\,0and c¢>0 for all w € B with ||w] = 1. (2.5)

It turns out that (2.5) holds if and only if B U {0} (or {w € B, |w| = 1}) is closed. However, in the case of
F =R, the set B U {0} is not closed. The counterexample is v(t) := (e +th) a®a+a@bR®a+a®a®b
with linearly independent a,b € K2, since v(0) € Ry and v(t) € R3 for t # 0. Define the exceptional set 9B
by

B=BUdB  (disjoint union).

Replacing ¢ in (2.5) by a factor dist(w, 0B), we obtain the following generally valid statement.
Theorem 2.2 There is a function §1 with §1(g) /" oo as e \, 0 such that
§(w,e) > dist(w,0B) d1(¢) for all w € B with |w| = 1.

This inequality ensures the existence of a minimal divergence strength d1, but the indirect proof does not
describe the concrete nature of ;.
Since OB C F, closedness of 9B implies dist(w,08) > 0. In fact, for F = R4 the set 9B is closed.

3 Infinite Dimensions

Now the vector spaces V; in (1.1) may be infinite dimensional. We restrict our considerations to F = R.,.
Note that the cyclic matrix product format cannot be extended to dimV; = oo, since it would require
infinitely many matrices.

We recall that v € R, corresponds to a representation v =>"._, ®?=1 vl(])
pin (2.1) by p:p=(€;)i=1,..r — Vv =>._, € with elementary tensors e; (cf. Footnote 1). This is a natural
choice since p is linear. The norm of p is chosen as

ol = />, llesl” (3.1)

Remark 3.1 The vectors vgj) ine = ®j:1 vgj) can be scaled equally: ||v,§j)||j = Hvz(k)Hk Then the later

inequality (3.3) implies ||’U§j)||j < (C |lpl)H/.

. We may define the mapping

The next statements mention another format: the ‘tensor subspace representation’ 7, (also called Tucker
representation). Let r := (r1,...,74) a d-tuple of integers. Then 7, consists of all tensors of the form
v e ®?:1 U; with subspaces U; subject to dimU; < r; (cf. [4, §8, p. 257ff]).

Different from the finite-dimensional case, the norm of the topological tensor space plays an important
role. We require two properties:

(a) The tensor product must be a continuous map from V; x ... x Vg into V| i.e.,

d d
Qv < Co [T IV, for all v € V; (3.2)
j=1 j=1
where [|-||; is the norm on Vj, while ||| is the norm on V. An equivalent statement is ||| < |||, , where

]l , is the projective crossnorm (cf. [4, §4.2.3, p. 116ff and §4.3.1.2, p. 138)).
(b) An analogous estimate corresponding to the Banach spaces V7 of the continuous linear functionals
is valid:
d ' d ' _
Qe <cuI[le?l;  forall ) e vy, (3.3)
j=1

j=1



where ||| and ||||; are the related dual norms. An equivalent statement is ||-|| 2 [|-||,, , where ||-||,, is the
injective crossnorm. Note that |||, is the weakest possible reasonable crossnorm (cf. [4, §4.3.1.3, p. 139]).

Under these conditions the representation 7y is closed.®> This properties leads to an estimate of the rank
by means of the border rank (denoted by rank).

Remark 3.2 A tensor with rank(v) = r belongs to T, with v := (r,...,r). In particular, we have'
rank(v) < rank(v)®.

Proof. There is a sequence v; — v with rank(v;) < r. Since v; € R, C 7, and the set 7 is closed, we
conclude that v € 7. Now use rank(v) < H;l:1 rjforve T, v |

,,,,,

Let w be the limit of {v;} . There are unique minimal subspaces U jmin(w) with the property

we U(w) := ®d

Jj=1

UMt (w) c VvV (3.4)

(cf. [4, 86, p. 201ff]). Let r; := dim(U™"(w)). Remark 3.2 implies r; < 7 = rank(w). We introduce the
model space

d

Umod = . K"

j=1
equipped with the Euclidean norm ||-||,,,4- Note that §2 applies to Upoq and the format F = R,. In the
following we shall show that the divergence behaviour §(w,e) is equal to the divergence behaviour in the
model space Uy,oq up to constants for which explicit bounds can be given.

Next we need the following result whose proof is postponed to the end of this section.

