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An embodied agent, that performs a goal-directed action, influences its environment and gets
influenced by it. Hence information flows not only among the agents control mechanisms, but
also between the agent and its environment. In this article we combine different methods in
order to create a framework in which we are able to closely examine the information flow among
the body, brain and environment of an agent. We test this framework in a simple experimental
setup. There the agents do not learn to perform a task, but we calculate the optimal behavior
using the method Planning as Inference, in which the information geometric em-algorithm is
used to optimize the likelihood of the goal. Then we analyze the resulting distribution using information theoretic methods including measures corresponding to the concepts of Morphological
Computation and Integrated Information Theory. Comparing the behavior of these measures
under changing morphological circumstances highlights the asymmetric relationship between
these two concepts.
keywords: Information Theory, Information Geometry, Planning as Inference, Morphological Computation,
Integrated Information, Embodied Artificial Intelligence

1 Introduction
1.1 Objective
An agent that is faced with a task can solve it using solely its brain, its bodies interaction with the world
or a combination of those. This article presents a framework to analyze the importance of these different
interactions for an embodied agent. To illustrate the idea we discuss the following scenario:
Consider a sailor at sea without any navigational equipment. The sailor has to rely on the information
given by the sun or the visible stars in order to determine in which direction to steer. The more complex
part of the task is solved by the information processed in the brain of the sailor. On the other hand, a bird
equipped with magneto-reception, meaning one that is able to use the magnetic field of the earth to perceive
its direction, can rely on this sense and does not need to integrate a lot of different sources of information.
Here the body of the bird interacts with the environment for the bird to orientate itself. The complexity
of the task is met by the morphology of the bird. Taking this example further we are able to consider
a modern boat with a highly developed navigation system. The sailor now only needs to know how to
interpret the machines and will therefore have less complex calculations to do. The complexity of the task
shifts from the brain and background knowledge of the sailor towards the construction of the navigation
system, which receives and integrates different information sources for the sailor to use. Therefore the
environment changes in a way that makes the task easier.

1

Our objective is to analyze this shift of complexity. We will do that by quantifying the importance of the
information flow in an embodied agent performing a task under different morphological circumstances. The
setting of our experiment will be presented in Section 2. The question we ask is: How is the complexity of
solving the task distributed among the different parts of the body, brain and environment?
The main statements that we will support by our experiments are:
1. The importance of the information flow in the controller of an embodied agent depends additionally
on the information flowing to and from the controller.
2. The more the agent can rely on the interaction of its body with the environment to solve a task, the
less important the information flow in the controller becomes. Equivalently, if most of the task can
be solved by the controller, then the body and environment become less important.
In order to test these statements, we need to develop a theoretical background.

1.2 Theoretical Background
We will model the different interactions using the sensori-motor loop, which depicts the different connections
between the world W and the controller C , the sensors S and actuators A of an agent. This will be discussed
further in Section 2.2.
Using the sensori-motor loop we are able to define a set of probability distributions reflecting the structure
of the information flow of an agent interacting with the world. Now we need to find the probability
distributions that describe a behavior that optimizes the likelihood of success. It would be possible to use
a learning or evolutionary algorithm on the agents to find this optimal behavior, but instead we will apply
a method called “Planning as Inference”.
Planning as Inference is a technique proposed by Attias in [6], further developed in [33], [32], [34], in which a
goal directed planning task under uncertainty is solved by probabilistic inference tools. This method models
the actions an agent can perform as latent variables. These variables are then optimized with respect to a
goal variable using the em-algorithm, an information geometric algorithm that is guaranteed to converge.
This course of action has the advantage that we can directly calculate the optimal policies without having
to first train the agents. We will describe this method in the context of our experimental setup in further
detail in Section 2.3.
Having calculated the distributions that describe the optimal behavior, we are able to apply diverse information theoretic measures to quantify the strength of the different connections. The measures we are
going to discuss are defined by minimizing the KL-divergence between the original distribution and the set
of split distributions. The split distributions do not have the information flow that we want to measure.
A short introduction to information theoretic concepts like the KL-divergence is given in Appendix 6.1.
Following this concept we are able to quantify the strength of the different information flows, which leads
to measures that can be seen in the context of Integrated Information, Reactive Control, Morphological
Computation and Predictive Information. These measures are defined in Section 3.
Using information theoretic measures to quantify the information flow in an embodied agent is a natural
concept, since we could perceive the different parts of the system as communicating with each other. Surely
the world does not actively send information to the controller, but the controller still receives information
about the world through the sensors. Therefore there have been different studies analyzing acting agents by
using information theoretic measures. In [20] for example Klyubin et al. propose maximizing the information
flow through the whole system as a learning objective. Furthermore, in [31] Touchette and Lloyd use the
concepts of information and entropy to define conditions under which a system is perfectly controllable
or observable. Emphazising the importance of the sensory input, Sporns and Pegors utilize entropy and
mutual information in [26] to analyze how an agent actively structures its sensory input. Moreover, in
[23] Lungarella et al. also include the structure of the motor data in their analysis. The last two cited
articles additionally discuss two measures regarding the amount of information and the complexity of its
integration. These measures were defined in the context of Integrated Information Theory.
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Integrated Information Theory (IIT) proposed by Tononi aims at measuring the amount and quality of
consciousness. This theory went through multiple phases of development starting as a measure for brain
complexity [30] and then evolved through different iterations [29], [28], towards a broad theory of consciousness [25]. The two key concepts, that stayed consistent, determining consciousness are “Information” and
“Integration”. Information refers to the number of states a system can be in and Integration describes the
amount to which the information is integrated among the different parts of it. Measures for integrated
information differ depending on the iteration of the theory they are referring to and on the framework they
are defined in. We discussed a branch of these measures building on Information Geometry in [21]. In this
article we will use the measure ΦT for integrated information, since we argue in [21] that this is the true
measure in the case of a known environment.
Another consistency in IIT is that these measures focus solely on the brain, meaning on the controller in
the case of an artificial agent. Therefore we want to embed these measures into the sensori-motor loop and
analyze their behavior in relation to the dynamics of the body and environment. Although the measures
are only defined for the controller, there have been tests with evolving embodied agents in the context of
Integrated Information Theory. In [15] Edlund et al. measure the values for Integrated Information for
simulated evolving artificial agents in a maze and conclude that integrated information grows with the
fitness of the agents. Increasing the complexity of the environment leads Albantakis et al. in [1] to the
conclusion that Integrated Information needs to grow in order to capture a more complex environment.
Albantakis and Tononi go in [2] one step further and conclude from experiments with elementary cellular
automata and adaptive logic-gate networks that a high integrated information value increases the likelihood
of a rich dynamical behavior. All of these examples focus on the measures in the controller in order to
analyze what kind of cause-effect structure makes a difference intrinsically. Since we are interested in an
embodied agent solving a task, we want to emphasize the importance of the interaction of the agents body
with the world. This leads us to the concept of Morphological Computation.
Morphological Computation describes the reduction of computational complexity for the controller resulting
from the interaction between the body and the world [16]. An example for Morphological Computation is
the bird using its magneto-reception mentioned earlier in the introduction. Another case of Morphological
Computation would be a human grabbing a fragile object compared to a robotic metal hand. The soft
tissue of the human hands allows us to be less precise in the calculation of the pressure that we apply. The
robot needs to perform more difficult computations and will therefore most likely have a higher integrated
information. Does this mean that our experience of this task is less consciousness than the robots? Here we
want to take a step back from the abstract concept of consciousness and instead examine the complexity of
the tasks. The soft skin of the human hand interacts with the object in a more complicated manner than
the robots hand. In this article we want to analyze how the complexity of solving a task is met by the
different information flows among the brain, body and environment. Lungarella and Sporns detect in [24]
that the information flow in the agent can be affected by changes in the bodies morphology. Examining
this phenomenon further we will observe shifts in the importance of the information flows depending on the
morphology of the body, which directly changes the complexity of the environment for the agent. We will
analyze the changes in Morphological Computation using three different information theoretic measures
defined in [17] and [18].
Additionally, we are able to quantify the predictability of the world. We are going to change the length of
the agents sensors and therefore directly affect how much of the world the agent perceives and therefore
how predictable it is. Following [7] we will measure this as mutual information between the past and the
present sensor state. The results of our experiments are presented in Section 4.
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2 Setting
In order to analyze the information flow of an acting agent, we examine the following small example.
Consider a racetrack as shown in Figure 1. The agents have to move at all times and die as soon as their
bodies touch a wall. The design and implementation of the racetrack was done by Nathaniel Virgo. The
agents body consists of a blue circle and a blue line marking the back of the agent. The two black lines are
binary sensors that only detect whether they touch a wall or not, without reporting the exact distance to
the wall. If a sensor touches a wall it turns green and if the body of the agent touches a wall it turns red
as we can see below. Although we depicted more than one agent in the environment, these agents do not
influence each other.

