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THE GEOMETRIES OF JORDAN NETS AND JORDAN WEBS

ARTHUR BIK, HENRIK EISENMANN

ABSTRACT. A Jordan net (resp. web) is an embedding of a unital Jordan algebra of dimension 3
(resp. 4) into the space S™ of symmetric n X n matrices. We study the geometries of Jordan nets and
webs: we classify the congruence-orbits of Jordan nets (resp. webs) in S™ for n < 7 (resp. n < 5), we
find degenerations between these orbits and list obstructions to the existence of such degenerations.
For Jordan nets in S™ for n < 5, these obstructions show that our list of degenerations is complete.
For n = 6, the existence of one degeneration is still undetermined.

To explore further, we used an algorithm that indicates numerically whether a degeneration
between two orbits exists. We verified this algorithm using all known degenerations and obstructions,
and then used it to compute the degenerations between Jordan nets in S7 and Jordan webs in S™
for n =4,5.

1. INTRODUCTION

Let S™ be the space of symmetric n X n matrices over the complex numbers C. We say that a subspace
L C S™ is reqular when it contains an invertible matrix. For a regular subspace £ C S", we define its
reciprocal variety £~ to be the Zariski-closure of the set {X~! | X € £,det(X) # 0}. The goal of
this paper is to follow-up on [1] and study the geometry of the regular subspaces £ C S™ such that
L' is again a linear subspace of S". Denote the Grassmannian of m-dimensional subspaces of S"
by Gr(m,S"). The following theorem, which is a more general formulation of a result of Jensen [7,
Lemma 1], was the starting point of our investigation.

Theorem 1.1 ([1, Theorem 1.1]). Let £L € Gr(m,S"™) be a regular subspace and let U € L be an
invertible matrixz. Then the following are equivalent:

(a) The reciprocal variety £~ is also a linear space in S™.
(b) The subspace L is a subalgebra of the Jordan algebra (S™,ey).
(¢) We have L™ =U-' LU,
Here the operation — ey —: S™ x S™ — S™ is defined as
XU—YY +YUIX

XeyY = 9 es”

for all X,Y € S™ and satisfies the Jordan aziom:
(Xeg X))oy (XegY)=Xey (Xey X)eyY) forall X,Y €S".

We call a subspace £ € Gr(m,S") a Jordan space when these equivalent conditions are satisfied.
Jordan spaces of dimensions 2,3 and 4 are also called Jordan pencils, nets and webs, respectively.

Denote the adjoint of a matrix U € S" by adj(U). Define the Jordan locus Jo(m,S™) to be the
subvariety of Gr(m,S™) consisting of all subspaces £ = C{X1, ..., X,,} such that
Xl,XQ, . ,Xm, Xl ad_](U)Xj + X]‘ adJ(U)XZ
are linearly dependent for all matrices U € £ and all indices 1 <4 < j < m. Theorem 1.1 shows that
a regular subspace £ € Gr(m,S") is a Jordan space if and only if £ € Jo(m,S"). The group GL,(C)
acts on Gr(m,S") by congruence:
g-L:=gLg" € Cr(m,S") for all £ € Gr(m,S") and g € GL,,(C).
1
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The subvariety Jo(m,S™) is closed under the congruence action. It is the goal of this paper to classify
the orbits GL,,(C)- L of regular subspaces £ € Jo(m, S™) and to understand the degenerations between
them.

1.1. Results.

Classification of orbits. For 5 out of 6 isomorphism types of unital Jordan algebras of dimension 3,
we determine the congruence-orbits of Jordan nets in S™ for all n. For the last isomorphism type,
we do this for n < 7. We also determine the congruence-orbits of embeddings of Jordan webs in S"
for n < 5. These results are summarized in Section 4.

Degenerations and obstructions. In the Appendix, we give lists of degenerations between orbits of
Jordan spaces and in Section 5 we list a series of obstructions to the existence of such degenerations.
These obstructions suffice to show that our lists of degenerations Jordan nets of the first 5 isomorphism
types are complete. We also determine the degeneration diagrams of Jordan nets in S® and S° (up to
one degeneration) in Section 7.

Numerical results. We give an algorithm that indicates numerically whether a degeneration between
two orbits of Jordan spaces exists. We verified this algorithm using all known degenerations and
obstructions between Jordan nets in S" for n < 6, and use the algorithm to compute the degenerations
between Jordan nets in S” and Jordan webs in S™ for n = 4, 5.

1.2. Applications. Subspaces £ C S™ such that £ is also a linear spaces arise naturally in statistics
[7, 15]: in many statistical applications, one studies normally distributed random variables X1, ..., X,
with linear conditions on their covariance matrix ¥ or their concentration matrix ¥~!. The condition
that the matrix X lies in a subspace £ C S™ whose reciprocal is also a linear space is a mixture of these
two conditions. Seely [13, 14] proved that such models are the only models of multivariate normal
distributions with zero mean that have a complete sufficient statistic.

In [12], Parrilo and Permenter showed that minimal subspaces which contain primal and dual solutions
of a semidefinite optimization problem are Jordan algebras. Indeed, Jordan algebras are in some
sense the more general space for optimization problems. It is well known that linear optimization
problems are equivalent to semidefinite optimization problems over diagonal matrices, however both
are instances of symmetric cones [5]. Symmetric cones are given by the squares of an Euclidean Jordan
algebra, i.e. a Jordan algebra where sum of squares are always nonzero.

Structure of the paper. In Section 2, we recall the basic properties of abstract unital Jordan alge-
bras and list the degenerations between them. In Section 3, we classify embeddings of indecomposable
Jordan algebras into S". In Section 4, we list the orbits of embeddings of Jordan nets into S"™ for
n < 7 and Jordan webs into S™ for n < 5. In Section 5, we give a list of obstructions to the existence
of a degeneration between two orbits. In Section 6, we find all degenerations between some families
of Jordan nets. In Section 7, we find all degenerations of Jordan nets in S for n = 5,6 assuming one
degeneration does not exist. In Section 8, we find all degenerations between Jordan nets in S” and
Jordan webs in S for n = 4,5 numerically. In the appendix, we list some families of degenerations
between Jordan algebras.

Acknowledgements. We would like to thank Jan Draisma for finding the example in Remark 3.15
and Aline Marti for help with the proof of Proposition 7.4. The first author was partially supported
by Postdoc.Mobility Fellowship P400P2_.199196 from the Swiss National Science Foundation.
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2. ABSTRACT JORDAN ALGEBRAS

The goal of this section is to review the basic notions concerning (abstract unital) Jordan algebras. For
Jordan algebras of dimension < 4, we give their classification up to isomorphism and the degenerations
between the different isomorphism classes.

Definition 2.1. An (abstract) Jordan algebra A is a complex vector space equipped with a symmetric
bilinear operation — - —: A x A — A such that

(@-z) (z-y) =z (- 2) y)
holds for all x,y € A. This condition is called the Jordan aziom. A Jordan algebra A is called unital
if there exists an u € A such that u-x = x for all z € A. *

All Jordan algebras in this paper are assumed to be unital. We often write zy instead of z -y and 2%
instead of z - %! for d > 2.

Example 2.2. For any invertible matrix U € S", the operation
—oy— AxA = A
(X,Y) = % (XU'Y +YU'X)
defines a Jordan algebra structure on S" where the matrix U is the unit. '

A morphism of Jordan algebras ¢: A — B is a linear map that sends the unit of A to the unit of B
such that p(x-y) = p(z) - p(y) for all z,y € A. An isomorphism is a morphism which is invertible as
a linear map.

Example 2.3. Let d > 1 and 0 < r < d be integers and let 3: C?xC? - Chbea symmetric bilinear
form of rank r. Define J i 3 to be the vector space C x C¢ equipped with the operation

(Aa U) ' (/’La w) = (/\/1' + ﬁ(l}, UJ), Aw + /-“})
Then J fwg is a Jordan algebra. One can check that the isomorphism type of J iﬁ only depends

on (d,r). When S(v,w) = vywy + ...+ v,w,, we also denote Jfﬁ by J¢. [ )
Let A be a Jordan algebra with unit u.

Definition 2.4. The rank of A is the minimal number rk(A) := k > 1 such that u,z,22,..., 2" are
linearly dependent for all x € A. L 4

Example 2.5. Let d > 1 and 0 < r < d again be integers and consider the Jordan algebra jf. It
has unit u = (1,0). Let x = (A, v) € A be any element. Then

span(u, x, 2, ..., %) = span(u, x — \u, (x — Mu)?, ..., (x — du)"¥)

for each k£ > 1. So for the purposes of determining the rank of J f, it suffices to consider the case
where A = 0. We see that v = (1,0) and « = (0,v) are linearly independent in general and that
u = (1,0) and 22 = (B(v,v),0) are linearly dependent for all v € C?. Hence rk(J%) = 2. A

Definition 2.6. We say that A is decomposable when A = By x By where By, By are Jordan algebras
and (al,ag) . (bl,bg) = (albl,agbg) for all a1,b; € By and ag, by € Bs. ¢

Proposition 2.7. Let By,By be Jordan algebras with units ui,us and suppose that A = By x Bs.
Then
rk(A) = rk(By) + rk(B3).

Proof. Let x € A be an element and P(X) = ag + a1 X + ...+ a4X? € C[X] a polynomial. Then we
write P(x) := apu + a1x + ... + agr?. The minimal polynomial P, of z is the monic generator of the
ideal {P € C[X] | P(z) = 0} of C[X]. Note that

tk(A) = I;lea}(deg pP,).
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Now let by, by be elements of By, Ba. Then Py, p,) = lem(Py,, Py,) and so rk(A) < rk(B1) + rk(Bs).
Assume that rk(B;) = deg P,,. Then there exists a A € C such that Py, , Py, (X — X) = Py, xu, have
distinct roots. It follows that

tk(A) > deg Py, by+aup) = deglem (P, , Py, (X — \)) = deg Py, + deg Py, = rk(B1) + rk(B2)
and hence rk(A) = rk(B;) + rk(Bs). O

Let n > 1 be an fixed integer and let x1,...,z, be a basis of a Jordan algebra A. Then the Jordan
algebra structure is determined by the constants ¢]'’> € C such that

k
Ry _E{ .92, g
Lj1 = Ljp = czj L
i=1

We define the space Jord,, of abstract Jordan algebras of dimension n to be the subvariety of C™*™*"

consisting of all elements (cgl’jz)wl,h defining a Jordan algebra structure. This means that Cf
¢/’ and that the Jordan axiom is satisfied. Note that GL,, acts on Jord,, via base change. The orbit
of a Jordan algebra A consists of all Jordan algebras isomorphic to A.

J2

Definition 2.8. We say that a Jordan algebra A degenerates to a Jordan algbera B when there exists
a matrix g(t) € GL,(C[t*!]) such that B = lim;_,¢ g(t) - A. We denote this by A — B. Equivalently,
we say that A degenerates to B (topologically) when B is in the orbit-closure of A. L 4

For a proof that these definitions are equivalent, see the proof of [3, Theorem 20.24].

Example 2.9. There are two isomorphism classes of 2-dimensional Jordan algebras, namely C x C
and J(l). The former has a basis z,y with 2 = «, zy = 0 and y> = y. The latter has a basis u, z
where u is the unit and 22 = 0. For ¢ # 0, the basis (u, 2;) = (z + y, ty) satisfies

2

u® = 1-u+4+0-2z,
uzg = 0-u+1-z,
22 = 0-utt-z

Taking the limit of the structure constants (1,0,0,1,0,¢) for ¢ — 0, we find the structure constants
(1,0,0,1,0,0) of J§. Hence C x C — Jp. [y

The Jordan algebras of dimension 4 were classified by Martin.

Theorem 2.10 (Martin [10]). Let A be an indecomposable unital Jordan algebra of dimension < 4.
Then A is isomorphic to one of the following Jordan algebras:

(1) C

(2) Ty

(3) Jg.J1. T3, Clal/ ()

(4) To, T3, T3, T5,Clz]/(z*), the subalgebras

r u =z

8
w2 Ry
IS

of S*,S* and &4 := Clz,y]/ (22, zy, y?).