Lemma 3.3 There are projections® Pj : V; — U™ (w) with ||P;|| < r; such that P := ®?:1 P; is a
projection onto U(w) with the bound ||P|| < CyCE dim(U(w)). Furthermore, P maps R, into R,.

U(w) and Uyyeq are isomorphic since dim(U*™(w)) = dim(K'). Hence, the norms (restriction of ||-|| to
U(w) and ||-||,.q) are equivalent. However, the constants in the equivalence inequalities are still undeter-
mined.

The definition of 6(w,e) = inf {o(v) : v € F, ||w — v| < ¢} also involves tensors v from outside of U(w).
Now we introduce

du(w,e) =inf{o(u) :ue F N Uw), |[w—u| <e}. (3.5)

Proposition 3.4 6y (w,e) and 6(w, ) satisfy the following inequalities:
du(w,e) 2 6(w,e) > du(w,e|[P[)/ ||P]|
with ||P|| < CgC% dim(U(w)) and dim(U(w)) = dim(Upyeq) < rank(w)<,

Proof. dy(w,e) > §(w,e) is the trivial estimate. Fix some v € F, ||w — v|| < ¢, from the right-hand side
in (2.4). Set @ := Pv € F N U(w) with P from Lemma 3.3 and note that |w —d| = |P(w—-v)| <
1P|l |lw — v|| < ¢]||P]||. Hence, @ appears in the right-hand side of (3.5) for e replaced by ¢||P|| and leads
to the parameter size o(1) < [|P||o(v) (cf. (3.1)). This proves o(v) > o(@)/ |P|| > du(w,e||P|)/ |P] .
Forming the infimum over all v € F, ||[w — v|| < €, we obtain the second inequality. |

Now we compare U(w) and Upyeq. For U™ (w) we choose a basis {bz(-] )} and functionals {gpz(-J )} according
to the following lemma of Auerbach (cf. [4, Lemma 4.20, p. 104]).

Lemma 3.5 For any n-dimensional subspace of a Banach space, there exists a basis {b, : 1 <v < n} and
a dual system {p, : 1 <v <n} (i.e., p,(b,) =0,,) with ||b,| = |l¢,|" = 1.

31t is even ‘weakly closed’, i.e., if v; € Ty has a weak limit, this limit belongs to Tp.

4The estimate can be improved using better bounds of the maximal rank (cf. [4, §3.2.6.5, p. 71f]).

®The estimates can be improved if ||-|| is a uniform crossnorm (cf. [4, §4.2.8, p. 133]): || P;|| < \/r5 and ||P|| < \/dim(U(w))
(cf. [4, Theorem 4.16, p. 103]).



Define the isomorphism ® : U(w) — Upeq by ® = ®?:1 ¢; with (bj(bl(-j)) = e( ) where e(j) are the
standard unit vectors of K™. Let F and B correspond to U(w) C V, while F0q and Bod correspond to
the model space Upoq.

Remark 3.6 ® maps F into Fmoq and B into Bnoa. The following estimates hold:

@] < Cgy/dim(U(w)), [|[@7!| < Co/dim(U(w)), |||, ll¢; " < 75 < /rank(w).

Proof. (a) ® : F — Finoa and @ : B — Byyoq follow from the fact that isomorphisms do not change the rank
and border rank.
(b) Set i := (i1,i2,...,iq). x € U(w) has a representation ) _; o ®° b with o = (®? 1 ng))

j=1 z
Jox| = /Silasf” and Jos < [ oY
C%+/dim(U(w)).

(c) Let y := >, ®J N gJ) be an element of Up,q. Application of @71 = ®;l:1 ¢; " ylelds 71y =
Yo @1, b € U(w). Then

IN

‘ IxIl < CHTTi le 17 %Il = € |x|| prove |@]

I~y <>, ol

‘@ ,1b§j) <O®Z |041|H (J)
=Cg Zi lai| < C@\/dim(U(W))\/Zi |ai]* = Cp/dim(T(w)) [ly |

proves the second inequality.
(d) The estimates of H¢j | and ||¢J_1|| follow by the same lines. ]

Let

Omod(X,&) =Inf{o(y) : ¥ € Frnod N Umod, |x—¥]| <&} (3.6)

describe the divergence behaviour of x € Boq in Upeq. W € B corresponds to x = ®w. The next result
shows that the divergence behaviour of w and x is equal up the controlled constants. The proof follows by
the same lines as for Proposition 3.4.