Figure 1: The racetrack the agents have to survive in and the different sensor length, named SL, on the
right.

We will vary the length of the sensors of the agents from 0.5 to 2 as shown on the right in Figure 1. The
task for the agents is to be alive after their next two movements. The optimal strategy an agent should use
for that will be calculated by using the concept of Planning as Inference as discussed in Section 2.3. Using
this method we are able to directly determine the optimal behavior without having to train any agents.
Before we discuss this further, we will first present the control architecture of the agents in the next
section.

2.1 The Agents
The architecture of the agents is the following one. The agents have two sensors St1 , St2 , two controllers
Ct1 , Ct2 and two actuator nodes A1t , A22 . The sensors and controllers send their information to the actuators
and controllers in the next point in time. The sensors are only influenced by the world W and the world is
only affected by the actuators and the last world state as depicted in 2.
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Figure 2: The architecture of the agents.
To simplify we will only draw one node for each S, A and C in the following graphs.
The behavior of the agents is governed by a probabilistic law, which can be model as the following discrete
stationary multivariate Markov-Process

(Xt )t∈N = (Wt , St , At , Ct )t∈N
with the state space X = W × S × A × C and the distribution

P (x0 , . . . , xt+1 ) = P (x0 )

t+1
Y

P (xt |xt−1 )

i=1

P (xt+1 |xt ) = P (wt+1 |wt , at )

Y

P (skt+1 |wt+1 )

Y

P (ait+1 |st , ct )

Y

i

k

P (cjt+1 |st , ct ).

j

The corresponding directed acyclic graph is depicted in Figure 3. See [22] for more information on the
relationship between graphs and graphical models. Throughout this article we will assume that the distributions on X are strictly positive.
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Figure 3: Graphical representation of the Markov-Process (Xt )t∈N .
In the next section we will take a closer look at the role of the environment.

2.2 The Environment
Since we are not able to directly observe the world W , we need to approximate
Y
P (wt+1 |wt , at )
P (skt+1 |wt+1 )
k

using information intrinsically known to the agent. In order to do that, we will look closer at one step in
time P (xt , xt+1 ) = P (xt )P (xt+1 |xt ). Here we will make the decision to assume that the environment only
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influences the sensors, even in the graph marginalized to one timestep as depicted in Figure 4 on the left.
We will then sum over wt , wt+1 ∈ W in order to get a Markov Process that only depends on the variables
known to the agent.
Proposition 1. Marginalizing the distribution corresponding to the graph on the left in Figure 4
Y
Y
Y
P (xt , xt+1 ) = P (wt ) · P (st , at , ct |wt ) · P (wt+1 |wt , at )
P (skt+1 |wt+1 )
P (ait+1 |st , ct )
P (cjt+1 |st , ct )
i

k

j

over (wt , wt+1 ) ∈ W × W leads to the following Markov-Process
Y
Y
P (st , at , ct , st+1 , at+1 , ct+1 ) = P (st , at , ct ) ·
P (ait+1 |st , ct )
P (cjt+1 |st , ct ) · P̃ (st+1 |st , at ).
i
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Ct

j
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St

At+1
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Ct+1

Ct
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Ct+1

Figure 4: Graphical representation of one timestep and the marginalized graph.
The new process with the approximation of the behavior of the environment is shown in Figure 4 on the
right. A similar approximation of the world is also used in [17] in Section 3.3.1. and in [16]. There this
approximation is derived by taking P (St+1 |St ) as the intrinsically available information of P (Wt+1 |Wt ).
Therefore we are able to sample this distribution P̃ (St+1 , St , At ) for every sensor length, meaning we saved
40.000.000 sensor and motor values for agents starting in a random place in the arena. The agents use a
simple Hebbian update rule, so that we are able to sample the sensory input of agents moving around. The
resulting empirical distributions are shown in Figure 5.