We know the degeneration diagrams for Jordan algebras of dimension 3 and 4.
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Theorem 2.11. The following diagram gives all degenerations between 3-dimensional Jordan algebras.

dim 9 CxCxC
|
dim 8 CxJ; T3
| |
dim 7 C[x]/(:cg) \7%
N/
dim 5 NE

To prove the theorem, we need the following proposition.
Proposition 2.12. If A — B, then rk(B) < rk(.A).
Proof. This follows from the fact that bounded rank is a closed condition. O

Proof of Theorem 2.11. The degenerations and the fact that C x C x C A Jf are obtained by [11] and
based on partial results from [9]. We have 1k(J3) = 2 < 3 = rk(C[z]/(«?)) and hence J3 /4 Clz]/(2?)
by the previous proposition. ([l

Theorem 2.13 (Martin [11], Kashuba-Martin [8]). The following diagram gives all degenerations
between 4-dimensional Jordan algebras.

dim 16 CxCxCxC
|
dim 15 CxCxJp CxJ35
VRN /
dim 14 TexJTs CxClz]/(23) CxJ3 &1
NS o/
dim 13 Clz]/(z*) Es N
/ /
dim 12 Cx J? Fop Js
dim 11 &4
dim 10 T3
/
dim 7 NE

3. EMBEDDINGS OF INDECOMPOSABLE JORDAN ALGEBRAS INTO S” UP TO CONGRUENCE.
Throughout this section, we fix integers n,m > 1.

Definition 3.1. An embedding of a Jordan algebra A into S™ is the image of an injective morphism
of Jordan algebras A — S", where S" is equipped with the product ey for any invertible U € S". A
subspace £ C S™ is called a Jordan space if it is the embedding of some Jordan algebra into S”. We
denote the set of m-dimensional Jordan spaces in S" by Jo(m,S™). We denote the subset of Jo(m,S™)
of subspaces containing 1,, by Joq(m,S"). ¢

Jordan spaces of dimensions 2,3 and 4 are also called Jordan pencils, nets and webs, respectively.

Definition 3.2. Two subspaces £, £ C S" are congruentif L' = P L P for some P € GL(n). When
P € O(n), the spaces L, L are called orthogonally congruent. *
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The sets Jo(m,S") and Joq(m,S") are varieties [1] that are stable under congruence and orthogonal
congruence, respectively. The goal of this section is to classify elements of Jo(m,S™) up to congruence.
Every element of Jo(m,S") is congruent to an element of Joq(m,S™). So equivalently, we wish to
classify the elements of Jo1(m,S™) up to orthogonal congruence.

Definition 3.3. For matrices X = (X;;);;,Y € C"*", we define the Kronecker product X ® Y to be

the matrix
Xy --- XY

XY o XanY
L4

Denote the matrix in S" with 1’s on its anti-diagonal and 0’s everywhere else by J, and define
Joz(m,S™) to be the subset of Jo(m,S™) of subspaces containing J,,.

Proposition 3.4. Take

1 1 1., N [
Quni= (5; S ) mit Q=g | VB
for all integers m > 1. Then the map
Jog(m,S") — Joi(m,S™)
L = QulQ,
is a bijection.
Proof. This follows from the fact that Q,,J,Q,) = 1,,. O

Using the previous proposition, we will often represent orbits using elements of Joz(m,S™), but work
with elements of Joj(m,S") during proofs.

Example 3.5. Consider the Jordan pencil
Pn,k = x‘]n + yDlag(lka On—k)
forn > 2 and 1 <k <n/2. We have

o Jai-(t 4)=s

and so Proposition 3.4 shows that P2 ; is congruent to x1, 4+ yB. More generally, we have
QnPuk Qy = P(xl, +yDiag(1ly © B,0n—2)/2)P "
for some permutation matrix P. So P, i is congruent to =1, + yDiag(1y ® B, 0,_2k). '

Lemma 3.6. Let X,Y € C™™" be matrices. Assume that X,Y are both symmetric or both skew-
symmetric. If X, Y are similar, then they are orthogonally congruent.

Proof. When X, Y are both symmetric, this is [2, Lemma 1]. When X,Y are both skew-symetric, the
proof equals that of [2, Lemma 1]. O

Lemma 3.7. Let X € S" be an idempotent matriz of rank r. Then X is orthogonally congruent to
the matriz Diag(1,,0,_,). If X = Diag(1,,0,_,), then we have

{YeS"|XY+YX= 0} = Diag0,,S""),
n—r
{YeS"| XY +YX=2Y} = Diag(S",0,_,).

Proof. The first statement holds by Lemma 3.6. The second statement follows easily. |
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Proposition 3.8. Let A, Ay be Jordan algebras. Then any embedding of Ay X Ao into S™ is con-
gruent to Diag(Ly, La) for some embeddings L; of A; into S™ with ny 4+ ny = n.

Proof. Let Ay, As be Jordan algebras and let ¢: A; x Ay — S™ be an injective morphism of Jordan
algebras. By Lemma 3.7, we can assume that ¢ sends the unit of A; to Diag(1,,,0,,) and the unit
of As to Diag(0,,,1,,) for some integers ni,ns > 1 adding up to n. Lemma 3.7 now also shows that
t(Ay x 0) = Diag(L1,0,,) and ¢(0 x A;) = Diag(0,,, L2) where £; is an embedding of A; into ™. O

By the proposition, in order to classify embeddings of Jordan algebras of dimension m into S”, it
suffices to classify embeddings of the indecomposable Jordan algebras of dimension < m into S™ for
all integers n’ < n. We restrict to m < 4 and consider the indecomposable Jordan algebras one-by-one.
In some cases, we also restrict to low n.

3.1. The Jordan algebra C. An embedding of C into S" is of the form CU where U € S" is an
invertible matrix.

Proposition 3.9. Every embedding of C is congruent to C1,,.
Proof. All invertible matrices in S™ are congruent. Hence CU is congruent to C1,,. ]
3.2. The Jordan algebra C[z]/(z™). An embedding of Clz]/(z™) into S™ is of the form

C{U, X, X*v? ... X*vm11
where U € S™ is an invertible matrix and X € S” satisfies X*v (=1 £ 0,, and X*v™ = 0,,.
Proposition 3.10. Every embedding of Clx]|/(z™) is congruent to

Tm Tm—1 cee €2 T1

Dlag 1km® 7"'a1k2® (ij xl) 7$11k1

for some integers ki,...,kpm_1 >0 and ky, > 1 such that 2111 ik; = n.

Proof. After a congruence, we may assume that U = 1,,. Now X™ ! # 0,, and X™ = 0,,. So there
exist unique integers ki,...,kmn_1 > 0 and k,;, > 1 such that the Jordan normal form of X has k;
blocks of size i x i. Using Proposition 3.4, we see that

Tm Tm—1 --- T2 X1
: . . . T2 X1
Diag | 15, ® : E E yee 1k, ® (1:1 ),xllkl

T

is congruent to C{1,,Y,Y? ... Y™ 1} for a Y € S" with the same Jordan normal form. Hence X,Y
are orthogonally congruent and hence so are C{1,, X, X?,..., X" 1} C{1,,Y,Y?,....,Yy" 1}, O

3.3. The Jordan algebra J3. An embedding of 73 into S™ is of the form C{U, X, Y} where U € S"
is an invertible matrix and X,Y € S" satisfy X oy X = X oy Y =Y oy Y = 0,,.

Definition 3.11. A subspace £ C S” is called square-zero when X2 = 0 for all matrices X € £. 4

Proposition 3.12. FEvery embedding of jg s congruent to
Ci1,eP

for some square-zero pencil P C S™.
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Proof. By applying a congruence, we may assume that U = 1,,. Then we get X2 = XY +YX =
Y?=0,. So £L=C1, &P for the square-zero pencil P := C{X,Y}. O

Next, we wish to classify square-zero pencils in S". We do this for n < 7 using the following lemma.
Lemma 3.13. Letn > 2 and 1 < k < n/2 be integers. Then the set

{(v1,...,v;) € crxk | v1,...,v% linearly independent, Vi, j : v;rvj =0}
forms a single O(n)-orbit.

Proof. Let (v1,...,0k), (w1,...,wg) be any two tuples in this set. Take V = C{v1,..., vk} and let
V = {v | v € V} be its conjugate subspace. Then V = C{x, ...,z } for some vectors z1,...,z; € C"
such that v;' z; = §;;. Similarly, define y1,...,yr € C" such that w, y; = &;;. The sets

{v1+x1 vl — 1 Vg + Tg vk—xk} d {w1+y1 w1 — 1 Wk + Yk wk—yk}

are both orthonormal. So there exists a matrix in O(n) sending the first set to the second. This
matrix sends v; to w;. O

Write k = |n/2]. When n is odd, we view S as the subspace of S™ consisting of all symmetric
matrices whose last column/row is zero.

Proposition 3.14. Let B € S? be the square zero matriz from Example 3.5. If 4 < n < 7, then
any square-zero pencil in S™ is orthogonally congruent to P @B C S** for some pencil P C SF. Let
P, P’ CS* be congruent pencils. Then P @B, P’ @B are orthogonally congruent.

Proof. Let P := C{X,Y} C S" be a square-zero pencil. Suppose that 4 < n < 7. By changing the
basis X,Y, we assume that the rank r < n/2 of Y is maximal in P. When X,Y both have rank 1,
then X + Y has rank 2. Hence » > 2. By applying an orthogonal congruence, we may assume that
Y = Diag(1, ® B,0,_2,). We now check the conditions X? = XY +Y X = 0,, and tk(AX + uY) <7
for all A, u € C by computer:

e For (n,r) = (4,2), we find that X = Z ® B for some Z € S*.

e For (n,r) = (5,2), we find that X = Diag(Z ® B,0) for some Z € S*.
e For (n,r) = (6,3), we find that X = Z ® B for some Z € S°.

[

For (n,r) = (6,2), we find that the variety of X satisfying these conditions has 5 components
X1, X5, X3, X4, X5. The component X; consists of matrices of the form X = Diag(Z ® B, 0)
for some Z € S, Acting with the matrix Diag(14,—1,1) permutes Xo, X3 and acting with
the matrix Diag(1s5, —1) permutes X4, X5. The components Xo, X4 constist of matrices Z® B
for Z € S* (with additional conditions on Z).

e For (n,r) = (7,3), we find that X = Diag(Z ® B, 0) for some Z € S°.

e For (n,r) = (7,2), we find that the variety of X satisfying these conditions has 3 components.
One component consists of matrices of the form X = Diag(Z ® B, 03) for some Z € S?. Write
v = (1,i)". Then the 2 other components consist of matrices of the form

dB eB av bv cv
eB fB +fav +bv =*cv
av +avT
T +bo’
' '

such that f +2ie —d = 0 and a® + b2 + ¢ = 0. Acting with Diag(14, O(3)), we reduce to the
case where (a,b,c) = (0,0,0) or (a,b,c¢) = (1,i,0) by Lemma 3.13. Now, in both cases, the
matrix is of the form X = Diag(Z ® B,0) for some Z € S%.
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Write k = |n/2]. In all cases, we see that after an orthogonal congruence P is of the form P’ ®B C
S%* C S™ for some pencil P C S*.

Let P,P’ C S* be pencils. If P € GL(n) is an orthogonal matrix, then P ® 15 is as well. So if
P, P’ are orthogonally congruent, then so are P ®B, P’ ®B. Next, suppose that P’ = PP PT where
P = Diag(\1,...,\,) € GL(n) is a diagonal matrix. As B = (1,i)"(1,14), it follows that

P'®@B=Q(PeB)Q"
where Q = Diag(Q1,...,Q,) and Q; € O(2) such that Q;(1,4)" = X\;(1,i)". By Lemma 3.13, such

matrices Q; exist. So also in this case, the pencils P ® B, P’ ® B are orthogonally congruent. As O(n)
and the diagonal matrices generate GL(n), we see that the proposition holds. ]

Remark 3.15. The proposition does not hold for n = 8. Indeed, consider the embedding £ =
C{U,X,Y} of J3 where

J 1, B
Jo 1, -B
Ja ’ 0, ’ -B
Ja 0 B

and let P € GL, be such that PUPT = 1g. Then P = PC{X,Y}P" is a square-zero pencil. We
have XU ™'Y # 0g and hence X'Y’ # 0g for X’ = PXP" and Y’ = PYP'. This is not possible if
P is orthogonally congruent to P’ ®B for some pencil P’ C S*. &

U =

Question 3.16. Is it possible to classify the embeddings of jg into S" for general n?

Using the proposition, we see that to classify square-zero pencils for n < 7, it suffices to classify pencils
in S* up to congruence for k < 3.

