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Abstract

We investigate spontaneous critical dynamics of excitatory and inhibitory
(EI) sparsely connected populations of spiking leaky integrate-and-fire
neurons with conductance-based synapses. We use a bottom-up approach
to derive a single neuron gain function and a linear Poisson neuron
approximation which we use to study mean-field dynamics of the EI
population and its bifurcations. In the low firing rate regime, the qui-
escent state loses stability due to saddle-node or Hopf bifurcations. In
particular, at the Bogdanov-Takens (BT) bifurcation point which is
the intersection of the Hopf bifurcation and the saddle-node bifurca-
tion lines of the 2D dynamical system, the network shows avalanche
dynamics with power-law avalanche size and duration distributions. This
matches the characteristics of low firing spontaneous activity in the
cortex. By linearizing gain functions and excitatory and inhibitory null-
clines, we can approximate the location of the BT bifurcation point.
This point in the control parameter phase space corresponds to the
internal balance of excitation and inhibition and a slight excess of
external excitatory input to the excitatory population. Due to the
tight balance of average excitation and inhibition currents, the fir-
ing of the individual cells is fluctuation-driven. Around the BT point,
the spiking of neurons is a Poisson process and the population aver-
age membrane potential of neurons is approximately at the middle
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of the operating interval [VRest, Vth]. Moreover, the EI network is
close to both oscillatory and active-inactive phase transition regimes.

Keywords: Critical Brain Hypothesis, Scale Free Avalanches, Linear
Poisson Neuron, Bogdanov-Takens Bifurcation

1 Introduction

Experiments have shown that in the absence of stimuli, the cortical population
of neurons shows rich dynamical patterns, called spontaneous activity, which
do not look random and entirely noise-driven but are structured in spatiotem-
poral patterns (Takeda et al (2016); Thompson et al (2014)). Spontaneous
activity is assumed to be the substrate or background state of the neural sys-
tem with functional significance (Raichle (2010)). Experimental findings on
different temporal and spatial resolutions highlight the scale-free characteristic
of spontaneous activity.

In microcircuits of the brain during spontaneous activity, we observe
avalanche dynamics. This mode of activity was first closely investigated by
Beggs and Plenz (2003) in cultured slices of rat cortex using a multi-electrode
array with an inter-electrode distance of 200µm to record local field poten-
tials (LFP). An avalanche is defined as almost synchronized epochs of activity
separated by usually long periods of inactivity. At higher temporal resolu-
tion this seemingly synchronized pattern appears as a cascade of activity in
micro-electrodes arrays initiated from one (or a few) local sites that propagate
through the network and finally terminate. The main finding of this seminal
experimental paper is power-law scaling of the probability density function
for size and duration of avalanches. And causing an excitation and inhibition
imbalance by injecting specific drugs destroys power-law scaling. Further stud-
ies confirm these results in different setups like awake monkeys (Petermann
et al (2009)), in the cerebral cortex and hippocampus of anesthetized, asleep,
and awake rats ( Ribeiro et al (2010)) and the visual cortex of an anesthetized
cat (Hahn et al (2010)). Besides LFP data several studies report the scale-free
avalanche size distribution based on spike data ( Friedman et al (2012),Hahn
et al (2010), Mazzoni et al (2007)). Friedman et al (2012) analyzed cultured
slices of cortical tissue and collected data at individual neurons with different
spacing. Klaus et al (2011) showed that a power law is the best fit for neural
avalanches collected from in vivo and in vitro experiments.

Besides power-law scaling of size and duration of avalanches with exponents
τ ∼ −1.5 and α ∼ −2, respectively, they showed that the temporal profile
of avalanches is described by a single universal scaling function. Average size

versus average duration of avalanches is also a power-law with 〈s〉 = 〈T 〉
1

σνz

linked by a scaling relation
α− 1

τ − 1
=

1

σνz
between exponents. In addition,
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the mean temporal profile of avalanches follows a scaling form as in non-
equilibrium critical dynamics,

S(t, T ) ∼ T 1/σνz−1F (t/T ) (1)