Proposition 3.7 The following estimates hold with ® defined in Remark 3.6:
du(W,€) > dmod(Pw, e ||P|])/ H<I>*1|| s Omod(Pw,e) > 0y (w,e H<I>*1||)/ | D] -
Concerning the inequality in Theorem 2.2, we remark that ® maps 9B onto 9B0q and
@] ~" dist(®w, OBmoa) < dist(w,dB) < ||@ || dist(®w, dBumoa)-
Remark 3.8 If 0mod(-,€) is of the form ce™", a factor in the second argument can be moved outside:
Smod (,€C) = C~"Smoa(-, ).

Now we give the proof of Lemma 3.3.
Proof. Let {b(j Ji1<i< 7j} be an Auerbach basis of U™ (w) with corresponding dual functionals {<p ‘ }
Set Pj =17, bE 2 ZJ) |P;]| < r; is immediate. Obviously, the image Px = ® | P;zl9) of an elementary
tensor x = ®?:1 2\) is again elementary. Therefore, Px with x € R, consists at most of r elementary
tensors.

Pequals >, , . (®j 1 bfj)) (®j:1 ng)) . For any x € V we have
d d d .
() (J) ()

(@) (@) <.

< CoCy TT_, BN TT_, 16215 Il = €, .
Summation over all terms yields ||P|| < CgCF H?Zl rj = CeCf dim(U(w)). |

Finally, we add two remarks illustrating the “finite-dimensional nature” of algebraic tensors. The first
property is also mentioned by Ferndndez—Unzueta [3]. We recall that the topological tensor space is the

]

completion of the algebraic tensor space V,jg := ®;l:l V; with respect to some norm.



Remark 3.9 The closure of R, C V is independent of the norm of V.

Proof. Let Vi and V; be two topological tensor spaces with respect to two different norms |[|-||; and ||-||; -
Let w € V; be the limit of a sequence v; € R, C V, C V. As seen above, the projected sequence
¥, = Pv, satisfles ¥, € U(w) and ¥; — w with respect to the norm ||-||, . However, the restrictions of the
norms ||-||; and ||-||;; to the finite-dimensional subspace U(w) C Vi NV are equivalent so that ¥; — w
also holds with respect to |-, - |

For the solution of optimisation problems it is desired that the infimum of a cost function F(v), v € F,
is also a minimum. Assuming a reflexive Banach space V, the minimum is taken by a weak limit w of
some sequence v; € F. If F is weakly closed (cf. Footnote 3), the minimiser w belongs to F. For infinite-
dimensional spaces weak convergence and strong convergence (standard convergence) must be distinguished.
In finite dimensions both kinds of convergence coincide.

Remark 3.10 If w is a weak limit of v; € R, it is also a strong limit of (possibly other) v; € R,. Hence,
the weak closure and the standard closure of R, coincide.

Proof. Assume v; € V and v; = w with rank(w) < oo. Note that w € U(w) (cf. (3.4)). Let P be a bounded
projection of V onto U(w) (cf. Lemma 3.3). Then also ¥; := Pv; € U(w) satisfies ¥; = w. However,
inside of the finite-dimensional subspace U(w), weak convergence implies strong convergence, i.e., v; — w.
For the proof of ¥; — w let ¢ € V* be a functional. Then ¢ (V; —w) = ¢ (Pv; —w) = ¢ (Pv;, — Pw) =
(¢P) (v; —w) — 0, since also pP € V*. ]

4 Tensors of Border Rank 2

4.1 Result

As seen in Section 3, it suffices to study the behaviour of the model spaces ®?:1 K"i. In the case of F = Ry
the model space is ‘
V =g'K?>  withd>3

endowed with the Euclidean norm. The set B from (2.2) consists of all tensors w € V with rank(w) = 2 but
rank(w) > 2. The example of the tensor in (1.3) and its approximation by centred divided differences shows
that §(w,e) < ce~'/? (notation: d(w,e) < e~1/2). Below we prove the opposite inequality: §(w,e) > e~1/2.
This proves

5(w,e) ~e 12,

The same equivalence holds for ¢1(¢) in Theorem 2.2.