Proposition 3.17. Every pencil in S? is congruent one of

x y x
y) \x
Proof. This is [6, Examples 1.2]. a
Proposition 3.18. We have the following:

(1) Every regular pencil in S% is congruent one of

x Ty Yy x T Yy x
Y 1Y \y
T

r+vy T Y T

(2) Every singular pencil in S® is congruent one of
Ty x TR

x ) Y | @
Y 0 0

Proof. Part (1) is [6, Examples 1.3]. For part (2), let 2 C S* be a singular pencil. So every matrix in
P has rank < 2. As P C S? and dim(P) > 2, the pencil P must contain a matrix of rank > 2. So P
contains a matrix X of rank 2. After congruence, we may assume that X = Diag(Js,0). Let X,Y be
a basis of P. Since no linear combination of X, Y has rank 3, we have

a e b
Y=|e ¢ d
b d 0

for a,b,c,d, e € C with bd = ad = bc = 0. By substracting a multiple of X, we may assume that e = 0.
We find that either d =b=0,d =c =0 or b = a = 0. The last two cases are congruent. When the
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last column/row of Y is zero, we have P = Diag(P’,0) for some pencil P’ C S®. Otherwise, we find
that P is congruent to
ry

]
3.4. The Jordan algebra [J3. An embedding of J7 into S" is of the form C{X,Y,V} where U =
X +Y € S" is an invertible matrix and X,Y,V € S" satisfy

X.UX:X, X.UYZOn, X.UV:V/2,
YeyY=Y, YeyV=V/2
V.UVZOn.

Lemma 3.19. Let 1 <r < n/2 be an integer and consider matrices of the form

0, Z
Y= (ZT onr>

for Z € CTX(=m) \O0,x(nr}. Then we have Y? = 0 if and only if Y lies in the Diag(O(r), O(n—r))-
orbit of the matrix

. 0. Diag(lk ® B, OT,Q;C)
Dlag <(Dlag(1k &® B7 07‘7216) Or ’ 0n—2r

where k = rk(Z).
Proof. We have Y2 = 0 if and only if ZZT =0, and Z'Z = 0,,_,. Take 1 < k = rk(Z) and write

7 = vw] +...+ vkw; with vy,...,v; € C" and wy,...,wr € C*"". Note that vy,...,v; and
w1, ..., Wy are both linearly independent. Therefore we have
k k
OT:ZZT = Z wiij-viva, On_rzZTZz Z viij-wiij
i,j=1 1,5=1

and so w; w; = v, v; = 0 for all i,j. Applying Lemma 3.13 to (v1,...,vx) and (w1,...,wy), we find

that Y indeed lies in the stated Diag(O(r), O(n — r))-orbit. O
Proposition 3.20. Every embedding of J3 is congruent to

i ody # Diag(1y, 0,—)
Dlag <(Z Dia‘g(lkuorfk) yJT 7y17l—27"

for some integers 2 <r <n/2 and 1 <k <r/2.

Proof. After a congruence, we may assume that X = Diag(1,,0,_,) and Y = Diag(0,,1,,_,) for
some integer 1 < r < n — 1. By switching X,Y, we may assume that » < n/2. Now

0, Z
V= (ZT onT>

for some in Z € CT*(=7) \{O0yx(n—r)} So using Lemma 3.19 and Proposition 3.4, we are done. [

3.5. The Jordan algebra J3. An embedding of J3 into S™ is of the form C{X,Y, Z} where U =
X +Y € S" is an invertible matrix and X,Y, Z € S™ satisfy
Xy X=X, XeyY =0, XeyV=V/2
YOUY:Y, Y'OU‘/Y:V/Q7
14 o/ V=U.
Proposition 3.21. The Jordan algebra Jg has no embeddings when n is odd. When n is even, every
embedding of J3 is congruent to 1,/2® S2.

Proof. This is part of [1, Theorem 5.3]. |
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3.6. The Jordan algebra J3. An embedding of J§ into S" is of the form C{U, X,Y,Z} where
U € S" is an invertible matrix and X,Y, Z € S" satisfy

X.UX:X.UY:X.UZZY.UYZY.UZZZ.UZZO.,L.
Proposition 3.22. Every embedding of jg is congruent to C1, &L for some square-zero net L C S™.

Proof. After a congruence, we may assume that U = 1,,. Now the embedding equals C1,, & L for the
square-zero net £ := C{X,Y, Z}. O

Write k = [n/2].

Proposition 3.23. If 4 < n < 5, then any square-zero net in S" is orthogonally congruent to
S?®@B C S C S™.

Proof. Let £ := C{X,Y,Z} be a square-zero net in S". If XY has rank 1, then X 4+ Y has rank 2.
So by changing basis, we may assume that the rank of X is 2. By applying an orthogonal congruence,
we may assume that X = 15 ® B when n = 4 and X = Diag(1, ® B,0) when n = 5. In this case, we
verify by computer that £ = £'®B when n = 4 and £ = Diag(£' ®B,0) when n = 5 for some net
L Cs?. Clearly, it follows that £ = S2. O

3.7. The Jordan algebra [J3. An embedding of J3 into S™ is of the form C{X,Y,V,W} where
U=X+Y c8§"is an invertible matrix and X,Y,V,W € S" satisfy

XeyX=X, XeyY =0, XeyV=V/2 XeyW=W/2
YeyY=Y, YeyV=V/2 YeyW=W/2
VeyV=0,, Vey W =0,,

Wey W =0,.

Proposition 3.24. Fvery embedding of J‘;’ 15 congruent to

(" ) 9)|7er)

for some integer 2 < r < n/2 and some pencil P C C™=") such that ZZT = 0, and Z'Z = 0,,_,
forall Z € P. If r =2, then n > 6 and we may take

P=(114)"(ziz,y,iy,0,...,0).

Proof. After a congruence, we may assume that X = Diag(1,,0,_,) and Y = Diag(0,, 1,,_,) for some
integer 1 < r <mn — 1. By switching X,Y’, we may assume that r < n/2. Now we see that C{V, W}

is of the form
{(zr 7)|ze7}

for some pencil P C C"*"~") such that ZZT = 0, and Z'Z = 0,,_, for all Z € P. When r = 1,
this is not possible. When r = 2, we get P = (1 i) "U where U C C""? is a 2-dimensional subspace
such that v"v = 0 for all v € U. This is only possible when n —2 > 4. And, by Lemma 3.13, we may
assume that U is spanned by e; + ie; and ez + iey. O

3.8. The Jordan algebra [J3. An embedding of J3 into S™ is of the form C{X,Y,V,W} where
U=X+Y €8" is an invertible matrix and X,Y,V,W € S™ satisfy

Xey X=X, XeoyY =0, XeyV=V/2 XeyW=W/2,
YeuY =Y, YeyV=V/2 YeyW=W/2,

V.UV:U, VQUW:On,

WOUWZOn.
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Proposition 3.25. The Jordan algebra Jg has no embeddings when n is odd. When n is even, every
embedding of jg s congruent to

. 1
T2 2Jy/2 + w Diag <1k® (1 )70n/22k>

. 1
2Jp/2 — w Diag <1k® (_1 >, 0n/2—2k> yJns2

for some integer 1 < k <n/8.

Proof. For X, Y,V to satisfy the required relations, we need 2 | n. In this case, we may assume that

x1l,, =zl,,
X +yY + 2V = <21m ylm)

v 7)

for some P € C™*™ guch that PT = —P and P? = 0,,. The rank of P is therefore even. Denote
it by 2k. Then 1 < k < m/4 as 1 < rk(P) < m/2. As P? = 0,,, the Jordan normal form of
P is uniquely determined by k. For a fixed k, all P are orthogonally congruent. So acting with
{Diag(Q,Q) | @ € O(m)}, we get a single congruence-orbit. Acting with Diag(QTTL/Q,QI/z) as in
Proposition 3.4, we get the required form. O

where n = 2m. Now we find that

3.9. The Jordan algebra jg. An embedding of jg into S™ is of the form C{X,Y,V,W} where
U=X+Y €8S" is an invertible matrix and X, Y, V,W € S" satisfy

Xy X=X, XeyY =0, XeyV=V/2 XeyW=W/2
Yey Y=V, YeyV=V/2 Yoy W=W/2,

‘/YOU‘/:(]7 ‘/OUVV:On7

Wey W =U.

Proposition 3.26. The Jordan algebra jg has no embeddings when 4 { n. When 4 | n, every
embedding of jg s congruent to

1
1
zln/Q _wln/4® (1 ) y]-n/2
Proof. For X, Y,V to satisfy the required relations, we need 2 | n. In this case, we may assume that

zl,, =z1,
X +yY + 2V = <Zlm y1m>

"= <PT P>

for some P € C™*™ such that PT = —P and P? = —1,,,. These conditions can only be fulfilled when
2 | m. Assume this is the case. Then the Jordan normal form of P is unique. Hence all such P are
orthogonally congruent. So acting with {Diag(Q,Q) | @ € O(m)}, we get

1
1n/4® (_1 )
W = 1

where n = 2m. Now we find that
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3.10. The Jordan algebra £;. An embedding of £; into S" is of the form C{X,Y,V,W} where
U=X+Y €8" is an invertible matrix and X,Y,V,W € S™ satisfy
X.UX:X, X.UY:()n, X.UV:V; X.UW:W/Q,
Yeu Y=Y, YeyV=0, YerW=W>
VOUVZOn, VvQUVV:On7
Wey W =1V.

Proposition 3.27. Ifn =4, then every embedding of £1 is congruent to one of

vow T vow X
w Yy w Yy
x i
T Y
If n =5, then every embedding of £1 is congruent to one of
vow T vow T vow T
w oy w oy w oy
x | x | x
T T Yy
4 ) Y

Proof. After applying a congruence, we may assume that X = Diag(1,,0,_,), Y = Diag(0,,1,_,)
for some 1 < r <n — 1. Now we see that V = Diag(PP',0,,_,) and

v 7)

for some matrix P € C™ (") such that PTP = 0,,_, and PP #0,. From PTP=0,,_, and n < 5,
it follows that P = vw ' for some v € C"\{0} and w € C""\{0} such that v"v = 0 and w'w # 0.
Hence r > 2. For fixed n,r, we have a single Diag(O(r),O(n — r))-orbit. So for every (n,r), we get
one embedding up to congruence. O

3.11. The Jordan algebra £5. An embedding of €5 into S" is of the form C{X,Y,V,W} where
U=X+Y €8" is an invertible matrix and X, Y, V,W € S™ satisfy

XOUX:X, XOUYZOn, XOUV:‘/, X.UW:W/Q,
Yey Y=Y, Yey V=0, YeW=W/2

VOUVZOn, VOUWZOH,

W.UWZOn.

Proposition 3.28. If n = 4, then every embedding of €2 is congruent to E2. If n = 5, then every
embedding of £o is congruent to one of

VT w VT w
T T
w Y | W Y
Y Y
€ Y

Proof. After applying a congruence, we may assume that X = Diag(1,,0,_,), Y = Diag(0,,1,,—,)
for some 1 <r <n —1. Now we see that V = Diag(P,0,_,) and

=g )

for some nonzero matrices P € C"™" and Q € C™ "™ guch that P2 = QQT =0,, QTQ = 0,,_, and
PQ = 0,5 (n—r)- This shows that 2 <7 <n — 2. Since n <5, it follows that P = vo! and Q = vw '
for some vectors v € C"\{0} and w € C"~"\{0} such that v"v = w'w = 0. For fixed n,r, we have
a single Diag(O(r), O(n — r))-orbit. So for every (n,r), we get one embedding up to congruence. [
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3.12. The Jordan algebra £;. An embedding of €3 into S" is of the form C{U, X,Y, Z} where
U € S" is an invertible matrix and X,Y, Z € S" satisfy

XegyX =Y, XeyVY =0, XeyZ=0,,
YeuY =0, YeyZ=0,,
Zey Z =Y.

Proposition 3.29. If n = 4, then every embedding of £ is congruent to Es. If n = 5, then every
embedding of E3 is congruent to one of

r u =z
u

SIS NS
SIS IS
IS

u z u

Proof. Note that C{U, X,Y} is an embedding of C[z]/(23). So after applying a congruence, we may
assume that

T u T u
y = u Y Y
T U T u
T u
ulU + 2 X +yY € u |l u | u
u T u
U
u U

When it is the first element, then it is easy to verify that
a b

b

for some a,b € C with b # 0. After scaling and changing the basis, we get (a,b) = (0,1). In the
second case, we get

a b ¢
Z:

b d e

c e f

for some a,b, c,d, e, f € C. The condition Z*2 =Y gives b> + ¢? = 1. Acting with Diag(13,0(2)), we
may assume that (b,¢) = (1,0). Now Z*2 =Y gives d = e = f = 0. After changing the basis, we also
get a = 0. In the third case, it is easy to check that

a b
Z =
b
for some a,b € C with b # 0. After scaling and changing the basis, we get (a,b) = (0,1). O

3.13. The Jordan algebra &,. An embedding of &£, into S™ is of the form C{U, X,Y,Z} where
U € S™ is an invertible matrix and X,Y, Z € S" satisfy

XeyX=Y, XeyY =0, XeyZ=0,,
Y'UY:On, Y.UZ:()”,
ZOUZZOn.
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Proposition 3.30. If n = 4, then £4 has no embedding. If n = 5, then every embedding of £4 is
congruent to one of

r u =z

SIS IS

SIS

ISR NS
IS

u u

Proof. Take n € {4,5}. Note that C{U, X,Y} is an embedding of C[z]/(z®). So after applying a
congruence, we may assume that

8
<
IS

SO

wlU +zX +9yY €

SRS NS
SIS
IS

u r u
u u

In the first and last cases, it is easy to check that there is no Z linearly independent from Y with the
required properties. So we assume we are in the second case. Now we have

a b ¢
Z:

b d e

c e f

for some a,b, ¢, d, e, f € C. Changing basis gives a = 0. The equation Z*2 = 05 yields
be=cd+be=ce+bf =de=e>+df =ef =0.