Data sets collapse to the scaling function very well. The appearance of power
laws, scaling relations among their exponents, data collapse, and sensitivity
to the imbalance of excitation and inhibition led to the hypothesis that some-
how the brain is poised near criticality by a self-organization mechanism with
the balance of excitatory and inhibitory rates as the self-organizing parame-
ter. In this direction, many models have been presented in the past decades.
Short-term plasticity in excitatory neuronal models has been investigated as
a self-organizing principle for a non-conservative neuronal model Levina et al
(2009, 2007); Peng and Beggs (2013); di Santo et al (2018); Brochini et al
(2016). In addition, self-organization by other control parameters like degree
of connectivity or synaptic strength Bornholdt and Roehl (2003); Rybarsch
and Bornholdt (2014), STDP Meisel and Gross (2009), and balanced input
Benayoun et al (2010) has been studied.

On the other hand, the spontaneous firing of single neocortical neurons is
considered to be a noisy, stochastic process resembling a Poisson point process.
It has been claimed that the balance of excitation and inhibition is a necessary
condition for the noisy irregular firing of individual neurons as well as scale
free avalanche patterns at the population level. Since the network is settled in
a balanced state, a small deviation in the balance condition leads to a local
change in the firing rate. Therefore, the system is highly sensitive to input
while maintaining a low firing rate and highly variable spike trains at the indi-
vidual neuron level. Inhibitory-excitatory balance can lead to asynchronous
cortical states in local populations (Brunel and Hakim (1999, 2000, 2008))
and the emergence of waves and fronts at a larger scale of cortical activity
(Ermentrout (1998); Bressloff (2011)). At the level of individual neurons, this
balance leads to highly irregular firing of neurons with inter-spike interval dis-
tribution with CV close to one and thus resembling a Poisson process (Softky
and Koch (1993)). Studies using the voltage clamp method tracking conduc-
tance of excitatory and inhibitory synapses on neurons both in vivo and in
vitro, confirmed that there exist proportionality and balance of inhibitory and
excitatory currents during upstate (Haider et al (2006)), sensory input (Shu
et al (2003)) and spontaneous activity (Okun and Lampl (2008)). Benayoun
et al (2010) proposed a stochastic model of spiking neurons which matches the
Wilson-Cowan mean field in the limit of infinite system size that shows scale-
free avalanches in the balanced state in which sum of excitation and inhibition
is much larger than the net difference between them. Under symmetry condi-
tion on weights this makes the Jacobian to have two negative eigenvalues close
to zero in the balanced state suggesting the system operating in the vicinity of
a Bogdanov-Takens bifurcation point. Cowan et al (2013) used the method of
path integral representation in the stochastic model of spiking neurons supple-
mented by anti-Hebbian synaptic plasticity as the self-organizing mechanism.
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Their network possesses bistability close to the saddle-node bifurcation point
which is the origin of the avalanche behavior in the system.

In this work, we start from a bottom-up approach by analytically investi-
gating conditions on Poisson firing at the single neuron level and introducing
conditions on the balance of inhibitory and excitatory currents. Poisson firing
condition has been studied before in integrate and fire neurons with non-
conductance based and only excitatory current (Kistler and van Hemmen
(2000)). Here, we investigate conditions on balanced conductance-based input
currents that lead to Possion firing. Next, we build a linear Poisson neuron
model with minimal error in the low firing rate regime. The linear Poisson
regime of firing is a segment of the dynamical regime of the neuron response.
We can use this linearization to form an approximate linearized gain function.
This gain function can then be used to investigate dynamics of a sparsely or
all to all connected homogeneous network of inhibitory and excitatory neurons
and its bifurcation diagram. We also introduce another compatible approx-
imation of gain functions by sigmoids. We observe avalanche patterns with
power-law distributed sizes and duration at the intersection of saddle-node and
Hopf bifurcation lines, i.e., at a Bogdanov-Takens (BT) bifurcation point of the
mean field equations. At this point, the balance of excitatory and inhibitory
inputs leads to stationary values of membrane potentials that allow Poisson
firing at the single neuron level and avalanche type dynamics at the popula-
tion level. The firing of neurons is due to the accumulation of internal currents,
and external input by itself does not suffice to trigger firing. However, exter-
nal input imbalance to excitatory and inhibitory populations is needed for
the initiation of the avalanche. During each avalanche at the BT point, each
neuron on average activates one another neuron which leads to termination
of avalanches with power-law distributed durations and sizes. This is the case
when currents to single cells are balanced in a way that excess excitation firing
is compensated by inhibitory feedback. A linear relation between excitatory
and inhibitory rates close to the BT point enables us to write down the dynam-
ics of the excitatory population as a branching process. Close to the BT point
the branching parameter is close to one which is indicative of the critical state.
Tuning the system at BT can be attained by a balance of inhibitory feedback
leading to a condition on synaptic weights and adjustment of excess external
drive to the excitatory population. This is investigated in another article (
Ehsani and Jost (2022)), where we show how learning by STDP and homeo-
static synaptic plasticity as self-organizing principles can tune the system close
to the BT point by regulating the inhibitory feedback strength and excitatory
population gain.