For the proof of §(w,e) > e~'/? we show that a limit w = limv; of a sequence with weaker divergence
must belong to F. The following result can be considered as a stronger form of Lemma 2.1.
Theorem 4.1 §(w,¢) = o(e~/?) for w € V with rank(w) < 2 implies w € Ra.

The parameter p in v = p(p) € Ry is a pair of elementary tensors: p = (p), p)) with p(?) = ®;l:1 vi(j)

and p(p) = pM) +p?). The norm |[|p|| is defined in (3.1). The statement 6(w, ) = o(¢~'/?) implies that there
is a sequence v, represented by parameters p, such that

Vi = plp) €Re with €= [|v, — wl = 0, [[p,]l = o /). (4.1)

4.2 Choice of Subsequences
Let v, € Ry in (4.1) be represented in the form
d

d
=@l - @il =o((vh)) o) e
j=1 j=1



using the parameters p, = (p1,u,p2.,) With p; , = ®;l:1 vl(iz According to Remark 3.1, we use an equal

scaling of the factors:
@Oy |t W
1061 = |, o4

If the sequence of the Euclidean norms ||p,|| (cf. (3.1)) is bounded, the assertion w € Ry follows from
Lemma 2.1. Hence, we may assume that there is a subsequence® with |p,| — oo. One of the quantities
lp1,. and ||p2,,|| must be unbounded. W.l.o.g. let limsup ||p; .|| = co. Passing to a subsequence, we get

1/d
= lps,ullV/* fori=1,2. (4.2)

O = llp1all = oo (43)

The scaled quantities xﬁjf, = 5;1/%%2 are bounded: \xﬂ\ < ((5;1||p1,u||)1/d <1 (cf. (4.2)). We choose a

subsequence such that xgji — xgj) forj=1,...,d.
Convergence v, — w implies that sup||v,|| < co and x,, := %Vu — 0. Note that x, = x1,, — X2, with
m
X1, = ®;l:1 mgj,i — X1 = ®‘;:1 a:(lj). Hence, x,, — 0 implies x5, — X2 = ®?:1 xgj) with xo = x7. The
scaling (4.2) fixes the factors xéj ) up to a (complex) sign. W.l.o.g. we may choose the signs of fug I)L such that

NONNCY

After these preparations we obtain the representation
d . . .
vy =0, —X2,) withx;, = ®j:l mgjli and xSJZ — a:gj) (t=1,2) as p — 0.
(4.2) and (4.3) imply ||x;,. ]| = [|lz)] = 1 (i = 1,2) and ||z} || = 1 for 1 <j<d.
There are orthogonal transformations @); : K? — K? mapping 335] ) into [(1)] The statement of the theorem

does not change when we apply the product Q := ®?:1 ®; and replace v, by Qv (norms are unchanged,

w € Ro if and only if Qw € R3). In the following we assume :L'gj) = [é] xgjzt and x(QJL are perturbations of
[o] tending to [}]. We denote the terms of v,, = J,, {@?21 xgjl)t — ®?:1 ZC(QJI)J by

d d d
Q=00 @ | @0 &y |
j=1

j=1 j=1 L in j=1 Jim

with 7m0, 685,87, —0  aspu—0.

The above representation of v,, corresponds to the parameters p,, with ||p,|| = 26, (1 + o(1)) . Therefore the
. . —1/2y .
asymptotic behaviour [|p,|| = o(e, ’7) in (4.1) becomes
5y =o0(c;'?) asey=|v,—w|—0. (4.4)
In the following we omit the index p to simplify the notation. Instead of v, — w, 0, = 0(8;1/2), etc.
we write v — w, § = o(¢~/?), etc.:
Tt L1
v=90 (1+n/)'®[ﬁ/]—(l+n”)®|: 5//:| - W (4.5)
i—1 Mg ]

J j=1

with  § = 0(5_1/2) — 00, 77/’ 77”75;‘75;‘, — 0.

In the first step we restrict the proof to the real field K = R. The complex case will be discussed in §4.10.

6A subsequence of {p, : p € N} can be understood as {p, : p € N’} with some subset N’ C N of infinite cardinality. This
allows us to use the unchanged notation p,. Choosing a further subsequence, we replace N’ by another infinite subset N C N’.