From the last two equations, we see that e = 0 and so bc = ¢d = bf = df = 0. As Z must be
nonzero, we have (b,d) # 0 or (¢, f) # 0. Permuting the last two rows/columns, we may assume that
(b,d) # ( ,0). The equations now give (¢, f) = 0. So

b
Z =
b d
0
Acting with matrices of the form Dlag )\7 17 )\_ ,l, ), we see that we are free to scale b, d indepen-
dently. Hence we get (b,d) € {(1,0), 1)}. We have
T
1 -1 y+z T u z Yy x ou
1 T T u
1 u =|u
1 z z U
1 1 1 U
and therefore the Jordan spaces for (b, d) (1,1) are congruent. O

4. JORDAN NETS IN S"” FOR n < 7 AND JORDAN WEBS IN S” FOR n < 5

In this section, we summerize the results Jordan nets and webs of the previous section.
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4.1. Jordan nets. Every Jordan net is the embedding of one of the following Jordan algebras:
CxCxC,Cx T5,Clal/(2?), T3, 7%, T5
For the first five of these algebras, we classify the orbits for general n.

Theorem 4.1. Let n > 1 be an integer.
(1) Every embedding of C x C x C into S™ is congruent to

1 .
Al(gl)7k;27k;3 = Dlag(:plkl thotkas YLk kg Zlks)

for some ki,ko >0 and k3 > 1 with k1 + 2ks + 3k3 = n.
(2) Every embedding of C x ](1) into S™ is congruent to

. z
Af,ll,kz := Diag (xl,., 1, ® (y y) ,y1k1>

for some r ko > 1 and kv > 0 with k1 + 2ko =n —r.
(3) Every embedding of Clz]/(x3) into S™ is congruent to

®) z Yy = y
Ak17k27k3 =Diag | 1, ® |y @ 1, ® (93 ) ,xly,
xT

for some ki,ky > 0 and k3 > 1 with k1 + 2ks + 3ks = n.

(4) The Jordan algebra ._7% has no embeddings into S™ when n is odd. When n is even, every
embedding of Jg into S™ is congruent to BS/)Q = §? ®1,/2-

(5) Every embedding of J3 into S"™ is congruent to

@ xJy, zDiag(1y,00,—1)
BMM2 := Diag ((z Diag(1, 07, 1) yJe, ,yle,

for some €1 >0, lo > 2 and 1 < k < €y/2 such that {1 + 2¢5 = n.
For embeddings of J (2) we classify the orbits of embeddings into S™ for n < 7.

Theorem 4.2. For n € {1,2,3}, the Jordan algebra Jg has no embeddings into S". For 4 <n <7,
every embedding of J¢ into S is congruent C,, ; = C J,, + Diag(P|n/2],i» Orn/21) for some i where

P2,1 = <$ y> ; P2,2 = <ch x) y

x Ty
P31 = Yy , P32:= 1|y )
r+vy T
Yy z x
Psz:=|y = ; P34 = x ;
x
y x x
P3s:= | ; Psg:i= |z ,
x Yy
T Yy T
Ps7r = Yy ) P3g:= | =
0 0

Proof of Theorem 4.1. (1) Every embedding of C x C x C is congruent to Diag(Ly, L2, L3) for some
embeddings £y, Lo, L3 of C by Proposition 3.8. By Proposition 3.9, we may assume that £; = C1,,
for some n; > 1. After reordening, we can write ny = k1 + ks + k3, no = ko + k3 and n3 = k3 for some
kl,kg Z 0 and kg Z 1 such that kl + 2/€2 + 3]€3 =n.
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(2) Every embedding of C x J§ is congruent to Diag(L;, £2) for some embeddings £; of C and £,
of jé by Proposition 3.8. By Proposition 3.9, we may assume that £; = C1, for some r > 1. By
Proposition 3.10, we may assume that

Lo = Diag (1k2 ® (Z y) ,y1k1>

for some k1 > 0 and ko > 1 with k1 +2ko =n — 1.

(3) This is Proposition 3.10.

(4) This is Proposition 3.21.

(5) This is Proposition 3.20. O

Proof of Theorem 4.2. (1) A pencil in S" always contains a matrix of rank > 2. On the other hand,
all matrices in S whose squares are zero have rank < n/2. So square-zero pencils cannot exist in S”
when n < 4.

(2) This follows from Propositions 3.14 and 3.17.

(3) This follows from Propositions 3.14 and 3.17.

(4) This follows from Propositions 3.23 and 3.18.

(5) This follows from Propositions 3.23 and 3.18. O

4.2. Jordan webs. Every Jordan web is the embedding of one of the following Jordan algebras:
CxCxCxC,CxCxJTp, ToxTe,CxClz]/(x3),Clz]/(x*),C x T35,C x T2, Ts, T3,
T3 Cx T5E1,E2,E3,€4, T .

For the algebras on the first line, we classify the orbits for general n.

Theorem 4.3. Let n > 1 be an integer.
(1) Every embedding of C x C x C x C into S"™ is congruent to

&) — T
Akl,kz,k3,k4 = Dlag($1k1+k2+k3+k47y1k2+ka+k4,Zlk3+k4,1U1k4)

for some ki,ka, k3 > 0 and ky > 1 with ky + 2ko + 3ks + 4ky = n.
(2) Every embedding of C x C x j(l) into S™ is congruent to

2 : wo oz
Al(cl),k'z,fhfz = Dlag <x1k1+k27y1k2a 142 ® (Z ) ,Zlgl)

for some ki,£1 > 0 and ko, by > 1 with k1 + 2ko + £1 + 205 = n.
(3) Euvery embedding of T4 x Jg into S™ is congruent to

3 . x w oz
Agm),kz,@hfz = Dla‘g <1k2 & <g, ) 7x1k171€2 & <Z ) 52151)

for some k1,01 > 0 and ko, o > 1 with ki1+42ko+£1+205 = n, where Al(c?i),kz,él,éz and Ag?ez,kl,m
are congruent.
(4) Every embedding of C x C[z]/(x3) into S™ is congruent to

z oy y @
4 .
Afn’,zl’k%ka :=Diag | wl,, 15, ® [y = ,1k2®<$ >,m1kl
x

for some ki,ko >0 and r, ks > 1 with k1 + 2ko +3ks =n — 1.
(5) Every embedding of C[z]/(z*) into S™ is congruent to

w oz Yy T
(5) z Yy =z =Yz Yy T
Ak1,k2,k37k4 = Dlag 11€4 & y 71163 Qly = 71k2 ® <.7J ) 7x1k1
X
x

for some ki,ka, k3 > 0 and ky > 1 with ky + 2ko + 3ks + 4ky = n.



18 ARTHUR BIK, HENRIK EISENMANN

(6) Every embedding of C x J3 into S™ is congruent to

. x
Bl(cll),kg := Diag (wlkl, <y Z) ® 1k2>

for some ki, ko > 1 with k1 + 2ke = n.
(7) Every embedding of C x J7 into S™ is congruent to

(2) xJo, z Diag(1y,00,—)
Br,k,h,fz - Dlag (wlrv (Z Diag(lk, Oﬁg—k) yJez 7y1€1

for some €1 >0,r>1,0o>2 and 1 <k < /l5/2 such that {1 + 2l =n —r.
(8) The Jordan algebra .,73 has no embeddings into S™ when 41 n. When 4 | n, every embedding
of jg into S™ is congruent to

1

1 . _
C(n/4 T

-1

(9) The Jordan algebra J3 has no embeddings into S™ when n is odd. When n is even, every
embedding of Jg into S™ is congruent to

. 1
Z‘Jn/g an/2—|—wD1ag<1k®< 1 )7On/22k)
0(2) _
n/2, k- . —1
ZJn/2+WDlag<1k®<1 >a0n/2—2k> an/Q
for some integer 1 < k < n/8.

For embeddings of J%,C x J2,&1,E2,E3,E4, T3 we classify the orbits of embeddings into S" for n < 5.

Proposition 4.4. The Jordan algebras j‘%, C x jg, E9,E3,€E4, jg have no embeddings into S®. Every
embedding of €1 into S* is congruent to E:gl) = &.

Proof. By [1, Proposition 4.8], we know that inside S® there are two orbits of Jordan space, consisting
of embeddings of the Jordan algebras C x 73 and ;. The proposition follows. O

Theorem 4.5. (1) The Jordan algebra J3 has no embedding into S*.
(2) The Jordan algebra C x J2 has no embedding into S*.
(8) Every embedding of €1 into S* is congruent to one of

(Y w T v w X
m._ [w y . [w y
B} = By =
x y

(4) Every embedding of E4 into S* is congruent to

Ef) = )

(5) Every embedding of €3 into S* is congruent to

ya:uz
CIRN
E4'_u
z
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(6) The Jordan algebra €4 has no embeddings into S*.
(7) Every embedding of Jg into S* is congruent to

x
F4 = Y

S v
<

u

(1) The Jordan algebra J3 has no embedding into S°.

(2) Every embedding of C x ]g into S® is congruent to one of

x x
D5 = w oy y D50 =

Y
(3) Every embedding of €1 into S® is congruent to one of

xT x

w vow
) w oy
,Eélg = |z

€T Y

v w v
T T
Eé?l) =|w Y aE5(>22) = |w
Y
x

(5) Every embedding of Es into S® is congruent to one of

Yy T u 2z Y

T u T

B = [ = [
z U '

U z

(6) Every embedding of £4 into S® is congruent to one of

y x u Y
T u x
4 4
Eél) =l u ,Eég) = u
zZ u z
u
(7) Buvery embedding of Jy into S° is congruent to
x oy u
y z u
F5 = u

S

voow y
w Y
Y
Y
vow T
woy
1
S
T w
Y
Y
Y
T u z
U
T u
U
T u z
U
U
u

19
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Proof of Theorem 4.3. (1) Every embedding of C x C x C x C is congruent to Diag(L, L2, L3, L4) for
some embeddings L1, Lo, L3, L4 of C by Proposition 3.8. By Proposition 3.9, we may assume that
L; =C1,, for some n; > 1. After reordening, we can write ny = k1 + ko + k3 + k4, no = ko + ks + ka,
ng = kg + k4 and Nng = k4 for some ]{517 kg, kg Z 0 and ]{14 Z 1 such that k’l + 2k2 + 3]63 + 4](14 =nNn.

2) This follows from Propositions 3.8, 3.9 and 3.10.

) This follows from Propositions 3.8 and 3.10.

) This follows from Propositions 3.8, 3.9 and 3.10.

) This is Proposition 3.10.

) This follows from Propositions 3.8, 3.9 and 3.21.

) This follows from Propositions 3.8, 3.9 and 3.20.

) This is Proposition 3.26.

) This is Proposition 3.25. 0

Proof of Theorem 4.5. (1) This is Proposition 3.24.

) This follows by Proposition 3.8 since J2 has no embeddings into S" for n < 3.
) This is Proposition 3.27.

) This is Proposition 3.28.

) This is Proposition 3.29.

) This is Proposition 3.30.

)

2
3
4
5
6
7) This follows from Propositions 3.22 and 3.23. (Il

(
(
(
(
(
(

Proof of Theorem 4.6. (1) This is Proposition 3.24.

(2) This follows from Propositions 3.8, 3.9, 3.12 and 3.17.

(3) This is Proposition 3.27.

(4) This is Proposition 3.28.

(5) This is Proposition 3.29.

(6) This is Proposition 3.30.

(7) This follows from Propositions 3.22 and 3.23. O

5. DEGENERATIONS OF JORDAN SPACES

Let £,L£" C S™ be Jordan spaces of the same dimension m with bases X,...,X,, and X7,..., X/ .