2 Neuron model and network architechture

We use an integrate and fire neuron model in which the change in the mem-
brane voltage of the neuron receiving time dependent synaptic current i(t)
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follows :

C
dv(t)

dt
= gLeak(vLeak − v(t)) + i(t), (2)

for v(t) < vth . When the membrane voltage reaches vth = −50mv, the neuron
spikes and immediately its membrane voltage resets to vrest which is equal to
vLeak = −65mv.

In the following, we want to concentrate on a model with just one type
of inhibitory and one type of excitatory synapses, which can be seen as the
average effect of the two types of synapses. We can write the synaptic inhibitory
and excitatory current as

i(t) = ginh(t) ∗ (VRinh − v(t)) + gexc(t) ∗ (VRexc − v(t)) (3)

VRinh and VRexc are the reverse potentials of excitatory and inhibitory ion
channels, and based on experimental studies we choose values of −80mv
and 0mv for them respectively. ginh(t) and gexc(t) are the conductances of
inhibitory and excitatory ion channels. These conductances are changing by
the inhibitory and excitatory input to the cell. Each spike of a presynaptic
inhibitory or excitatory neuron j to a postsynaptic neuron k that is received by
k at time t0 will change the inhibitory or excitatory ion channel conductance
of the postsynaptic neuron for t > t0 according to

gkInh(t) = wkj ∗ ginh0 ∗ exp(− t− t0
τ inhsyn

)

gkExc(t) = wkj ∗ gexc0 ∗ exp(− t− t0
τexcsyn

) (4)

Here we assume that the rise time of synaptic conductances is very small
compared to other time scales in the model and therefore, we modeled the
synaptic current by a decay term with synaptic decay time constant τsyn
which we assume to be the same value of 5ms for both inhibitory and excita-
tory synapses. In the remainder of this work, in the simulation, we consider
a population of NExc = 2 ∗ 104 and NInh = 0.25 ∗ NExc inhibitory spiking
neurons with conductance-based currents introduced in this section. Each exci-

tatory neuron in the population is randomly connected to kEE =
NExc
100

= 200

excitatory and kEI =
kEE

4
inhibitory neurons and each inhibitory neuron is

connected to kIE = kEE and kII =
kEE

4
excitatory and inhibitory neurons,

respectively. The weights of excitatory synaptic connections are in a range that
10 − 20 synchronous excitatory spikes suffice to depolarize the target neuron
to the level of its firing threshold when it is initially at rest at the time of
input arrival. Weights are being drawn from a log-normal probability density
with low variance. Therefore, approximately O(

√
kEE) spikes are adequate
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for firing. Assuming homogeneity in the population as we have discussed in
the introduction we can build a mean-field equation for the excitatory and
inhibitory population in this sparse network, assuming each neuron receives
input with the same statistics.

3 Results

3.1 Response of a single neuron to the Poisson input

In this section, we want to consider the response of the neuron to a specific type
of current, namely Poisson input. The reason to consider this type of input is
that in an asynchronous firing state neurons receive Poisson input from other
neurons. Assume that the number of afferents to each neuron is high and the
population activity is nearly constant with firing rate r. Assuming homogeneity
in the number of connections and weights, then at any moment the probability
distribution that for a neuron, k presynaptic neurons out of a total number of

n presynaptic neurons are active is a binomial f(n, k,R) =

[
n
k

]
Rk(1−R)n−k

which in the regime R << 1 is well approximated by a Poisson distribution
with parameter nR.