Figure 5: Sampled empirical distribution of the sensor dependencies P̃ (St+1 , St , At ).
In Figure 5 we are able to see, that the length of the sensors has a visible impact on the structure of the
sensor distribution. We will use this distribution in order to calculate measures analyzing the interaction
between the agent and the environment.
Since we are now able to define a set of distributions that describe the interaction between the agent and
the world according to the sensori-motor loop, we will present the method to find the optimal behavior in
the next section.
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2.3 Optimizing the Behavior
In order to calculate the optimal behavior of the agents, we will use the concept of Planning as Inference.
This was originally proposed by Attias in [6] and further developed by Toussaint and collegues in [33], [32]
and [34] as a theory of planning under uncertainty. There the conditional distribution describing the action
of the agent is considered to be a hidden variable that has to be optimized. This is done by using the
EM-algorithm, which is equivalent to the information theoretic em-algorithm in this case. We will describe
the em-algorithm below, because of its intuitive geometric nature. The em-algorithm is well known and was
proposed by Csiszár and Tusnády in 1984 in [14], further discussed in [5] and [4]. The resulting distribution
maximizes the likelihood of achieving the predefined goal.
The goal of the agents in our example is to maximize the probability of being alive after the next two
movements. To make at least two steps is necessary since we want that the connection between Ct and
Ct+1 has an impact on the outcome. This can be seen in Figure 7.
We will denote the goal variable by G with the state space G = {0, 1}, where P (g = 1) refers to the
probability of the agent to be alive. Since the agent moves twice, this distribution depends on the states of
the last three sensor and motor commands

P̃ (G|St+2 , St+1 , St , At+2 , At+1 , At ).
The nodes G depends on are marked with a golden circle in Figure 7.
We sampled this distribution for every sensor length similar to P̃ (St+1 , St , At ) and the resulting empirical distribution is shown in Figure 6. The first 4096 states correspond to situations in which the agent
died. Therefore this hints towards the assumption that surviving in this environment becomes easier with
increasing sensor length. We will support this observation with the results of the experiments shown in
Section 4.

Figure 6: Sampled empirical distribution of the goal variable P (G, At , St , At+1 , St+1 , At+2 , St+2 ).

The architecture of the agents considered in this article was discussed in the last sections. There we
described how we sample the distribution γ = P̃ (St+1 |St , At ) that describes the influence that the agent
has on itself through the world. The distributions influencing the actuators and therefore the behavior of
the agents are

β = P (At+1 |St , Ct )

and

α = P (Ct+1 |St , Ct ).

Hence we will treat (At+1 , Ct+1 ) as hidden variables and optimize their distributions with respect to
the goal. We denote these distributions by α, β and γ in order to emphasize the stationarity of the
process, meaning that P (At+1 |St , Ct ) = P (At+2 |St+1 , Ct+1 ), P (St+1 |St , At ) = P (St+2 |St+1 , At+1 ) and
P (Ct+1 |St , Ct ) = P (Ct+2 |St+1 , Ct+1 ) as indicated in Figure 7.
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Figure 7: Graphical representation of two timesteps.

It remains to define the initial distribution P̄ (St , Ct , At ). We will choose a distribution P̂ (St , Ct , At ) at
random and then adjust the marginals on (St , At ) such that they are equal to the marginalized sampled
distribution P̃ (St , At ) = P̄ (St , At ). This can be done by calculating

P̄ (st , at , ct ) = P̂ (st , at , ct )

P̃ (st , at )
P̂ (st , at )

.

Note that this is an information projection of P̂ to the set of distributions defined by having the same
(St , At )-marginals as P̃ (St+1 , St , At ).
Now we are going to define the optimization using the em-algorithm. This algorithm iterates between two
sets of distributions in order to find the minimal difference between them. In order to simplify the notation
we will define Y = S×C×A and Z = Y×Y×Y×G , such that z = (st , ct , at , st+1 , ct+1 , at+1 , st+2 , ct+2 , at+2 ) ∈
Z . Let P(Z) be the set of probability distributions with the state space Z and let P ◦ (Z) consist of all the
strictly positive distributions in P(Z). The first set we are considering is

MG := {Q ∈ P(Z)|Q(g = 1) = 1, Q(g = 0) = 0}.
Every distribution in MG achieves the goal state. This goal manifold is a linear family.
The second set consists of all the distributions that factor according to the architecture of the agents,
meaning that each of these distributions describes a possible behavior of an agent.
(
Y
MA := P ∈ P ◦ (Z)|P (z) = P̄ (st , ct , at )P̃ (st+1 |st , at )P̃ (st+2 |st+1 , at+1 )
P (ait+2 |st+1 , ct+1 )
i

Y
i

P (ait+1 |st , ct )

Y
j

P (cjt+1 |st , ct )

Y

P (cjt+2 |st+1 , ct+1 )P̃ (g|st+2 , st+1 , st , at+2 , at+1 , at ), z ∈ Z





j

We will call MA the agent manifold. Note that these two manifolds are disjoint, since every distribution in
MG has per definition values equal to zero and is therefore on the boundary of the probability simplex.
Using the em-algorithm we are able to find the minimal difference between these two manifolds
inf

P ∈MA ,Q∈MG

D(Q k P ).

Therefore it results in the distribution P ∈ MA that is closest to achieving the goal. The algorithm
works by iteratively projecting to MG with an e-projection, meaning minimizing the KL-divergence with
respect to the first argument, and then projecting to MA with an m-projection, defined by minimizing the
KL-divergence with respect to the second argument. A sketch of this process is depicted in Figure 8.
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MG
• Qt+1Qt+1

Qt

• •

• •
P t+1P t+2

MA
Figure 8: Sketch of the em-algorithm.