Definition 5.1. We say that £ degenerates to L', denoted as £ — L', when there exist matrices
P € GL,(C[t*!]) and Q € GL,,(C[t*1]) such that every entry of

(Y1,...,Y,,):=(PX,P" ..., PX,,P"Q

is a matrix with coeflicients in C[t] and X} = lim; o Y; for all ¢ € {1,...,m}. Note that the existence
of such matrices P, Q does not depend on the choice of the bases of £, L. We say that £ degenerates
to L' (topologically) when {(Y1,...,Y,,) | span(Y1,...,Y,,) € GL, - L} contains (X],..., X/). *

For a proof that these definitions are equivalent, see the proof of [3, Theorem 20.24].

Remark 5.2. Note that C[t*!] is a subalgebra of C((t)) and CJ[t] is a subalgebra of C[[t]]. So if
L — L', then there exist matrices P € GL,(C((t))) and Q € GL,,(C((t))) such that every entry of

(Y1,...,Y,) = (PX\P",...,PX,,P")Q

is a matrix with coefficients in C[[t]] and X] = lim;_,¢Y; for all ¢ € {1,...,m}. The converse also
holds: let £ > 0 be an integer such that the coefficients of P, are contained in t~¢ C[[t]] and write
(P,Q) = > 72, t*(Py, Qk) with (Pg, Qx) € C™*™ x C™*™. Then lim;_,q det(P), lim;—,o det(Q) and
lim;_, Y; do not depend on the Py’s, Q)’s with k > ¢ max(3,n,m). Hence, we are free to set these to
zero and obtain matrices P € GL,,(C[t*!]) and Q € GL,,(C[t*!]) showing that £ — L. &

The goal of this section is to make a list of obstructions to the existence of degenerations £ — L.
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5.1. The abstract obstruction. Suppose that £, £’ are embeddings of Jordan algebras A, A’.

Proposition 5.3. If L — L', then also A — A’.

Proof. Suppose £ — L'. Let P € GL,,(C[t*!]) and @ € GL,,(C[t*!]) be matrices such that
(Y1,...,Y,) = (PX,P",...,PX,,PT)Q

is a tuple of matrices with coefficients in C[t] and X = lim;_,oY; for all ¢ € {1,...,m}. Then it
follows that A" = lim;_,0 @ - A and hence A — A'. O

5.2. The determinantal obstruction.
Definition 5.4. The determinant of L is defined as
det(L) :=det(x1 X1 4+ ... + 2 Xin) € Clay, ..., 0.
When (Y1,...,Y,) = (X1,..., X))@ for some Q € GL,,(C), then
nYi+.. .+ ymYm=21X1+ ... + 2, X0
for (z1,...,Zm) = (Y1, -, Ym)Q~". Hence det(L) is well-defined up to coordinate-change. 4

Since L is regular, its determinant is not the zero polynomial. Note that congruent subspaces have
the same determinant up to scaling.

Definition 5.5. Let f,g € Clz1,..., 2], be forms. We say that f degenerates to g, denoted as
f— g, when g € GL,(C) - f. 4

Proposition 5.6. If L — L', then det(L£) — det(L').

Proof. Suppose £ — L'. Let P € GL,,(C[t*!]) and @ € GL,,(C[t*!]) be matrices such that
(Y1,...,Y,,) = (PX,P",...,PX,,PT)Q

is a tuple of matrices with coefficients in C[t] and X/ = lim;_,o Y; for all ¢ € {1,...,m}. Then

det(L£') = det(z1 X5 + ... + 2 X)) = lim det(z1 Y1 + ...+ 2 Y) = lim det(PLPT)
— —
and hence det(£) — det(L"). O

5.3. The rank-minimal subspace obstruction.

Definition 5.7. We define the minimal matriz rank of £ to be 71(£) := min{rk(X) | X € £\{0,}}.
More generally, for 1 < k < m, we define

Tk(L£) := min{max{rk(X) | X € P\{0,}} | P € Gr(k, L)}
to be the minimal upperbound on the rank of nonzero elements of a k-dimensional subspace of L. 4
When k = 2, 3,4, we call 74,(L) the minimal pencil/net/web rank of L.
Proposition 5.8. If £L — L', then 1,(L") < 7,(L) for all 1 < k < m.
Proof. This holds since the set
{(L,P) € Gr(m,S™) x Gr(k,S") | P C L,VX € P :1k(X) < ¢}
is closed for all £ > 0. O
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5.4. The Segre symbol obstruction. Let A be an n x n matrix in Jordan normal form. The Segre
symbol corresponding to A is a multiset of partitions

4
o={kM, k), D, EOY

» iy s Vi
where A has /¢ distinct eigenvalues A1, ..., Ay and has Jordan blocks of sizes kgi), e k,(fi) corresponding

to A;. In particular, we have ), j k;i) = n. Denote by > the partial order on the set of Segre symbols

of n x n matrices in Jordan normal form generated by
{1, s Tepa } 2T, Tt Te e )
and
{m,. e, u} > {71, ..., 70, '} when pvp/
where > is the dominance order on partitions and the sum (k1,...,k,) 4+ (¢1,...,4y) is defined to be
(kl + Elv vy kmax(n,m) + gmax(n,m))
with k; = 0 for i > n and ¢; = 0 for j > m. See [6] for the history of the term Segre symbol.

Proposition 5.9. Let L C S™ be a Jordan space and let U,V € L be invertible matrices. Then the
following statements hold:

(1) The sets of Segre symbols corresponding to the Jordan normal forms of matrices in LU~ and
in LV~ are equal.

(2) The set of Segre symbols corresponding to the Jordan mnormal form of a matriz in LU~ has
a unique mazimal element.

Proof. (1) Since the Jordan normal form of a matrix and its transpose are the same, it suffices to
prove that £V~ is similar to (CU~')T = U~' L. By [1, Lemma 2.3], we have WU ~'W =V for
some matrix W € £. And by Theorem 1.1(c) applied to £~" and afterwards to £, we have

L= H =V Hyv=vwlicw V.
Hence LV = VW1 £LW~! is indeed similar to W=VW-1£=U"1L.

(2) Suppose that o1, ..., 0 are the maximal Segre symbols corresponding to the Jordan normal form
of a matrix in £U~!. Then we see that
k
LU = U{X € LU | the Segre symbol of X is at most o;}
i=1

Since LU ™! is subspace of C™*", it is irreducible. Since each of the sets on the right hand side is
closed, k must be equal to 1. O

Definition 5.10. We define the Segre symbol o(L) of a Jordan space £ C S™ to be the maximal
Segre symbol corresponding to the Jordan normal form of a matrix in £U ! for any invertible matrix
UelL. ¢

Remark 5.11. The set of Segre symbols corresponding to Jordan normal form of a matrix in £U~*
depends on U for general linear spaces of symmetric matrices. For example, let

x z Y
L= z z+y O
Y 0 x
Then £ does not contain nilpotent matrices. However J3 € £ and
01 0
0 0 1 e LJs
0 0 0
is nilpotent. Hence, the sets of Segre symbols are not the same. &

Question 5.12. Is the Segre symbol of a general linear space of symmetric matrices well-defined?
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Proposition 5.13. Congruent Jordan spaces have the same Segre symbol.

Proof. Let £ C S™ be a Jordan space and U € £, P € GL,, invertible matrices. Then £ U~ is similar
to PLU P ' = (PLPT)(PUPT)™! and hence o(L) = o(PLPT). O
Proposition 5.14. If L — L', then o(L) > o(L').

Proof. Suppose that £ — £'. Let U’ € £’ an invertible matrix and X’ € £’ any other matrix.
Then (U’, X”) is the limit of a sequence of pairs (U,, X,,) of matrices contained in a Jordan space L,
congruent to £. By replacing the sequence by a subsequence, we may assume that U, is invertible.
Since XUt = lim,, o X,U,; ! and the Segre symbol corresponding to the Jordan normal form of
X, Ut is at most o(L), we see that the same holds for the Segre symbol corresponding to the Jordan
normal form of XU 1. Hence o(L') < o(L). O

5.5. The orbit dimension obstruction.

Definition 5.15. We define the orbit dimension d(L) of L to be the dimension of the irreducible
variety {(Y1,...,Yn) | span(Ys,...,Y,,) € GL, - L}. *

Proposition 5.16. If L — L', then d(L) > d(L') with equality if and only if L, L are congruent.
Proof. Assume that £ — £'. Then
{(Y1,...,Yy) |span(Yy,...,Y,,) € GL, - £} D {(Y1,...,Y,,) | span(Yy,...,Y,,) € GL, - L'}

and hence d(£) > d(L'). Since both varieties are irreducible, equality of the dimensions implies that
L, L' are congruent. O

6. FAMILIES OF DEGENERATIONS OF JORDAN NETS

Fix an integer n > 2. Theorem 4.1 classifies all embeddings of the Jordan algebras C x C x C, C x j(l),
Clz]/(2®), J3 and J7 into S™. The goal of this section is to determine all degenerations between these
embeddings. The abstract obstruction shows that there are no degenerations between the A’s and the
B’s. So we can handle them seperately. For the construction of the degenerations, see Appendix A.1.
We now prove that these degeneration generate everything.

Proposition 6.1. The degenerations

(a) Al(cll),kg,kp, - Al(ci),kl,k2+k3 (f) Aflzl,kg - Al(c?)—&-kg—r,r—k%kg Jorky < < ki + ks
(b) Al(cll),krz,kg - Al(ci)Jrk3,k1+k2,k3 (8) Aflzl,kz - Ag-?)—)(kl-i-kz),kl,kg for v > ki + ks

() A](€11),k2,k3 - Al(v21)-i-k2+k3,k2,k3 (h) Az(g?i),k27k3 = Azf)Jr1,k2+1,k371 Jor ks >1

(d) Aflzl,l@ - A7(~,2121+2,k2—1 for k2 >1 (i) Az(j),@,kg - Al(j)+2,k2—1,k3 for k2 >0

() Ai,?lzl,kQ - Agc?i),kfr,r Jor v < ks () Al(c:i),kz,kg, - Al(c:i)fl,k2+2,k371 for k> 0,k3 > 1

generate all degenerations between Jordan nets labelled with an A.

Proof. The following table shows for each orbit its determinant, minimal rank, minimal pencil rank
and Segre symbol.

det T1 To o
ki+kot+ks  kotks ks
N~ A~
Al(cll),kzz o xk1+k2+k3yk2+kszk3 ks ko + 2k (1-----D)1----D(1---1)
T kz k?l
N NSNS
Afvgil . gk 2k min(r, k) | min(r + ko, ky + 2ks) 1---1)(2---21---1)
& k k
(3) P
Akl,k2k3 " k3 ko + 2k3 (3---32---21---1)

The abstract obstruction shows that we have the following 6 possible cases:
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(1) Suppose that Al(j),kg’ ks Ag?leg' Then the Segre symbol obstruction shows that
[3 fz fl k?3 k2 kl
NS NS
(3..-32...21--.1) < (3---32---21---1)
This means that we can reach (¢1,¢s,¢3) from (ki, k2, k3) by a series of moves where in each step we
replace (k1, ko, k3) by either (k1 +1,ka+1,k3 —1), (k1 +2,ko —1,k3) or (k1 —1,ka+2,k3 —1). Hence
Afi)yk%% — Ag’?fz,fs is obtained as a composition of degenerations from (h),(i),(j).

(2) Suppose that A?) ke Af?hes. The Segre symbol obstruction shows that

k1
T kz—’!‘ ]{)1
NSNS .
P 3---32--21--1)  ifr<k
—_—— k2 r—ko kitka—r

AN NS /N .
(B3-32.- 2T 1) ifky<r <lhy+ho
ko ke r—(ki+k2)

NN — .
(3---32---21------ 1) ifr >k +ko

and hence we have:

° Ag),kg—r,'r — Ag?g%g?’ when r < ko;

° Al(cgl)—‘rk2—r,r—k2,k2 — Ag?blg when ko < r < ki + ko; and
(3) (3)

° A,._(k1+k2)7k1,k2 — A€1,€2,€3 when r > ki + ko

by (1). So Aflzhkg — Ag’?eg,es is obtained as a composition of degenerations from (1),(e),(f),(g).

(3) Suppose that AS,ZMZ — Ag,)él,éz' Then the determinantal obstruction shows that {r, ki + 2k} =

{r', 41 + 2¢5}. Now, the Segre symbol obstruction shows that » = ' and ¢5 < ky. Hence the
degeneration is from (d).
(4) Suppose that Al(ﬂll),kg’ ks Ag’?&ly Then the Segre symbol obstruction shows that

[3 fz fl k?3 k2 kl
NS NS
(3..-32...21--. 1)< (3---32--.21---1)

and hence A§€31),k2,k‘3 — Atg’??ﬁz,ﬁa' We have Agl)’kz,k?’ — Ag)’k%k?) using for example (a),(e). So using (1),
we are done.