We first study the response of the neuron to a non-fluctuating constant
periodic synaptic current. Suppose the target neuron receives constant num-
bers ρE and ρI of excitatory and inhibitory spikes per unit time, with all the
excitatory spikes having the same strength wE and all the inhibitory spikes
having the strength wI . The conductance of the excitatory channels gexc(t) is
modified by excitatory spikes arriving at times s < t :

gexc(t) =

∫ t

−∞
g0
excwEρEexp(−

t− s
τexcsyn

)ds = g0
excwEρEτ

exc
syn (5)

The same formula applies for the constant inhibitory current. The potential
of the target neuron fed by this current will reach a stationary value. If this
stationary limit is greater than Vth then the target neuron will fire periodically.
This constraint reads as :

ρI <
gleak ∗ (Vth − Vrest) + g0

exc ∗ wE ∗ ρE ∗ τ ∗ Vth
g0
inh ∗ wI ∗ τ(Vinh − Vth)

(6)

The stationary limit of the potential is a weighted average of reverse
potentials,

Vst =
gLVL + g0

excwEρEτVRexc + g0
inhwIρIτVRinh

gL + g0
excwEρEτ + g0

inhwIρIτ
(7)
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If input rates satisfy Equation 6, the output firing rate will be

ρout = (gleak + g0
excwEρEτ + g0

inhwIρIτ) ∗ (log
Vrest − Vst
Vth − Vst

)−1 (8)

The left-dashed curves in Figure 1 show the output firing rate for three different
values of excitatory input rate versus inhibitory input rate. In the rest of this
section we take the input to the neuron as stationary homogeneous Poissonian
inhibitory and excitatory spike trains. In this case the number of spikes in a
time interval ∆t follows a Poisson distribution:

p(k[t,t+∆T ]) = (λ∆T )k
e−λ∆T

k!
(9)

The output firing rate of the neuron to the Poisson input is depicted in Figure
1A. Compared to the constant input with the same constant rate as the Poisson
rate λ , the curve becomes smoother and the transition from silent state to
active state does not show a sharp jump. Below the critical inhibition value,
the neuron output follows the mean-field deterministic trajectory, however
close to this point the fluctuation effect caused by stochastic arrival of spikes
manifests itself. Moreover, the stochasticity in the input leads to stochastic
firing at the output. Figure 1B shows how the coefficient of variation of the
firing time interval of the output spike train change according to the input.
This quantity is calculated as

CV (δt) =
σδt
〈δt〉

(10)

where δt is the set of firing time intervals of the response of the target neuron
subjected to a stationary Poisson input. When the excitatory input is much
stronger than the inhibitory one the output firing pattern becomes more reg-
ular and the CV value is small. However, close to the inhibition cutoff, CV
becomes close to unity, which is characteristic of the Poisson point process.

The Poisson input in the limit of a high firing rate and small synaptic
weights can be approximated by a diffusion process. Suppose, in the time
interval [t, t + dt], N(t, t + dt) excitatory spikes arrive at the cell each with
synaptic strength we. As the spike arrival is a Poisson process with the rate λ
the distribution of N(t, t+ dt) is Poisson and all the cumulants of the random
variable N are equal to λdt. This leads to the following cumulant for I(t, t +
dt) = weN(t, t+ dt) :

κ1 =〈It,t+dt〉dt = weλdt

κ2 =V ar(It,t+dt) = w2
eλdt

κ3 =w3
eλdt (11)
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Fig. 1: (A) Firing rates of a neuron receiving excitatory Poisson input with
two different excitatory rates (the red curve corresponding to the higher one)
vs. the Poisson inhibitory input. Dashed lines are the response of the neuron to
the constant input with a magnitude equal to the Poisson rates (Equation 8).
(B) Coefficient of variation of the spike intervals of a neuron receiving Poisson
inputs of the same rates as in the left graph. Near cutoff, the neuron fires with
CV close to one.