Now we take P̄ 0 as an arbitrary initial distribution as described above and project this to MG via an
e-projection

Q0 = arg inf D(Q k P̄ 0 ).
Q∈MG

Then we perform an m-projection to MA

P 1 = arg inf D(Q0 k P ).
P ∈MA

Repeating this leads to

Qt = arg inf D(Q k P t )

P t+1 = arg inf D(Qt k P ).
P ∈MA

Q∈MG

This em-algorithm is guaranteed to converge, but might converge towards a local minimum [5], as discussed
in Section 5.3 of [13].
Now it remains to show what the projections are in our case. We will start with the e-projection. Projecting
P ∈ MA onto a linear family w.r.t. the first variable is well known and can be performed in the following
way
arg min D(Q k P ) = Q?
Q∈MG

Q? (z) = P (z) ·

Q(g)
P (g)

(1)

Note that P ∈ MA is strictly positive and that this definition is therefore well defined.
The m-projection can be performed as follows.
arg min D(Q k P ) =P ?
P ∈MA

P ? (z) =P̄ (st , ct , at )P̃ (st+1 |st , at )P̃ (st+2 |st+1 , at+1 )

Y
i

Y
j

Q(cjt+1 |st , ct )

Y

Q(ait+1 |st , ct )

Y

Q(ait+2 |st+1 , ct+1 )

i

(2)

Q(cjt+2 |st+1 , ct+1 )P̃ (g|st+2 , st+1 , st , at+2 , at+1 , at )}.

j

The proofs for both projections can be found in the Appendix. This algorithm is equivalent to the EMalgorithm used in statistics, see Section 8.1 in [3] or Section 5.3 in [13].
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3 Measures of the Information Flow
In this section we will define the different measures that we apply to the distribution calculated with the emalgorithm. These are information theoretic measures that use the KL-divergence to calculate the difference
between the original distribution and a split distribution. This split distribution is the one that is closest
to the original distribution without having the connection that we want to measure. The KL-divergence
and some of its properties are discussed in Appendix 6.1.
Definition 1. Let M ⊂ P ◦ (Y × Y) be a set of probability distributions corresponding to a split system.
Then we minimize the KL-divergence between M and the initial distribution P to quantify the strength of
the connections missing in the split system
X
P (yt , yt+1 )
inf D(P k Q) =
P (yt , yt+1 ) log
.
Q∈M
Q(y
t , yt+1 )
y ,y
t

t+1

Therefore these measures can be seen as complexity measures quantifying how much the whole distribution
differs from one divided into parts.
In the next subsections we will present the different measures. Except for ΦSyn every measure has a closed
form solution. The proofs can be found in the appendix. Additionally every measure is shown in a figure
in the same section. The respective connection quantified by a measure is drawn as a dashed connection
and marked with a letter corresponding to the measure.

3.1 Information Flow regarding the controller
Here we discuss measures that quantify the information flow related to the controller of the agent. The
first measure restricts itself only to the controller nodes and can be seen in the context of the Integrated
Information Theory of consciousness [27]. This theory was discussed in the introduction. It aims at
measuring the strength of the connections among different nodes among different points in time, in other
words the connections that integrate the information. Since every influence on Ct+1 is known in our setting,
we are able to use the measure ΦT we proposed in [21]. This measure is defined in the following way:
Q

P (cjt+1 |st , ct )
X
 j
 X
I\{j}
j
ΦT =
P (yt , yt+1 ) log  Q
I(Ct+1
; Ct
|Ctj , St )
j
j =
P
(c
|s
,
c
)
t+1 t t
yt ,yt+1
j
j

j
and depicted as (d) in Figure 9. In the definition above, I(Ct+1
; Ct
|Ctj , St ) denotes the conditional
mutual information, described in Definition 5, and I \ {j} is the set of indices of controller nodes without
j . For two controller nodes and j = 2 this would be {1, 2} \ {2} = {1}.
I\{j}

St+1

St

(a) ΨSI =
(a)

At

P

j
I(Ct+1
; St |Ct )

j

At+1
(b) ΨC =

(b)

P

I(Ait+1 ; Ct |St )

i

Ct

(c)

Ct+1
(c) ΨM =

P

j
I(Ct+1
; Ct , S t )

j

Ct1
Ct2

(d)

1
Ct+1
2
Ct+1

(d) ΦT =

P

I\j

j
I(Ct+1
; Ct

|Ctj , St )

j

Figure 9: Calculation of the measures that analyze the information flow regarding the controller.
This value is upper bounded by the mutual information between Ct and Ct+1 . In this case we remove the
connection between the controller nodes entirely. If this value is zero, then there is no information retained
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in the controller between different points in time and therefore we will call this value “memory” and denote
it by ΨM .
Q

P (cjt+1 |st , ct )
X
 j
 X
j
ΦT ≤ ΨM =
P (yt , yt+1 ) log  Q
I(Ct+1
; Ct |St )
=
j
P
(c
|s
)
t+1 t
yt ,yt+1
j
j

These two measures only consider the controller, but since we are looking at an embodied agent, we also
want to measure how much of the information processed in the controller has an actual impact on the
behavior of the agent. We will term the measure quantifying the strength of the impact of the controller
on the actuator “control”, ΨC .
Q

P (ait+1 |st , ct )
X
X
i
=
ΨC =
P (yt , yt+1 ) log  Q
I(Ait+1 ; Ct |St )
i
P
(a
|s
)
t+1 t
y ,y
i
t

t+1

i

The commands the controller sends to the actuator should be based on the information received from the
sensors. Therefore we will additionally calculate the strength of the information flow from the sensor to the
controller nodes. The smaller this value is, the more likely it is that the controller converged to a general
strategy and performs this blindly without including the information from the sensors. We will call this
“sensory information”, ΨSI .
Q

P (cjt+1 |st , ct )
X
 j
 X
j
ΨSI =
P (yt , yt+1 ) log  Q
I(Ct+1
; St |Ct )
=
j
P
(c
|c
)
t
t+1
yt ,yt+1
j
j

These measures are shown in Figure 9.

3.2 Reactive Control
Reactive control describes a direct stimuli response, meaning that the sensors send their unprocessed information directly to the actuators. We are measuring this by the value ΨR . The corresponding split
distribution results from removing the connection between St and At+1
Q

P (ait+1 |st , ct )
X
X
=
ΨR =
P (yt , yt+1 ) log  i Q
I(Ait+1 ; St |Ct ).
i
P
(a
|c
)
t
t+1
y ,y
i
t

t+1

i

We will calculate a second measure regarding this connection. Additionally, we want to quantify how
important the integration of data from different sensors is for the actuators. Therefore we will calculate
two values with two different split systems. In the first split system A1t+1 only depends on St1 and A2t+1
depends only on St2 . There is no reason, why we would identify A1 with S 1 and not S 2 and therefore we
will also calculate a value using a split system in which A1t+1 only depends on St2 and A2t+1 only depends
on St1 .