4.3 Notations

The tensor v € V has 2¢ components v|i1, s, ...,i4]. The following notation indicates the position of the
indices i; = 2. For instance,

Vek> 1= Vi1, l2,...,9q) with iy =2 and i; = 1 otherwise,

Uk > i= Vi1, 92,...,1q] Wwith iy =i, =2 and i; = 1 otherwise.
The meaning of v<y ¢ m> etc. is obvious. The empty case is

V> :V[l,l,,l]

The number of indices in the bracket < ... > corresponds to the number of factors 6;-

entation of v« . Therefore vy ¢~ and v<y e ...~ are called ‘higher order components’.

/1
or 3; in the repres-

4.4 Distinction of Cases

The asymptotic behaviour of v is known, but we need to know how the involved quantities 3}, 37 behave.
In the following, the index j € {1,...,d} is fixed.
1

If 6;- = 6;’ = 0 for almost all members of the sequence, the limit w must be a multiple of ®?:1 [0] €
R1 C Ro. Otherwise, we restrict to a subsequence with |5;\ + |6§'| > 0. Consider the quotient g; := |B;’/ﬁ;|
(set gj = oo if ﬁ; = 0). If {¢;} has an accumulation point 0, we can extract a subsequence with ¢; — 0,
leading to the first statement in case (4.6):

By =o(8) or (8] =0(8)) and 58] = 0). (4.6)

Otherwise, if {g;} has the improper accumulation point oo, the first statement in case (4.7) applies to a
suitable subsequence::

By =0(Bj) or  (8;=0(8)) and B;B] > 0). (4.7)
In the remaining case there exists an accumulation point ¢ € (0,00). Choose a subsequence with ¢; — g.
The subsequence can be selected in such a way that all members B; of the sequence have the same sign and
all ﬁ;’ have the same sign. In this case ﬂ; ~ B;’ holds and we can distinguish two subcases: ﬁ;ﬁ;’ > 0is
added to (4.6) and (4.7), whereas 6;6}' < 0 defines the last case (4.8):

Gy~=B and  Giff <. 48)

Hence, for each j € {1,...,d}, one of the conditions (4.6), (4.7), (4.8) applies. Conditions (4.6) and (4.7)
may apply simultaneously.

Remark 4.2 The idea of the following proof is to show that the tensor w from (4.1) has
at most three nonzero components wes, Weis, Wej> (1 7 7). (4.9)

W.l.o.g. we may assume i =1, j = 2. Then the tensor is of the form

vl Nel|le..ell+ [Hel © lo|le.. .ol
W<1> 0 0 0 0 W<2> 0 0 ’
This proves rank(w) < 2 and yields w € F = Ra.

In the sequel, we have to discuss the various combinations of (4.6), (4.7), (4.8) for j € {1,...,d}.



4.5 Case A: Condition (4.6)

The component v~ is of the form
vejs =06 [(L+7') B+ (L+n") 5] (4.10)
(cf. (4.5)). Under assumption (4.6), 63} is the leading term, i.e., vjs ~ 003

Remark 4.3 Assume that (4.6) holds for j in (4.10). Then there are two cases (a) and (b).
Case (a): v<j> — wejs 7# 0 implies
Bl < By~ 1/6. (4.11)

Case (b): vejs> — wejs = 0 implies 3}, 8] < e/6.

In both cases we have
85,87 S1/6. (4.12)

Proof. In Case (a), 6 (1+17/) B; has a nonvanishing limit, i.e. 55; — ¢ # 0, proving ﬁ;- ~ 1/6. ﬁ;-’ < 5;-
follows from (4.6).

In Case (b), condition (4.4) requires’ ’5(1 +17) B;‘ < |vejs| = Jvejs —wejs| < €, proving B; < g/é.
The same argument holds for 3. [

Conclusion 4.4 Let (4.6) holds for j. Then all higher order components W<j k>, W<jky,..> containing the
index j vanish.

Proof. The component v x> is of the form
vejrs =6 [(L+1") B8, — (L+0") 87 B7] (J#k) (4.13)

(cf. (4.5)). 56}6; < B, — 0 and 5ﬂ;’ﬂ;€' < By — 0 follow from (4.12) and 3}, 85 — 0. Hence, vej > —
Wej k> = 0. Components of higher order like, e.g., v<; ¢~ contain even more S-factors and must tend to
Zero. ]

The crucial statement is the next one.
Lemma 4.5 (4.6) and w<j> # 0 hold at most for two different indices j1 and js.