(5) Suppose that Agl) ko ks A®) ¢,- Then the Segre symbol obstruction shows that

Ty,

r 123 41 ki+ka+ks  kotks k3
~ =~ ——
a---nDe---21---0)<(1----- D@A----D(1---1)

and hence r € {ky + k2 + k3, k2 + k3, k3}. When r = k3, we see that
123 4 kit+ka+ks  kotks

A~ N —

221 1)<(1---- DI 1)

which implies that {2 < ka+k3 and so Agci),kl,kz—&-ks — Aggl 1, using (a),(d). When r > ks, the minimal
rank obstruction shows that £5 < k3 and so A'?) ks A®) using (b),(d) or (c),(d).

rn—r—2ks, 701,02

(6) Suppose that A,(Cll),kz) ks Aéi?e%eg- Then the determinant obstruction shows that

xkl +ko+ks, kao+ks st Ly+Lo+L3,) La+L3 253

Y - Y

which implies that (kl, kg, ]{53) = (61,52763). O

Proposition 6.2. The degenerations

(a) BT(Ll/)2 — B,(CQ()) g2 Jor 1<k < n/4if2|n

2 2
(b) BE), = BY ., fork>1

generate all degenerations between Jordan nets labelled with an B.
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Proof. The following table shows for each orbit its determinant, minimal rank and minimal pencil

rank.

det 1 | T2
Bfll)z (xy —22)"2 | n/2 | n
B,(le 0 | atyhtt 2k | Lo

The abstract obstruction shows that we have the following 2 possible cases:

(1) Suppose that B,(fzh[z — Bl(j,)f’l,%' Then the determinantal obstruction shows that (¢1,¢2) = (€7, ¢5)

and the minimum rank condition shows that &’ < k. So the degenerations is from (b).

(2) Suppose that BS/)Q — Bl(jtgl,ez' Then the determinantal obstruction shows that (¢1,¢2) = (0,n/2)

and the minimum rank obstruction shows that k¥ < n/4. So the degenerations is from (a). g

We see that the closures of the orbits A,(Cll) ko ks A Bfll/)z are always components of the Jordan locus.
We compute their codimenions in Gr(3,S").

Proposition 6.3. Write (ny,na,n3) = (k1 + ko + k3, ko + ks, k3). Then Agl)kz ks 08 invariant under

M@ Q1 €0(ny),\ € C7,
A2Q2 Q2 € O(nz), Ay € C*,
A3Q3 Q3 € O(ng), A3 € C*

together with
1n1 1n1
and Py 1= 1.,
11’L3 1TL2

P1 = ]-n

1

when n1 = ny and when ny = ng, respectively. These matrices generate the stabilizer of A,(cll)l€2 ks -

The orbit of A,(Cll{k%% has codimension n% + ning + n% + ning + naong + n% +ny 4+ ng +nz — 6.

Proof. Let
AeCm>*™  BeCm*" (CeCmXms,
DeC™*™, EeCm*m, FeChrm,
G c (Cngxnl H c (C’n3><n2 I c (C’H«Z%XWS

be matrices such that
-

AB O\ A B C "
1 1
D B F Akl,k27k3 D E F :Akl,kg,kg'
G H I G H I
Then
AAT ADT  AGT A B C\ [1n, A B c\'
DAT DDT DGT|=|D E F 0,, D E F| eAl, ..
GAT GDT GGT G H I 0.,/ \G H I

So of A, D, G, we see that one is of the form \;Q; with Q1 € O(n1) and \; € C*. It then easily
follows that the other two matrices are zero. Note that D = A\1(Q); is only possible when n; = ny and
G = M@ is only possible when n; = ny = ng. Similarly, we see that one of B, F, H is of the form
A2Q2 with Q2 € O(ng) and Ay € C* and the other two matrices are zero. And, we see that one of
C, F,I is of the form \yQ2 with Q35 € O(n3) and A3 € C* and the other two matrices are zero. It is
straightforward to check that this matrix is in the group generated by the given matrices. O

Proposition 6.4. The stabilizer of Br(Ll/)2 1

{(ig Zg) ‘Q € O(n)2), <‘CL Z) c GLQ(C)} .

The orbit of Bfll/)Q has codimension 5(n?/8 +n/4 —1).
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Proof. Let A, B,C, D € C"?*™/2 be such that
.
A B A B
(1) — g

AAT  ACT A B\ (1. A B\ _ .o
= €B
CAT coT C D 0,:)\C D
and hence (A,C) = (aQ, cQ) for some Q € O(n/2) and a,c € C. Similarly, we find that (B,D) =
(bP,dP) for some P € O(n/2) and b,d € C. Now

R A B _ a]-n/2 b]-n/2 Q
97=\c D)7 \cln, di,), P

and so Diag(Q, P) also lies in the stabilizer of BT(Ll/)z. It is straightforward to check that this is only
possible when P, @ are linearly dependent. So g must be of the required form. |

Then

We believe that the codimenions of the other orbits are also polynomials in their parameters.

Conjecture 6.5. The codimenions of A5‘,2k):17k2’A]Ei),kmkg’Bl(jzh@z in Gr(3,S™) are polynomials func-
tions fa(r, k1, k2), f3(k1, k2, k3), g(k, £1,42) of degree < 2, respectively.

Assuming the conjecture, we find

fa(r, ki, ko) = 72 +rky + k% 4 2rky + 3kyko + 3k3 + 1 + ky + 2ky — 5,
fg(kil,k‘g, k3) = ki% + 3k1ko + Skg + 4k ks + 8koks + 6](1?2) + k1 + 2ko + 3k3 — 4,
g(k),gl,fg) = 35%/2+2£1£2+5€§/2—€1/2+5€2/2—5

7. JORDAN NETS FOR 1 < 6

In this section, we finally give the diagrams of congruence-orbits of Jordan nets in S and their
degenerations for n < 6. For n = 2, the whole space S? is the only Jordan net. For n = 3, we have 3
orbits which form a chain. For n = 4, the degenerations where classified in [1]. See Figures 1, 2 and 3.

codim 3 A((f())’l
|

codim 0 BWY codim 4 A%
|

codim 5 Agj’&l

FIGURE 1. Jordan nets in S? and their FIGURE 2. Jordan nets in S® and their

degenerations. degenerations.
codim 9 A%,l
/ AN
codim 10 A%,l Aﬁ@ By
AN / N S AN
codim 11 AP ~ Can - B,
codim 12 Cy2

FIGURE 3. Jordan nets in S* and their degenerations.



THE GEOMETRIES OF JORDAN NETS AND JORDAN WEBS 27

Remark 7. 1 To prove that Figure 3 contains all degenerations, one needs to prove in particular that
Aglo L B1 0,2 and Aé?()m # Cy1. In [1], this was proven using equations on the orbits of A%,l and
A(Q?&l that do not hold for Bf&2 and Cy 1, respectively, found by a computer search. Now, we also

see that A%’l as Bfg)2 follows from the minimal rank obstruction and Aé?()m # Cy1 follows from the
Segre symbol obstruction. &

The first new case is that of n = 5. We have the following result.
Theorem 7.2. The following diagram describes all degenerations of Jordan nets in S°.

codim 16 A(()TM

\

codim 17 Aélg 1

/
/ \ | \
codim 18 Aéz&l A:(LZ2 A(3
\

codim 19 Aég()) 1

codim 20 Cso

Proof. To show that the diagram describes all degenerations, we need to show that A:(f()),p Bﬁ),z +

C5,1. Note that the set

{(E,P) € Gr(3,S™) x Gr(2,S™)

P CLrk(X)<2forall X €P,
det(QPQT) € {f?} for all Q € C**"

is closed and GL,(C)-stable. Hence so is its projection on Gr(3, ") The orbits Ag?371,3§?1)72 are
contained in this projection while the orbit Cs ; is not. So indeed A 0 1) Bﬁ)’z 4 Cs1. O

Next is the case of n = 6. Consider the following diagram.

codim 24
codim 25 Aﬂ@
/ AN
codim 26 A AP, AT,
I~
codim 27 AN AP
/ AN
codim2s AP AP
\ |
codim 29 A;(),?())J
codim 30 \

FIGURE 4. Jordan nets in S® and their degenerations. The dotted lines indicate that
we do not know whether these degenerations exist, but we believe that they do not.

We believe that B 7L> Cs,6. This would prove that the diagram in Figure 4 is already complete.
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Conjecture 7.3. For n =6, we have Bél) # Cs 6.
We have the following weaker statement.

Proposition 7.4. We have Bf&?, # Cs6.

Proof. Suppose that Bfg,?, — Cs,¢ and identify £ C S® with (a,b,c,d, e, f) L(a,b,c,d,e, )T, so that

Bizgd = span(2ac + b%, ad, 2df + €?) and Cs 6 = span(ab, ac, af + be + cd).

Using Remark 5.2, there exist linear forms A, B,C, D, E, F in a,b,c,d, e, f over C((t)) and a matrix
Q € GL3(C((t))) such that every entry of

(G1,G3,G3) := (2AC + B*, AD,2DF + E*)Q
is a form with coefficients in C[[t]] and lim;,o(G1, G2, G2) = (ab, ac,af + be + cd). Note that
2AC + B?,AD,2DF + E*
are linearly independent over C((t¢)) and
A (2AC + B?) + M AD + \3(DF + E?), A, A2, A3 € C((2))

converges to an element of Cg as t — 0 whenever its coefficients lie in C[[t]]. Note that we are allowed
to replace (A, B,C, D, E, F) by (u1 A, u2 B, u3C, paD, us E, g F) as long as pipz = pi and pape = p2.
So we may assume that A, D converge to nonzero forms in a,b,c,d,e, f. Now AD converges to a
nonzero element of C. Since AD has rank 2, this element must be a(\b 4 uc) for some (X : p) € P*.
Using a basechange in b, ¢, we may assume that (A, ) = (1,0). Using symmetry and by scaling A, D,
we may assume that A — a and D — b as t — 0. Next, consider the form 2DF + E?. Since AD — ab
as t — 0, there exists an A\ € C((¢)) such that

MAD+2DF + E? € spanc((t))(aQ, b2, ac, be, c?)

and we replace F' by F + AD/2. We scale E, F such that 2DF + E? converges to a nonzero element
of Cg. Since 2DF + E? has rank 3 and its limit lies in span(a?,b?, ac, be, c?), we can scale so that
2DF + E?> > acast — 0.

We now see that (b,ac) is a limit of pairs of the form (D,2DF + E?) where D, E, F are forms
in a,b,c,d,e, f. By setting d,e, f to zero, we see that (b,ac) is also a limit of pairs of the form
(D,2DF + E?) where D, E, F are forms in a,b,c. The closure of such pairs forms a hyperplane in
C{a,b,c} x C{a?,ab,b?, ac,be,c?} that does not contain (b, ac). This is a contradiction. O

Theorem 7.5. Apart from possibly the dotted line, the diagram in Figure 4 describes all degenerations
of Jordan nets in S°.
Proof. We have the following obstructions:

e We have Bg?&?) # Cg 6 by Proposition 7.4.

e We have Ag&l # Cg 5 since TQ(A:(;())J) =2<3="(Css).

o We have Ai(’i()),l # Cg ¢ since Tl(Ag&l) =1<2=7(Csgp)-

o We have AL | /4 Cga since o(AS] ) = (111)(21) # (222) = 0(Cs.4).

o We have A) | # Co 7 since o(A7) ) = (1111)2 # (2211) = 0(Cg 7).

o We have B{) , /4 Cg 5 since 5(B{,) = 2 < 3 = m(Cg 5).

e We have A(()ij’()m # Cg 4 since U(Aé‘?&Q) = (33) 2 (222) = 0(Cs,4).

Using these obstructions, we see that the only possibly missing degenerations are the dotted lines. [J
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8. NUMERICAL RESULTS FOR BIGGER n AND JORDAN WEBS

This section is devoted to finding degenerations between embedded Jordan algebras in the sense of
Definition 5.1. A basis X3, ..., X,, of an embedded Jordan algebra £ C S™ gives the n x n x m tensor

X = [X1||Xm]

and, for P;, P, € GL,(C) and Q € GL,,(C), we write [X; Py, P, Q] for the result of acting on the
rows, columns and layers of X by P;, P», @), respectively. Definition 5.1 is then equivalent to

lm[X; P(0), P(1), Q)] = Y

for some P € GL,(C[t*!]) and Q € GL,,(C[t*!]) and a corresponding basis tensor Y for £'. Given
a basis tensor X of £, the basis tensors of £’ in the orbit of £ are [X; P, P,Q] for P € GL,(C) and
Q € GL,,(C), and if Y is a basis tensor of a degeneration of £, then Y lies in the Zariski closure of
the polynomial map

(CnX’rl X(mem — CanXm
(P,Q) — [X;PPQ]
On the other hand, if Y does not lie in the Zariski closure, then the corresponding embedded Jordan
algebra is no degeneration of L since the closures in the Euclidean and Zariski topologies coincide.
A definite answer can be given by eliminating the variables (P, Q) from the ideal Z C C[P,Q, Z]

generated by the equations Z — [X; P, P,Q]: If Y € V(Z N C[Z]), then Y is a basis tensor of a
degeneration of £. This is however only feasible for very small n and m.