 X
P (a1t+1 |st , ct )P (a1t+1 |st , ct )
ΨM SI = min
P (yt , yt+1 ) log
,

P (a1t+1 |s2t , ct )P (a2t+1 |s1t , ct )
yt ,yt+1



X
P (a1t+1 |st , ct )P (a1t+1 |st , ct ) 
spaaaace
P (yt , yt+1 ) log
P (a1t+1 |s1t , ct )P (a2t+1 |s2t , ct ) 
yt ,yt+1

= min I(A1t+1 ; St1 |Ct , St2 ) + I(A2t+1 ; St2 |Ct , St1 ), I(A1t+1 ; St2 |Ct , St1 ) + I(A2t+1 ; St1 |Ct , St2 )
We will call this measure ΨM SI , which stands for multisensory integration and its definition is sketched in
Figure 10.
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St2
St1

(a)

A2t+1

St2

A1t+1

St1

A2t+1
A1t+1

St+1

St

(a) ΨM SI = min I(A1t+1 ; St1 |Ct , St2 ) + I(A2t+1 ; St2 |Ct , St1 ) ,


(a)

spaaacespaacespace I(A1t+1 ; St2 |Ct , St1 ) + I(A2t+1 ; St1 |Ct , St2 )

(b) ΨR =

(b)

P

I(Ait+1 ; St |Ct )

i

At+1

At
Ct

Ct+1
Figure 10: Calculating the measures regarding reactive control.

3.3 Morphological Computation
The concept of Morphological Computation was renamed in [16] to Morphological Intelligence and characterized in Definition 1.1. as follows
“Morphological Intelligence is the reduction of computational cost for the brain (or controller)
resulting from the exploitation of the morphology and its interaction with the environment.”
The distribution P̃ (St+1 |St , At ) describes the influence the agent has on itself through the environment.
Hence this distribution is dependent on the environment and the morphology of the agent, which is given
as the length of the sensors. In [17] the authors define two measures for Morphological Computation that
depend on P̃ (St+1 |St , At ). We are able to quantify the effect of the action on the next sensory state by
calculating


X
P (st+1 |st , at )
P (yt , yt+1 ) log
= I(St+1 ; At |St ).
P (st+1 |st )
y ,y
t

t+1

This quantifies the amount of control an agent has and therefore the corresponding measure for morphological computation has to be inverted. In order to assure that this measure is positive, we also normalize
it


X
1
P (st+1 |st , at )
1
ΨA = 1 −
P (yt , yt+1 ) log
=1−
I(St+1 ; At |St ).
log|S| y ,y
P (st+1 |st )
log|S|
t

Note that
X



P (yt , yt+1 ) log

yt ,yt+1

t+1

P (st+1 |st , at )
P (st+1 |st )



≤−

X

P (yt , yt+1 ) log P (st+1 |st )

yt ,yt+1

=−

X

P (yt , yt+1 ) log

yt ,yt+1

P (st+1 |st )
1
|S|

+ log

1
1
≤ log
|S|
|S|

The second measure quantifies the strength of the influence of the past sensory input on the next sensory
input as


X
P (st+1 |st , at )
ΨS =
P (yt , yt+1 ) log
= I(St+1 ; St |At )
P (st+1 |at )
y ,y
t

t+1

which corresponds to ASOCW defined in [16] in Definition 3.1.3.
The third measure for Morphological Computation is called synergistic information ΨSyn , was proposed in
[18] and is conceptually different from the other measures. The split distribution Q does not simply remove
one connection, but is defined in a way, that the two way interactions among the three parts At , St and
St+1 stay fixed to the two way interaction of the initial distribution. This means that

P (At , St ) = Q(At , St ),

P (At , St+1 ) = Q(At , St+1 ) and P (St , St+1 ) = Q(St , St+1 )
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(3)

hold. Since we do not want to make any further assumptions on the structure of the split distribution, we
calculate Q by maximizing the entropy under the constraints (3). By doing so we remove the synergistic
interactions among At and St on St+1 . This can be done by using an iterative scaling algorithm that cycles
through the constraints and projects in each step to a set of distributions satisfying one constraint. There
are various versions of the iterative scaling algorithm. For a more detailed description see [11].

At
St+1

ΨSyn = D(P k Q)

St
(a)

St

(a) ΨS = I(St+1 ; St |At )

St+1

(b)

At+1

At

(b) ΨA = 1 −

1
I(St+1 ; At |St )
log|S|

Ct+1

Ct

Figure 11: Calculating measures for Morphological Computation.

3.4 Predictive Information
The measures discussed in this section assess how useful information from the past is to predict the next
sensor state. This is done by calculating the mutual information between the past and present sensory
state. In Section 3 of [19] this was introduced as a measure for the complexity of ensembles of patterns
and named “effective measure complexity”. Bialek et al. further analyze this measure in [9] and name it
“predictive information”. The predictive information in the sensor space of robots was used in [7] as an
objective function for self-organization and there if proves effective in a simulated chain of passively coupled
two wheeled robots in a maze.
The measure for predictive information is therefore only defined on the sensor states St+1 , St as


X
P (st+1 |st )
ΨP I =
P (yt , yt+1 ) log
= I(St+1 ; St ).
P (st+1 )
x ,x
t

t+1

Additionally we are able to include the last actuator value to calculate how predictable the next sensory
input is given the knowledge of the last sensor states and the initiated action:


X
P (st+1 |st , at )
ΨSA =
P (yt , yt+1 ) log
= I(St+1 ; St , At ).
P (st+1 )
x ,x
t

t+1

(a)

St
At
Ct

St+1

(b)

At+1

a

ΨP I = I(St+1 ; St )

(b) ΨSA = I(St+1 ; At , St )

Ct+1

Figure 12: Calculating measures related to predictive information.

If this measure is zero, then the next sensory input does not depend on the past sensor state or the past
action. In this case we would not be able to optimize the behavior of the agent since it has no impact on
its survival.
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3.5 Total Information Flow
Finally, we will also calculate the total information flow by removing all the connections between Yt and
Yt+1 in the split system.

X

ΨT IF =

yt ,yt+1

P (st+1 |st , at )

Q
i


P (yt , yt+1 ) log 

P (ait+1 |st , ct )
Q

P (st+1 )

i

P (ait+1 )

Q
j

Q
j

P (cjt+1 |st , ct )

P (cjt+1 )





= I(St+1 ; St , At ) + I(At+1 ; St , Ct ) + I(Ct+1 ; Ct , St )

St+1

St

ΨIIF = I(St+1 ; St , At ) + I(At+1 ; St , Ct ) + I(Ct+1 ; Ct , St )

At
Ct

At+1
Ct+1
Figure 13: Calculating the total information flow.