Proof. For an indirect proof assume that these properties hold for three indices. For ease of a simple notation,
assume that the corresponding indices are j = 1,2,3. The component v, 2 3> is of the form

vearzss =0 [(1+1) B18985 + (1 +n") BB B3] - (4.14)

(4.6) implies v<1 23> ~ 6818585. Since v<1 23> — wei23> = 0 (cf. Conclusion 4.4), condition (4.4)
requires |5B'1,6’/2Bg| ~ |vcio3s]| < e (4.11) states that B;- ~ 1/6 for j = 1,2,3. Combination with the
previous inequality yields 6 2 < ¢, i.e., § > e~'/2 in contradiction to § = o(e~1/2) (cf. (4.4)). [

4.6 Case B: Conditions (4.7)

Remark 4.3 holds with interchanged roles of ,8;- and ﬂ;’. Also Conclusion 4.4 and Lemma 4.5 hold with
condition (4.6) replaced by (4.7).

Te:=|v—w| in (4.4) implies |[v<..> — w<...>| < ¢ for all components.



4.7 Case C: Conditions (4.6) and (4.7)

Lemma 4.5 in Case A and the modified Lemma 4.5 in Case B cover the cases that condition (4.6) applies to
three indices or that (4.7) applies to three indices. Now we consider the mixed case, i.e.,
(a) (4.6) holds for two indices and (4.7) holds for one index or
(b) (4.6) holds for one and (4.7) for two indices.
By symmetry, it is sufficient to consider case (a).

Lemma 4.6 It is impossible that (4.6) and we;s # 0 hold for two different indices j1 and ja, while (4.7)
and wej,> # 0 hold for a third index js (j1 # js # jo2)-

Proof. W.Lo.g. we may assume ji = 1, jo = 2, j3 = 3. Consider
vares =6 [(L+n) 8185 — (L+n") B153)

(cf. (4.13)). First, we assume that the two terms in v<j o~ are of the same order: §3135 ~ 63755 (note
that in this case the terms may cancel). Because of (4.6) we conclude that 8] ~ 37 and 85 ~ 35, implying
property (4.6) for j = 3. Hence, Lemma 4.5 can be applied and yields the contradiction.

Otherwise, 63} 35 is the only leading term in v<q 2> — w<1 2> = 0 (cf. Conclusion 4.4). The requirement
lver2s — Weros| = a1 25| ~ |68185| S € together with 81, 85 ~ 1/6 (cf. (4.11)) implies [681 85| ~ 1/6 S e
and § > ¢! in contradiction to (4.4). |

~

4.8 Case D: Condition (4.8)

Now we assume that condition (4.8) holds for all j € {1,...,d}. Because of ﬁ;» ~ B;’ and their opposite signs,
the terms in (4.10) may cancel. It is not possible to estimate 63 or 637 by means of v . For this purpose
we introduce the notation

T =—(1+aq;)p] (4.15)

with a bounded «;. Note that a; — 0 may occur. Inserting (4.15) into (4.10) we obtain

Vs =005 [(1+1) = (L4+7") A+ ay)] =085 [ =" — (1+1")ay]
= Bives — (1 +1")6850;. (4.16)

Remark 4.7 (a) Assume condition (4.8) and (4.15) for an index j. Then |085a;| < O(1). If in addition
Wejs # 0, then
56;0&1' ~ 1.

s~ = 0 for all higher order

yeee

(b) Let (4.8) hold for two indices j and k. Then vejr> — Wejr> =0 and wejk
components containing j and k.

Proof. (a) Since B;v<> — 0, the term (1 + n")dﬁ;—aj — Wcj> in (4.16) must be bounded. Furthermore,
55904]» — Wej> 7 0 implies 6ﬁ;aj ~ 1.
(b) v<j k> has the representation

v = BiBhvas — (1 0")383 8 (0 + o + ajony). (4.17)
Then 5;5;@v<> — 0 and part (a) yield 55;5;0@' = (55;"1]’) B S B — 0 as well as 553520"@ = (985, ﬁ; S
ﬁ;. — 0. This proves v x> — W<jp> = 0. .

Now we consider the behaviour of d«;. Either [0c;| < O(1) holds or |dcj| — oo (for a subsequence). The
first case is the harmless one.

Remark 4.8 Condition (4.8) together with |0a;| < O(1) yields v<j> — we s = 0.
The next lemma is the analogue of Lemma 4.5.