Instead, we use gradient descent algorithms to find the distance

inf f(P,Q)= inf ||Y—[X;P,PQ]
pPeCcnx™ PeCcnxm™
QecCmxm Qecmxm

of the orbit

{IX;P.P.Q]| P C™", Qe C™™)
of X to Y. This way can find a sequence (P;, @;) such that lim; o, f(P;,Q;) = 0 when Y is a basis of
a degeneration of £ with basis tensor X. We will say X degenerates to Y if infp g f(P, Q) = 0. The
function f is a real smooth function in 2(n? + m?) real variables. We can either use gradient descent
methods directly for f or we can use gradient methods for

inf F(P)= inf ( inf f(P,Q))z inf <min f(P,Q)),

PeCnxn PeCnxn Qecnxn PeCnxn Qe(cnxn

where the infimum is attained since f is quadratic and convex in ). We observed that using gradient
methods for F' instead of f was more effective. This might be a result of having less variables to
minimize over. The value of F' at P can be computed as the solution of a linear equation. If the
minimizer Q(P) is unique in a neighbourhood of P, we can compute the gradient of F' at P via the
chain rule using F(P) = f(P,Q(P)) and we get VF(P) = Vp f(P,Q) where @ is the minimizer in
the definition of F'. If F' is not smooth at P, i.e., if the minimizer ) is not unique, then its generalized
gradient in the sense of [4, Definition 1.1] is given by the convex hull of

{Vpf(P,Q) | Q is minimizer of f(P,Q)}.

In practice we used the BFGS method to minimize F in order to utilize second order information.
A major obstacle is that both f and F' are highly non-convex. Therefore there can be many local
minima. Hence, to find degenerations we therefore used gradient descents with 50 randomly generated
starting guesses Py € C"*" to have higher odds of finding the global minimum of F'.

Another obstacle is that for degenerations only a minimizing sequence exists, i.e., the infimum value
F = 0 is not attained. It is therefore not entirely obvious at which value of F we have found a
degeneration. Note that infimum value for nondegenerations is not only dependent on the choice of
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Jordan algebra in the orbit but even on the choice of basis tensor Y of £'. To tackle one of these
issues, we always use an orthonormal basis. We also use the following idea: let X,Y,Z be basis
tensors and take

If infp g f(P,Q) =0, then

inf W(P,Q)= inf |Z—[Y:P, P, Y: Py, Py, Qs] — [X: PyPy, PyPy, 2
mh (P,Q) P RS o, | [ L P, Q]+ [ 1, P, Q2] — [ 2Py, PPy, Q2Q1]||
< inf  (||Z - [Y; P, P, Q1] + |[Y; Pr, P, Q1] — [X; PoPy, PaPr, QuQi]))
P1,P2,Q1,Q2

= }D{I(SQ(P, Q)

where the last equality holds since [Y; Py, P1, Q1] is also a basis tensor of a degeneration of X if Y is
one. Now suppose that we know that X degenerates to Y. Then the distance of the orbit of X to Z
is not larger than the distance of the orbit of Y to Z. So if h(P1, Q1) > g(P2, Q2) + € for some € > 0,
we know that h(P1, Q1) > infp g h(P, Q) + € is not close to the minimum.

As a first experiment we confirmed Theorem 7.2 numerically. For this, we used the orthonormal bases
given by the Jordan algebras described in Theorems 4.1 and 4.2. The results are summarized in
Table 1 and confirm Theorem 7.2.

A((H 1 AS()) 1 Af()) 2 Ag 1 A:(s.()) 1 A% 1 Aé?’% 1 3521).2 Aé?()J 1 C’5,1 05,2
orbit of ALY | - [0382] 0.0 | 00 | 1.0 | 0.0 | 00 | 175 | 0.001 | 00 | 0.0
orbit of AY), [ 0438 | - | L0 | 1.0 | 0.0 | 0.0 | 1.0 | 175 | 0.0 | 0.0 | 0.0
orbit of A7), | 0.4 | 043 | - 1.0 | 1.0 | 00 | 00 | 1.75 | 0.0 | 0.0 | 0.0
orbit of A | | 0.379 | 0.438 | 0.985 | - 1.0 {0917 | 00 | 1.75 | 0.0 | 0.0 | 0.0
orbit of AY) ;[ 0628 | 0222 | 1.0 | 1.0 | - |0762| 1.0 | 175 | 0.0 | 05 | 0.0
orbit of A7), [ 0.591 | 043 | 1.0 | 1.0 | 10 - 1.0 | 1.75 | 0.0 | 0.0 | 0.0
orbit of AT] | [ 0.916 | 0.937 | 1.0 | 1.0 | 1.0 [0924| - | 175 | 00 | 0.0 | 0.0
orbit of B{*), | 0.628 | 0438 | 1.0 | 1.0 | 1.0 | 10 |L141| - | 075 | 05 | 0.0
orbit of AS) | 0.988 [ 1.003 | 1.0 | 1.0 | 1.0 |0924| 1.0 | 175 | - |05 | 00
orbit of C5; | 0.958 | 0.955 | 1.0 | 1.0 | 1.667 | 0.919 | 1.548 | 1.75 | 0.75 | - | 0.0
orbit of Cs5 | 1.028 | 1.020 | 1.0 | 1.5 | 1.667 | 1.0 | 1548 | 1.75 | 0.75 | 0.5 | -

TABLE 1. Squared distances found between orbits of the Jordan nets in S° via gra-
dient descent.

As a second experiment we confirmed all degenerations for Jordan nets in S® in Figure 4. For Con-
jecture 7.3, we have found further evidence. The smallest value of F' for basis tensors X and Y of the

Jordan algebras Bél) and Cg ¢ was 1.0 which suggests, that there is indeed no degeneration.

For Jordan nets in S” we found the Hasse diagram in Figure 5. For Jordan webs in S* and S° we
found the diagrams in Figures 6 and 7.
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APPENDIX A. DEGENERATIONS BETWEEN JORDAN SPACES

Fix integers n,m > 1 and let (x1,...,2,) be an m-tuple of formal symbols. Then the map
L (x1,. ., x) L(x1, .. x0) |

is a bijection Gr(m,S") — Gr(m,Clz1,...,2z,]2). Note that GL,, acts on Gr(m,S™) by congruence,

on Gr(m,Clzy,...,2,]2) coordinate transformation and that this bijection is in fact a morphism of

GL,,-sets. Below, we will find degenerations in Gr(m,S"™) by finding the equavalent degenerations in

Gr(m,Clz,...,Tn]2).

A.1. Families of degenerations between Jordan nets. We make the following identifications:

(1) _ 2 2 2 2 2 2
Akl,k%k3 =span(aj + ...+ A, 4 gyt kg 01 T oo T Oky kg €T oo Cky)

A, =span(al 4. a2, 2brer + .+ gy, +dE L dR b+ 0E)

AP, e =span((2a1cr +B3) + .+ (2ag,cr, +02,) + 2dier + ..+ 2digen, + R4+ fR

2a1b1 + ... 4 2ap,by, +di + ...+ dy, 0l + ...+ af,)
Proposition A.1. We have the following degenerations:

1 2
(a) Al(cl),kg,k3 - Al(€3),k1ak2+k3'

(1) (2)
Akl,kz,ka - Ak2+k3’k1+k2,k3 :

(1) (2)
Ak1 yka,ks - Akl +ka+ks,ka,ks

Ifky > 1, then A®) = AC) . .

If r < ko, then Af,zl,kz - AP

k1,ko—r,r-

)

)

)

)

) Ifky <7 <ky+ ko, then AC) = A L
) If r > ky + ko, then AT, — A,

)

)

)

T7

ki+k2),k1,ka”

(3) (3)
If ks > 1, then Akl’k%l€3 — Ak1+1,k2+1,k3—1'

3 3
Ifky >0, then AL — AP L0
If k1 >0 and ks > 1, then Ag{k%,% = Aii)_1,k2+27k3_1,

Proof. We note that (a)-(d) also follow from the degenerations between orbits of pencils found in [6].

(a) For t # 0, we send
bj +t?c; if j<ky+ks
“ H{ ty yiky) iG> kot [0 G0

we substract the second form from the first, we divide the first form by ¢ and let t — 0. We get
2b1c1 4 oot Wy kg Chp ks A5+ di, Ui+ bRk, Al .. Fap,

C (2
which is Akg,khkﬁk?’.

(b) For ¢ # 0, we send

aj»—>{ bj +t?c; if j <k

tdj 3 if j > ks }’bj'_)ajvcj'_)bj,
—k3

we substract the third form from the first, we divide the first form by ¢2 and let ¢t — 0. We get
2bic1 4.4 2oy H AT 4 Ay g, AT+ ARy, U b,

sl e A(2)
which is Ak2+k3’k1+k2,k3'

(c) For ¢ # 0, we send

bj + t2Cj lf] § kg

aj|—>aj,bjl—>{ tdjfkg ifj>]i)3 },le—>bj,
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we substract the third form from the second, we divide the second form by t? and let t — 0. We get
af 4.+ QR gk 20101+ 2bgcn, i+ dR, b+ b,

C e 4(2)
which is Ay "k, 4y ko ko

(d) If ko > 1, for ¢t # 0, we send
bj if j < ko ) tQCj if j < ko ‘ )
toy i j = ky }’CJH{ tr_j2 if =k, |4

where x4 = dj, +1 £ idg, +2, we divide the second form by t? and let t — 0. We get

al+...+al, ey + . A 2y ych, HdT 4 g, BT b

aj|—>aj,bj»—>{

which is A£,2121+2,k271'
(e) If r < ko, for ¢t # 0, we send

aj+t%b; ifj<r ‘ bj + tc; if j<r ‘ ‘
td,_, ifjsr 09T 2 tey i s 9T

we subtract the first form from the third, we divide the third form by 2, we subtract the third form
from the second, we divide the second form by t? and we let t — 0. We get

al+...+a, (2aie1 +b]) + ...+ (2a,c, +02) + 2dier + ...+ 2y, ey + [T+ fRL
2a1by + ...+ 2a,b, +di + ...+ d},_,

a; Haj,ij{

which is A,(j),kQ_T,T.
(f) If ky < r < ky + ko, for t # 0, we send

aj}_){ (lj—lbej lfjgkg

di+t%; ifj<r—k
) Y . 2. . J J > 2

tfjf(rfkg) lf] >r— kg
we subtract the third form from the first, we divide the first form by t2, we add the first form to the
second, we divide the second form by t? and we let ¢ — 0. We get and get

2a1b1 + ...+ 2ap,by, +di + ..+ P,
(2a1e1 +b3) + ... + (2ap,cn, +07,) +2d1er + ...+ 2drpy€rpy + fr Ao Ao s a5+t AR,

e 4(3)
which is Ak1+k2*7‘,T*k2,/€2'

(g) If r > k1 + ko, for t # 0, we send
aj +t2b; +the; if §j < ko
aj — tdj,k2+t3€j,k2 if ko <j<ky+ko ,bj|—>aj,cj»—>bj,dj '—)dj,
tzfj_(k1+k2) if j> ki + ke

we subtract the third form from the first, we divide the first form by ¢2, we subtract the second form
from the first, we divide the first form by ¢?> again and we let t — 0. We get

(2a1¢1 +b7) + ... + (2anycr, +b7,) + 2dier + .+ 2y en, + fT A ks
2a1by + ...+ 2ap,bp, +di + ...+ dp, al+ .. +ap,
which is Ai:?(k1+k2)yk1,k2.
(h) If k3 > 1, for t # 0, we send
Ahy > tdiy 1, bkg > 1 iy 4 1/2 4 Frrt1s Chs —> —t 2y i1/8 —t 2 fry11/2 +t tery 11
and we let t — 0. We get
(20101 +07) 4. . .+ (208, —1Cks—1 +biy 1)+ (2dryr1€rar1 + fh 1) F2d1er + . A 2dpyen, + fT 4 A fR
2a1by + ...+ 2ap,_1bgy_1 +di, o Fdi .+ dR, al .t al, .