This is an upper bound for the previously discussed measures, except for ΨSyn and ΨA .

4 Results
In this section we will present the results of our experiments. The length of the sensors are varied from 0.5
to 2 in steps of 0.25. We took 50 random input distributions P̄ and for each P̄ we used the em-algorithm
three times to find three different full distributions.
(1) P (yt , yt+1 ) = P̄ (st , ct , at )P̃ (st+1 |st , at )

Q
i

(2) P (yt , yt+1 ) = P̄ (st , ct , at )P̃ (st+1 |st , at )

Q
i

(3) P (yt , yt+1 ) = P̄ (st , ct , at )P̃ (st+1 |st , at )

Q
i

P (ait+1 |st , ct )
P (ait+1 |ct )

Q
j

Q
j

P (cjt+1 |st , ct )

P (cjt+1 |st , ct )

P (ait+1 |st , ct )

Q
j

J\{j}

P (cjt+1 |st , ct

)

The distribution (1) is the full distribution described in the previous sections as shown in Figure 14.
Additionally, we analyzed the full distribution (2), which does not have a connection between St and At+1
and therefore no reactive control. This is an additional way to analyze the information flow by directly
manipulating the architecture of the agents. Furthermore, the distribution (3) has no integrated information
in the controller to begin with. We will draw the graphs corresponding to (1) in the following figures in the
first column and as continuous lines, the graphs corresponding to (2) in the second column as dashed lines
and the graph corresponding to (3) as dotted lines in the last column.
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(1)
St+1

St
At
Ct

(2)

Ct+1

St+1

St

At+1

At
Ct

(3)
St+1

St

At+1

At

Ct+1

(•)

At+1

Ct

Ct+1

Ct1

1
Ct+1

Ct2

2
Ct+1

St+1

St
At
Ct

At+1
Ct+1

Figure 14: The three different full distributions (1), (2), (3) and the distribution that indicated a lower
bound (•) on the performance.

The solid black line in the graphs in Figure 15 show the measures calculated for a full distribution defined
as
Y
Y
P (xt , xt+1 ) = P̄ (st , ct , at )P̃ (st+1 |st , at )
P (ait+1 )
P (cjt+1 |st , cjt ).
i

j

The corresponding graph can be seen on the right in Figure 14. In this case the controller or the sensory
input have no influence on the action. The em-algorithm optimizes the distribution P (At ) regardless of
any sensory input. An agent that processes the information from the environment should perform as least
as good as the agent ignoring the sensory information and therefore we will use the measure resulting from
this agent as a lower bound to compare the performance of the agents to.

Figure 15: The probability of the agents reaching the goal P (g = 1).

Now we are going to present our results. The Figure 15 shows the probability with which the agents survive
P (g = 1). In the first column we are able to observe that agents that rely on the information perform in
most cases significantly better than the lower bound. This does not hold in the case of a sensor length
of 0.5. If the sensors are that small, then the information that a sensor has touched a wall has no time
to pass through the agent before it dies. This phenomenon is even stronger in the second column, where
we have no direct connection between the sensors and the actuators. There are only two sensor length in
which the additional information makes a difference: 1 and 1.75. We will see that these points also show a
significantly different behavior for the measures presented below. In (3) the graphs behave similar to the
graphs in (1) with the exception, that we have two cases that perform worse than the rest at 0.75. An
explanation for this is that the em-algorithm converged to a local minimum in these cases.
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The first measures we are going to look at are the once regarding the controller depicted in Figure 16. All
of these measures have a significant decrease for the sensor length 0.5, because there the sensors are too
short for the information flowing through the controller to make a difference. Hence the information flow
does not get maximized by the em-algorithm.
In the first row we see the measure quantifying how important the information flow from the sensors to
the controller is. For the distributions (1) the maximal value is at either 0.75 or 1 and decreases for longer
sensors. We will discuss this decrease in relation to the other measures below. The graphs for ΨID in the
case (2) show a different behavior. There we have two spikes, one at 1.0 and one at 1.75. These are exactly
the two sensor length for which the agents perform better than the lower bound as shown in Figure 15. For
the full distributions without integrated information in (3) the sensory information going to the controller
has no real impact on the behavior.
The importance of the commands send form the controller to the actuator measured by ΨC is depicted in
the second row. This measure behaves similarly to ΨID for (1) and (2). In (3) we have a spike at 0.75 for
two of the distributions. These are the once that correspond most likely to a local minimum mentioned
above in the context of Figure 15.
The last two rows show ΨM and ΦT . These measures behave very similar, but notice that ΨM is an upper
bound for ΦT . We will see the importance of the integrated information in the discussion of Figure 17. Here
we want to point out a different observation. If we would only look at ΦT to measure the importance of the
information flow in the controller, we would conclude that there are agents for which the information flow
through the controller for the sensor length of 1 or 0.75 is not important. But if we include ΨSI and ΨC
into our analysis, we see that although the measures ΨM and ΦT might be low, they still have a significant
impact on the behavior of the agent. Therefore the importance of the information flow in the controller of
an embodied agent depends additionally on the information flowing to and from the controller. This is the
1. statement in the introduction.

Figure 16: The measures regarding the controller.

The measures shown in Figure 17 examine the information flow from the sensors directly to the actuators.
It is not surprising that the importance of this flow increases monotonically with the length of the sensors,
since the predictability and therefore the informational value of the sensors increases. This can be seen in
Figure 19. The second distribution (2) has per definition ΨR = 0 and ΨM SI = 0. Now we compare the first
and the third column. The measure for multisensori integration ΨM SI shows the same general behavior as
ΨR , but with lower values. On the other hand, we need to take into account, that the direct connection
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from the sensors to the actuators have a higher impact on the behavior of the agents, since the influence
from the controller is low, as discussed above.

Figure 17: The measures corresponding to reactive control.