Higher cumulants can be ignored if we assume that w3
eλ goes to zero in the

limit of a high number of afferent inputs. In theory, this can be achieved by

assuming weights to scale as we =
W√
k

where k is the number of presynaptic

neurons. In this case, λ ∼ O(k) and the average excitatory and inhibitory
currents are each of order O(

√
k), the variance of the current is of O(1) and

higher cumulants vanish in the limit of large k. In this case, one can take
I(t, t + dt) as a Gaussian random variable with mean and variance given by
the above equation. It can also be written as

I(t)dt = weλdt+ we
√
λdWt (12)

where Wt is a Wiener process.
In the conductance based model the input to the cell causes a change in the

conductance. As the input is stochastic the conductance is also a stochastic
variable which can be written as

g(t) =

∫ t

−∞
g0e
−
t− s
τ I(s)ds =

∫ t

−∞
e
−
t− s
τ g0weλds+

∫ t

−∞
e
−
t− s
τ g0we

√
λdWs

(13)
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Fig. 2: Mean (A), Variance (B), stationary probability distribution (C), and
auto-correlation (D) of the conductance g(t) of a neuron receiving Poisson
input. The red lines are the values calculated by the diffusion approximation
and the red curve in the bottom left plot is the Gaussian distribution with
the mean and variance as derived in the text. The auto-correlation matches
Equation 16. This figure shows that the diffusion approximation is valid.

The second term is the integral of a Wiener process with exponential kernel.
Fora stochastic process Yt =

∫ t
− inf

f(s)dWs, we can easily verify that:

〈Yt〉 =0

〈Y 2
t 〉 =

∫ t

− inf

f(s)2ds (14)

If we consider a stationary and homogeneous Poisson process as the input
then g(t) will also attain a stationary probability distribution. Using the above
equation, mean and variance of g(t) reach the limits

〈g〉 =τg0weλ

V ar(g) =
τg2

0w
2
eλ

2
(15)

With the above scaling of the weights, higher cumulants vanish and one can
assume that g(t) reaches a stationary Gaussian probability distribution with
mean and variance as above. The covariance of this process can be derived by
direct multiplication and averaging over the noise terms of g(t) and g(t′) from
Equation 15 to reach the following equation when t′ > t:

〈g(t)g(t′)〉 − 〈g(t)〉〈g(t′)〉 = V ar(g)e
−

(t′ − t)
τ (16)
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The same procedure applies to inhibitory currents. Figure 2 shows statistics
of conductance g(t) and the validity of diffusion approximation. If we assume
that the synaptic time scale τ is very small in comparison to the membrane
potential time scale, then one can ignore the cross correlation and consider
Yt = g(t)− 〈g〉 as Gaussian white noise. In this limit,

lim
τ→0
〈YtYs〉 = 2τvar(g) lim

τ→0

e
−

(s− t)
τ

2τ
= 2τvar(g)δ(t− s) (17)

This leads to a stochastic differential equation for the membrane potential
evolution in the conductance-based model, when v(t) < Vth:

C
dv(t)

dt
=[gLeak(vLeak − v(t))g0weλeτ(vRexc − v(t))g0wiλiτ(vRinh − v(t))]

+ ξexc(t)(vRexc − v(t)) + ξinh(t)(v(t)− vRinh)

≡ [a− bv] + ξexc(t)(vRexc − v(t)) + ξinh(t)(v(t)− vRinh) (18)

Here ξexc(t) and ξinh(t) are purely random Gaussian processes:

〈ξexc(t)〉 = 〈ξinh(t)〉 = 0

〈ξexc(t)ξexc(t′)〉 = τ2g2
0w

2
eλeδ(t− t′) ≡ Deδ(t− t′)

〈ξinh(t)ξinh(t′)〉 = τ2g2
0w

2
i λiδ(t− t′) ≡ Diδ(t− t′).

The first line of Equation 18 is the deterministic evolution of the poten-

tial. When the fixed point of the deterministic term, vinf
det = Vst =

a

b
as defined

by Equation 18 is greater than Vth, the effect of fluctuations is marginal and
the firing of the neuron is governed by the drift term. However, when Vst is
below the threshold, fluctuations in the input can result in firing of the neu-
ron. In Appendix .1, we calculate the variance and the mean of the membrane
potential and the output firing rate of the neuron in the Gaussian approxi-
mation. We can improve the approximation for the potential distribution and
the firing rate by considering the autocorrelation in the conductance. When τ
is not negligible but small, we can use the τ expansion method to account for
first-order corrections to the Fokker-Planck equation (Appendix .2). Figure 3C
shows that these corrections lead to a better approximation of the stationary
membrane potential variance in a low firing rate regime. The stationary vari-
ance of the membrane potential decreases at higher values of τsyn (Figures 3A
and 3B) . Higher rates in excitatory and inhibitory input would lead to lower
stationary variance and lower rates(Appendix .3).