Lemma 4.9 Condition (4.8) cannot hold for three indices ji, j2, js with w<j,> #0 (1 < < 3).
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Proof. For an indirect proof assume (4.8) with w<,> # 0 for three indices j. W.lo.g. we assume j; = 1,
j2 =2, js = 3. Thanks to Remark 4.8, |dc;| — oo must hold implying 03jc; ~ 1 (cf. Remark 4.7a).

Two of the three values i, a2, az must have the same sign — say |a1 + ao| = |a1| + |az]. do; — o0
implies that the second term (1 +n")68]85(a1 + aa + araz) ~ 581 By (1 + az2) in vy 9s (cf. (4.17)) is the
leading one. From (4.4) and 63a; ~ 1 we conclude that

|55/15/2 (a1 + 042)| = ’55/15,2| (Joa| + |az|) = |5BI1041| |ﬂ/2| + |5512042| |5/1| ~ |5I1| + |ﬂ/2| Se.

Then 6 < o(e~Y/?) from (4.4) yields 631,585 < o(et1/?), which implies v<1> — weis = 0 as well as
W<os = 0 in contradiction to our assumption. [ |

Assuming condition (4.8) for all j € {1,...,d}, we conclude from Lemma 4.9 that at most two components
W< > may be nonzero, while all higher order terms vanish because of Remark 4.7b. Hence Remark 4.2 proves
w € Ro.

Next we discuss the mixed situation when indices with condition (4.6) or (4.7) as well as indices with
condition (4.8) are present.

4.9 Case E: Mixed Situation

Lemma 4.10 Let j be an index for which we;s # 0 and either (4.6) or (4.7) are valid. Then wegs =0
holds for all k subject to condition (4.8).

Proof. (4.6) and (4.7) yield completely symmetric situations. W.l.o.g. assume (4.6). Conclusion 4.4 states
that Vjke> — W< k> = 0. V<j, k> is of the form

vejrs =08 [(L+0") B+ (1 +0") (14 o) B]]

(note that both terms have the same sign, no cancellation!). 66; ~ 1 from (4.11) implies
|B%| ~ |68, (1 +77I)5;-’ <|vejrs| <e

because of (4.4). Together with § < o(e™1/?), we obtain 68} < 0(e'/?) — 0 so that vops — weps = 0. W

Let condition (4.6) or (4.7) hold for j € D; # ), while (4.8) holds for j € Dy := {1,...,d}\D; # 0. For
all k € Dy we have wops = 0 as stated in Lemma 4.10. Among D; there can be at most two indices with
wWejs> # 0 (cf. Lemmata 4.5 and 4.6).

Remark 4.7b states that w<; > = w<jk,...> = 0 for higher order components with j,k € D,. Otherwise,
one of the indices must belong to D;. Then w< x> = w<jk,..> = 0 follows from Conclusion 4.4. This proves
the following result, so that again Remark 4.2 can be applied.

Remark 4.11 Also in the mized case, w<;j~ # 0 occurs for at most two indices j, while all higher order
components vanish: W > = W<jk,...> = 0.

4.10 The Complex Case

Now we discuss the modifications for the complex tensor space @*C2.
The quantities B; and ﬁ;’ are of the form

B = piexp(iw;) and B = pj exp(ivw]) (0}, 0] >0, wj,wi €[0,27)).
Taking a subsequence, we can ensure that®
Wi s wje0,2r)  and Wi —wi*€[0,2m).
The condition 837 > 0 in (4.6) and (4.7) has to be replaced by

£,

k%

ES
|wj Wi

8 Convergence modulo 2.
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i.e., we have to avoid that in the limit the complex signs of B; and B;’ are opposite. Then the same conclusions
follow as in the real case.
The inequality B;ﬂ;’ < 0 in (4.8) becomes

= T.

* Kk
Wy — Wy

Again we set 6;-' = —B; (1 + ;) with bounded «;. For the proof of Lemma 4.9 we used the fact that at
least two of the three quantities aj, as, ag have the same sign, so that, e.g., |ag + as| = |ag| + |az].
Now we use that among three complex values oy, as, a3 there are at least two — say a; and as — with
la1 4+ as| < 1 (Ja1| + |az|) . This leads to the same results.

With these modifications the previous proof can be repeated for the complex case.
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