The measures regarding Morphological Computation and predictive information only depend on the sampled
distribution P̃ (St+1 |St , At ) and therefore we do not need to differentiate between the cases (1), (2), (3) or
different initial distributions. In Figure 18 we see that ΨSyn and ΨA behave very similar. The smallest
value is at a sensor length 1 and increases in both directions. The measure ΨSyn quantifies the synergistic
information of (At , St ) on St+1 , meaning how much St+1 depends on the interplay between (At , St ). We
see that considering the combination of At and S t becomes more important when the sensors are very small
or very long. For the sensor length of 1 the actuator At alone has a high impact on the next sensor state,
since that is the minimum of the measure ΨA . Now we are going to compare the measures related to the
controller in Figure 16 with the first two measures for Morphological Computation. We see that the sensor
length where ΦT , ΨID , ΨC and ΨM achieve the highest values mostly at a sensor length of 1 and therefore
we are able to observe an asymmetry between the Morphological Computation and integrated information
described in the 2. statement. The less the agent is able to rely on the controller, the more important
Morphological Computation becomes.

Figure 18: The measures quantifying Morphological Computation.
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The measure ΦS shows a different behavior for a smaller sensor length. This measure is defined as the
mutual information between S t+1 and S t given At and therefore it measures the influence of the last sensory
input on the present sensory input given a controller input. Hence this measure relies more on the length
of the sensors than ΨSyn and ΨA . It is closely related to the measure for predictive information shown in
Figure 19.
In Figure 19 we see that the measures monotonically increase with the length of the sensors. This is an
expected outcome, because the longer the sensors are, the more the agents knows about its environment,
hence the more certain the next input is.

Figure 19: The measures corresponding to predictive information.
The last figure, Figure 4, shows the value of the total information flow. In the case of distribution (1)
we see a spike for 1.0 corresponding to the measures regarding the controller. The total information flow
in (2) depicts two spikes at the sensor length that differ from the lower bound as discussed above. The
distributions without integrated information in the controller in (3) show a total information flow that
behaves mostly like reactive control and ΨSA , except for the spike for the local minima at 0.75. Therefore
the total information flow combined with the measures above give us a notion of what measure has the
most influence on the agent.

Figure 20: The measure quantifying the total information flow.
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5 Discussion
In this article we combined different techniques in order to create a framework to analyze the information
flow among an agents body, its controller and the environment. The main question we want to approach
in this framework is how the complexity of solving a task is distributed among these different interacting
parts. We demonstrate the steps in the analysis with the example of small simulated agents that are not
allowed to touch the walls of a racetrack. These agents have a sufficiently simple architecture such that
we are able to rigorously analyze the different information flows of the optimal behavior. Additionally, we
can examine the dynamics of the information theoretic measures of an agent under changing morphological
circumstance by modifying the length of the sensors.
We calculate the optimal behavior by using the concept of Planning as Inference, that allows us to model
the conditional distributions P (Ct+1 |Ct , St ) and P (At+1 |Ct , St ) as latent variables. Using the information
geometric em-algorithm, we are able to optimize the latent variables such that the probability of success
is maximal. Here, the expectation maximization EM algorithm used in statistics is equivalent to the emalgorithm, but we chose to present the em-algorithm, because it has an intuitive geometric interpretation.
The distributions that are optimal regarding reaching a goal are then analyzed by applying twelve information theoretic measures. We use the measure ΦT to calculate the integrated information in the controller
and we demonstrate that the importance of the information flow in the controller of an embodied agent
additionally depends on the information flow to and from the controller, measured by ΨSI and ΨC . This
is our 1. statement from the introduction.
We apply three different measures for Morphological Computation ΨSyn , ΨA and ΨS and we observe that
the first two measures behave similar. Comparing ΨSyn , ΨA to the measures regarding the controller reveals
an asymmetric relationship between integrated information and Morphological Computation. If the length
of the sensors are too small for the information passing through the controller to matter, then ΨSyn , ΨA
increase. On the other hand, when the sensors are long enough (≥ 1.25) for the agent to effectively use
Morphological Computation, then integrated information decreases. This is the phenomenon described in
the 2. statement.
The measure ΨP I for Predictive Information shows the expected result, that predictability increases with
the length of the sensors.
All in all, we present a method to completely examine the information flow among the brain, body and
environment of an agent. This gives us insights into how the complexity of the task is met by the different
interacting components. We will continue to develop these concepts further to be able to efficiently analyze
more complicated agents and tasks.
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6 Appendix
6.1 Information Theory
In this section we define important information theoretic concepts, further details can be found in [10]. Let
P, Q be probability distributions of random variables on the state space Z = X × Y .
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Definition 2 (Entropy, Cross-Entropy). In information theory the entropy HP measures how uncertain
the outcome of a random variable is
X
HP = −
P (z) log P (z)
z∈Z

with the convention that 0 · log 0 = 0.
Using a different distribution Q instead of the true distribution P leads to the cross-entropy HP,Q
X
HP,Q = −
P (z) log Q(z).
z∈Z

The concepts of entropy and cross-entropy directly lead to the definition of the KL-divergence, also called
relative entropy.
Definition 3 (KL-Divergence). The Kullback-Leibler-divergence is defined as


X
P (z)
D(P k Q) =
P (z) log
= HP,Q − HP
Q(z)
z∈Z
with the conventions that 0 · log

0
0

= 0, 0 · log

0
Q(z)

= 0 and P (z) · log

P (z)
0

= ∞ for P (z) > 0.

This measures how much the uncertainty of the random variable increases, if we use Q instead of P . The
KL-divergence has the following properties:
1. D(P k Q) ≥ 0
2. D(P k Q) = 0 if and only if P = Q
Proofs of these properties can be found in [10] in Theorem 2.6.3. It follows directly from the definition of
the KL-divergence and property 1. that the cross-entropy is greater or equal to entropy.
The minimization of the KL-divergence with respect to the second argument is called rI-projection or mprojection. Minimizing with respect to the first argument is named I-projection or e-projection. These
terms have their origin in Information Geometry, further information about the projections can be found
in [12] or in Section 2.8.3 in [8].
The mutual information defined below is a special case of the KL-divergence.
Definition 4 (Mutual Information). Let (X, Y ) be a random vector on Z = X ×Y with the distribution P .
Then the mutual information is defined as the KL-divergence between P (X, Y ) and the product distribution
P (X)P (Y )


XX
P (x, y)
I(X; Y ) =
P (x, y) log
.
P (x)P (y)
x∈X y∈Y
In order to define the conditional mutual information, we need to have three random variables X1 , X2 , X3
on the state spaces X1 , X2 and X3 with the probability distribution P .
Definition 5 (Conditional Mutual Information). The conditional mutual information of the random variables X1 and X2 given X1 is defined by