. (3)
which is Ak1+1?k2+1’k371.
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(i) If k2 > 0, for ¢t # 0, we send
Ay F> tTy g, >t o /2
where x4 = fr,+1 £ ifk,+2 and we let t — 0. We get
(2a1e1 +07) + .+ 24w,y +0F,) +2dver + o4 2y 1€kt + (R n + i) ST SR

2a1by + ... 4 2ap,be, +dT 4.+ dR,_y, Al +... +aj,.

e 4(3)
which is Ak1+2,kg—1,k3'

() If ky > 0 and k3 > 1, for ¢t # 0, we send
Ay >t by =t 2, ey > Ty /2, [y it /2 — tyy)
where x4 = dy,4+1 £ idg,42, Y+ = €r,+1 L i€k, 42 and we let t — 0. We get

(2&101 + b?) +...+ (2ak3_1ck3_1 + bi?’_l) +2dier + ...+ 2dg,0€k,42 + f12 +...+ fl?l—lv

2a1by + ... 4 2ap,—1bgy—1 +dT . iy, af + ..t ap,

3
which is Ak1_17k2+27k3_1.

Next, note that BT(:/)2 is congruent to

(xJn/g zln/z)
Z]-n/2 an/Q '

Bfll/)z = span(a1Gn 2 + ... + Ay 201,010y )9 + .. by jobi,arby .o Gy by o)

B,(le,éz = span(aiag, + ...+ ag,a1,b1bp, + ...+ be,b1 + c? + ..+ c?l,albl + ...+ agby)

We make the following identifications:

Proposition A.2. We have the following degenerations:
(a) If 2 | n and for 1 <k <n/4, then BS; — B,(fé /2"
2 2)
(b) Ifk > 1, then BY) , = B2\, ..
Proof. (a) If 2| n and 1 < k < n/4, for t # 0, we send

a; leSk
a; —r ta; 1fk<z§n/2—k ,bi}—)bi,
t?a; ifi>n/2—k

divide the first form by ¢? and let ¢t — 0. We get
a10p /2 + ...+ an/gal,blbn/2 + ...+ bn/leyalbl + ...+ apbg

which is B .

(b) If k£ > 1, for t # 0, we send
a; ifi <k
a; — ta; 1fk§z§€2—k ,biHbi,Ci*—)Ci,
tQai ifi>40, — k
divide the first form by ¢? and let ¢t — 0. We get
a1, + ...+ agar, biby + ... +bybi + i+ 4+ cf, arbi + .. 4 ap_1bp_1

which is B, , . O
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A.2. Jordan nets in S°. We identify a Jordan net £ C S° with the associated net of quadrics
(a,b,c,d,e) L(a,b,c,d,e)". This gives the following list:
(1

A2,0,1 = span(a2 + b2 + CQa d27 62)) Aé:,))()),l = Spal 2ac + b2 + d2 + 62’ ab7 a/2)7
A((HJ = span(a? + b2, % + d?, €?), A(()?l,l = span(2ac + b% + 2de, 2ab + d?, a?),

(
( (
Ao = span(a?,2bc + d? + €2, b?), Bﬁ 9 span(ab, 2cd + €2, ac),
Ay o = span(a®, be + cd, b® + ¢?), Cs1 span(2ae + 2bd + 2, a?, b?),
A2?271 = span(a? + b2, 2cd + €2, ¢?), Cso = span(2ae + 2bd + ¢, ab, a?),
AP

:(3,0,1 = span(a? + b + 2, de, d?)

Proposition A.3. We have the following degenerations:
(a) 4751 — Csa. (d) BfY, = Csa.
(b) Ag?()),l — Cs 2. (e) C51 — Cs.

Proof. (a) For t # 0, we apply the coordinate transformation
(a,b,c,d,e) — (a,b,d,c,t™ a + te)
to go from A%J to
span(a?, 2bd 4 ¢* + (t7*a + te)?, b?) = span(2ae + 2bd + ¢ + t?e?, a?, b?)

and hence get span(2ae + 2bd + ¢, a?,b*) = Cs 1 when t — 0.
(b) For t # 0, we apply the coordinate transformation

(a,b,c,d,e) — (a,b,t?e, tc,i(b — t3d))
to go from A;?())’l to
span(2t?ae + b? 4 t2c* — (b — t2d)?, ab, a®) = span(2ae + ¢* 4 2bd — t*d*, ab, a?)

and hence get span(2ae + ¢ + 2bd, ab, a*) = C5 5 when t — 0.
(c) For t # 0, we apply the coordinate transformation

(a,b,c,d, e) — (a,tc,t?e, b, t2d)
to go from Aé?il to
span(2t?ae + t2c? + 2t%bd, 2tac + b*, a*) = span(2ae + ¢* 4 2bd, b* + 2tac, a?)

and hence get span(2ae + ¢ + 2bd, b?,a?) = Cs 1 when t — 0.
(d) For t # 0, we apply the coordinate transformation

(a,b,c,d,e) — (a —t2d,b — t?e, a, b, tc)
to go from Bfl),z to
span((a — t2d)(b — t?e), 2ab + t*c?, (a — t*d)a) = span(2bd + 2ae + ¢* — 2tde, ab + t*c* /2, a* — t*ad)

and hence get span(2bd + 2ae + ¢, ab,a*) = C5 5 when t — 0.
(e) For t # 0, we apply the coordinate transformation

(a,b,c,d,e) — (a,a+ t?b, te,d, —d + t%e)
to go from Cs; to
span(2a(—d + t?e) + 2(a + t2b)d + t2c2, a?, (a + tb)?) = span(2ae + 2bd + ¢*,a?, ab + t2b? /2)
and hence get span(2bd + 2ae + 2, ab, a?) = Cj 2 when t — 0. |
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A.3. Jordan nets in S°. We identify a Jordan net £ C S° with the associated net of quadrics
(a,b,c,d, e, f) L(a,b,c,d,e f)—r This gives the following list:

A3,071 = span(a® + b? + ¢? + d?, €2, f?), Ag?’()) 1 = span(2ac + b2 + d? + e + f2,ab,a?),
Aﬂ,l = span(a? + b? + 2, d? + €2, f?), A(l?il = span(2ac + b% + 2de + f2,2ab + d?, a?),
A((JT()L? = span(a® + b2, c® + d?,e? + f?), Ag?()m = span(2ac + b% + 2df + €2, ab + de, a® + d?),
Af%@ = span(a?, 2bc + d* + €% + f2,b?), Cs1 = span(af + be + cd,a® + 2, b* + %),
Aﬁz = span(a?, 2be + 2cd + f2 b’ + c?), Ces2 = span(af + be + cd,a® + ¢2, ab),

Ag?%’l = span(a? + b2, 2cd + €2 + f2,¢?), Ces3 = span(af + be + cd, 2ac + b%, ab),

Ag?()m = span(a? + b2, cf + de, ¢® + d?), Ces = span(af + be + cd,a® + b2, c?),

Agzil = span(a? + b + 2, 2de + f2,d?), Cess = span(af + be + cd, 2ab + %, a?),

Af()),l = span(a? + b? + ¢ + d?,ef, €?), Cs6 = span(af + be+ cd, ab, ac),

B%)Q = span(ab, 2cd + €2 + f2,ac), Ce7 = span(af + be + cd,a?, b?),

Bf&g = span(2ac + b2, 2df + €2, ad), Ces = span(af + be + cd,ab,a?),

Bél) = span(a® + b? + %, d* + €? + f?,ad + be + cf)

(a) Aéla 2 = o1 (i) A“") )2 = Cos
(b) A 1 3 L — Csq (k) 06,1 — Cg,2
(©) A%z = Co 0 e = o

(2) (m) Cs2 — Coa
(d) A2 2 1= Cea (n) Cs3 — Cs5
(e) A 2 — Cp.2 (0) Cs,3 = Ce
(f) B§ )2 — Cog (p) Co,a — Co5
(g) B( ~C (@) Co5 = Cé,7

230 3 6,4 (I‘) 06,6 — 0678
(h) A3 0,1 — Cﬁ 8 (S) 06,7 — CG,S
(i) Ag31 1= Ces

Proof. The proof follows the same structure as the proof of Proposition A.3. With ¢ # 0, we first
apply a coordinate transformation:

(a) (a,b,c,d,e, f)— (¢,b,a,c+td,b+te,i(a—tf))

a,b,c,d,e, f
a,b,c,d, e, f
a,b,e,d,e, f

ta,c,b,te, td, f)
a,a+te,b,te,d, —d + tf)
a,a+tb,c,td, e, —e +tf)

(q

S

(b) (a,b,e,d,e, f) > (a,b,e,t " ta+tf, it te,t e+ td)
(c) (a,b,c,d,e, f) — (c,b,a, f et~ e+ td)
(d) (a,b,c,d,e, f) — (a,b,c,d,t b+ te,t " La+tf)
(e) (a,b,c.d,e, f)w (a+b+tle+ f),i(a—0b)+tile — f),a,c,—td,b)
(f) (a,b,c,d,e, f)— (a,b,c,td,a+b+t(f +e)/2, z(a—b)—tz( —e)/2)
(2) (abcdef)+—>(a+zb c+itd, t(f —ie)/2,a—ib,c,—t(f +ie)/2)
(h) (a,b,c,d,e, f) — (a,b,t2f,i(b— t%e ),t(d+c)/ﬂ,tz’(d_c)/x/§)

(i) (a,b,c,d,e, f)— (a,b,tf,c, td,i(b— te))

() (a,b,c,d,e, f)— (b, —226+tb+t2zd/2 ti(2c — f) + (e — b/2),ib + ta, 2¢, tf)
(k) (abcdef)H(a—l—tbactd —e+tf,e)

() (a,b,¢,d,e, f) — (a,b,ia + tib + tic, —id, —td + t?e, —d + > f)
(m) (a,b,c,d,e, f) > (t(a —ib),a +ib,c, t2d, t>(f —ie)/2,t(f + ie)/2)
(n) (a,b,c,d,e, f) — (a,a+tc,—tc/2 + t2b,e,e/2 + td, —e/2 — td + t2 f)
(o) (abcdef)H(atbctdetf)
(p) (a,b,c,d,e, f) — (a+1tb,tc,a,—e +t2f,td,e)

) ( )= (

) ( )= (

) ( )= (

(
(
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Afterwards we apply a basechange over C[t,t71] and let ¢+ — 0 to obtain the degeneration. O

A.4. Jordan webs in S*. We identify a Jordan web £ C S* with the associated web of quadrics
(a,b,e,d,) L(a,b,c,d)". This gives the following list:

Aéém = span(a®, b?, 2, d?), c® = span(a 102, + d2, ac + bd, ad — be),
Aé?i,o,l = span(a 2,02, cd, 02) Eill) = n(2ac+d2 b2, ab,a )
A(()?i,o,l = span(ab, a?, cd, c?), Eilz) pan(ac, b + d?, ab, a?),
A(lil()JyO,l = span(a?, 2bd + c%, be, b?), E(Q) = span(ab cd, ac,a?),
A((f()),o,l = span(ad + bc, 2ac + b, ab, a?), Ef’) = span(2ac +b? + d?, ad, ab, a?),
Béll) = span(a? + b, c2, d?, cd), Fy; = span(ad + bc,a?, b?, ab)
Proposition A.5. We have the following degenerations:

(a) Aél()) 0,17 A0,1,0 1 () Aé?(%,o,l — Fy

(b) 823 01 A(()?%,O,l (h) B§11) — Ez(lll)

(c) A 0 1 0,177 A%()),og (i) C'(l) — F

(d) A 0101_>A85())01 §)) Ezi,l1)_>F4

(e) A 1 0 01 Ao 0,0,1 (k) EEQ) Ef)

(6) AD) 0 B W B — B

Proof. The proof follows the same structure as the proof of Proposition A.3. With ¢ # 0, we first
apply a coordinate transformation:

(a) (a,b,c,d) — (a,b,c,c+td)

(b) (a,b,c,d) — (a,a+ tb,c,d)

(c) (a,b,c,d) — (a,b+tc+t3d,b,c)

(d) (a,b,c,d) — (a,b,a+tb+t2c, b+ 2tc + td)
(e) (a,b,c,d) — (a+th+t2c+t3d,a,b,c)

(f) (a,b,c,d) — (a,t(b+id),b—id,2tc)

(g) (a,b,c,d) — (a,b,tc,td)

(h) (a,b,c,d) — (a+t3c,td,a,b)

(i) (a,b,¢,d) — (a,—tc, b, td)

() (a,b,¢,d) — (a,b,td, b+ tc)

(k) (a,b,c,d) — (a,ic,b,c+ td)

1) (a,b,¢,d) — (a,b+id,a +t(b—id), (b + id) + 2tc)

Afterwards we apply a basechange over C[t,t71] and let ¢+ — 0 to obtain the degeneration. O