X X X
P (x1 , x2 |x3 )
I(X1 ; X2 |X3 ) =
P (x1 , x2 , x3 ) log
P (x1 |x3 )P (x2 |x3 )
x1 ∈X1 x2 ∈X2 x3 ∈X3


X X X
P (x1 |x2 , x3 )
P (x1 , x2 , x3 ) log
.
P (x1 |x3 )
x ∈X x ∈X x ∈X
1

1

2

2

3

3
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6.2 Proofs
Proof of Proposition 1. As defined in the document we write yt = (st , ct , at ) ∈ Y = S × C × A,

P (yt , yt+1 )
X
Y
Y
Y
=
P (wt ) · P (yt |wt ) · P (wt+1 |wt , at )
P (skt+1 |wt+1 )
P (ait+1 |st , ct )
P (cjt+1 |st , ct )
wt ,wt+1

=

Y

=

Y

Y

P (ait+1 |st , ct )

Y

i

i

X

P (cjt+1 |st , ct )

P (wt ) · P (yt |wt ) · P (wt+1 |wt , at )

wt ,wt+1

j

= P (st , at , ct ) ·

i

k

P (ait+1 |st , ct )

P (cjt+1 |st , ct )

j

Y

P (skt+1 |wt+1 )

k

· P̃ (yt , st+1 )

j

Y

P (ait+1 |st , ct )

i

Y

P (cjt+1 |st , ct ) · P̃ (st+1 |yt )

j

Now we take a closer look at P (st+1 |yt ) and show that St+1 is independent of Ct given (St , At ). For
that we need to describe P (yt ) in more detail. The graph describing the distribution is a chain graph and
therefore we are able to use Section
P 3.2.3 in [22]. Hence there exist non-negative functions Φ1 , Φ2 , such
that P (st , at , ct ) = Φ2 (st , at , ct ) Φ1 (st , wt ). Using this definition results in
wt

P (st+1 , yt )
P (yt )
P
P
Φ1 (st , wt )
P (wt+1 |wt , at )P (st+1 |wt+1 )
wt
wt+1
P
=
Φ1 (st , wt )

P̃ (st+1 |yt ) =

wt

= P̃ (st+1 |st , at )
Therefore the factorization of P can be written as
Y
Y
P (yt , yt+1 ) = P (yt ) ·
P (ait+1 |st , ct )
P (cjt+1 |st , ct ) · P̃ (st+1 |st , at ).
i

j

Proof of (1). In order to proof that Q? is the e-projection of P to MG we make use of the log-sum inequality
and the convention that 0 · log0 = 0. Let Q ∈ MG then


XX
Q(z)
D(Q k P ) =
Q(z) log
z)
g
z


P


Q(z)
X
X
 xt ,xt+1 ,xt+2


P
≥
Q(z) log 

P
(z)
g
x ,x
,x
t



t+1

t+2

xt ,xt+1 ,xt+2


0
P (g)


X
1
1 · P (z)
=
P (z)
∗ log
P (g)
P (g)P (z)
xt ,xt+1 ,xt+2


1
0 · P (z)
+ 0 ∗ P (z)
∗ log
P (g)
P (g)P (z)
?
= D(Q k P )

= 1 ∗ log

1
P (g)





+ 0 ∗ log
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Proof of (2). The KL-divergence between Q ∈ MA and P ∈ MG can be written as follows

D(Q k P ) =

X

=

X

Q(z) log

Q(z)
P (z)

Q(z) log

Q(z)
Q
P̄ (st , ct , at )P̃ (st+1 |st , at )P̃ (st+2 |st+1 , at+1 ) P (ait+1 |st , ct )

z

z

·Q
i

i

1
P (ait+2 |st+1 , ct+1 )

Q
j

P (cjt+1 |st , ct )

Q
j

P (cjt+2 |st+1 , ct+1 )P̃ (g|st+2 , st+1 , st , at+2 , at+1 , at )

Q(z)
P̄
(s
,
c
,
a
)
P̃
(s
|s
,
a
)
P̃
(s
|s
t t t
t+1 t t
t+2 t+1 , at+1 )P̃ (g|st+2 , st+1 , st , at+2 , at+1 , at )
z
X
1
+
Q(z) log Q
i
P
(a
t+1 |st , ct )
z
=

X

+

X

+

X

Q(z) log

i

Q(z) log Q

z

z

+

X
z

i

Q(z) log Q
j

Q(z) log Q
j

1
P (ait+2 |st+1 , ct+1 )
1
P (cjt+1 |st , ct )
1
P (cjt+2 |st+1 , ct+1 )

The last four sums are called cross-entropies and since cross-entropy is greater or equal to entropy, we gain
the following inequality.

Q(z)
P̄
(s
,
c
,
a
)
P̃
(s
|s
,
a
)
P̃
(s
|s
t t t
t+1 t t
t+2 t+1 , at+1 )P̃ (g|st+2 , st+1 , st , at+2 , at+1 , at )
z
X
1
+
Q(z) log Q
i
Q(a
t+1 |st , ct )
z

D(Q k P ) ≥

X

+

X

+

X

Q(z) log

i

Q(z) log Q

z

z

+

X
z

i

Q(z) log Q
j

Q(z) log Q
j

1
Q(ait+2 |st+1 , ct+1 )
1
Q(cjt+1 |st , ct )
1
Q(cjt+2 |st+1 , ct+1 )

= D(Q k P ? )

Proofs of the measures in 3. Every proof can be done by applying the same technique. We will use the
factorization of the elements in the split system. Then we are able to replace the cross-entropies with
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entropies to find a lower bound.

ΦT = inf D(P k Q)
Q∈M

P̄ (st , at , ct )P̃ (st+1 |st , at )
X

D(P k Q) =

yt ,yt+1

P (yt , yt+1 ) log

Q
i

Q(st , at , ct )Q(st+1 |st , at )

Q
i

P (ait+1 |st , at )

Q

Q(ait+1 |st , at )

Q

j
j

P (cjt+1 |st , at )
Q(cjt+1 |st , at )

1
=
P (yt , yt+1 ) log P (yt , yt+1 ) +
P (yt , yt+1 ) log
Q(s
,
t at , ct )
yt ,yt+1
yt ,yt+1
X
X
1
1
+
P (yt , yt+1 ) log
+
P (yt , yt+1 ) log Q
i
Q(s
|s
,
a
)
Q(a
t+1
t
t
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X
1
1
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This can be done with every presented measure except for ΨSyn .
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