3.1.1 Condition for Poisson output

In the model of conductance based synaptic currents, the output spike train is
Poisson in the regime of fluctuation driven spiking when the stationary average
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Fig. 3: (A1-A2) Stationary variance of the membrane potential and the out-
put firing rates, when the excitatory rate (x-axis) and inhibitory rates are
balanced so that the average membrane potential is at −57mv for three dif-
ferent values of τsyn = [1 (Blue), 3 (Red), 5 (Black)] ms. (B1-B2) Same with
average membrane potential tuned at the threshold value −50mv. (C) Sta-
tionary potential variance for a neuron receiving two different excitatory input
rates, 1000Hz(red) and 1600Hz (blue), and corresponding inhibitory input,
which places the average potential at a specific value shown in the x-axis.
Solid lines are simulation results, dashed lines correspond to low firing regimes
with tau approximation (Equation A2.1), and fine dashed lines show Gaussian
approximation. (τsyn = 2.5ms)

potential is away from the threshhold. To analyze the condition for Poisson
firing, we investigate the case where the stationary membrane potential is
below firing threshold. When excitatory and inhibitory currents are matched in
a way that the stationary membrane potential Vst is close to the firing threshold
Vth, the approximations in the previous section are no longer valid. In the limit
of a high number of affarents the drift term would set the average membrane
potential to its stationary value in a short time. Here we calculate the mean
firing time and variance of it based on the approximation that fluctuations in
the input close to the stationary average potential are weakly dependent on
the voltage level.

Therefore, our problem is reduced to the well known problem of the first

passage time of a Brownian particle evolving as
dx

dt
= −kx+ ξ(t) to reach the

threshold a. ξ is white noise with variance σ. We want to approximate results
for first passage time moments when the stationary membrane potential is close
to the threshold. The goal here is to obtain approximate analytical results for
firing rate and CV of the spike time interval to identify conditions for output
Poisson firing and linearization of the output rate.
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We apply the Siegert formula (Siegert (1951)) for the first passage time

(Appendix .4) in our case. Let us take x = v− a
b

, x0 = v0−
a

b
and xth = vth−

a

b

where 〈V 〉st =
a

b
. Thus, the random variable x evolves as

dx

dt
= −bx+σ(x)ξ(t).

where ξ is a white noise with unit variance and

σ2(x) =
1

C2
{De(vRexc −

a

b
+ x)2 +Di(vRinh −

a

b
+ x)2)}

b =
1

C
(gLeak + g0weλeτ + g0wiλiτ) (19)

For the case of Poisson current to the cell, if the mean value is close to the
threshold, the magnitude of fluctuations does not vary much in the interval
[Vrest, Vth] , therefore in the following we neglect dependence of σ on x.

The approximation for the mean passage time from the Siegert formula is

t1(xth | x0) =−
√
π

b
κ+ [(

a

b
− Vrest)

√
b

σ2
]

√
π

b
+

√
π

b
[(Vth −

a

b
)]

√
b

σ2

+
1

b
[(Vth −

a

b
)

√
b

σ2
]2 (20)

where κ is very weakly dependent on input rates and we take it as a constant
factor (see Eq.A4.4 in Appendix.4). Altogether, we can write down the average

rate of firing, ρ =
1

t1(xth | x0)
, in the case that the average stationary potential

is close to threshold as

ρ =
b√
π

(
1

κ+ (Vth −
a

b
)

√
b

σ2

) (21)

In Figure 4, we have plotted this rate approximation which causes only a

very small error when the average potential is near threshold. If 〈v〉 =
a

b
is

constant for balanced inhibitory and excitatory input rates, then the output
rate of the neuron would be linearly proportional to the input rates via the

factor b. Moreover the output rate would decrease as
1

xth
with the increase of

the distance of the stationary average potential from the threshold.
Next, we want to investigate the variance of first passage time. From the

recursion formula (Eq.A4.1 in Appendix.4) and after proper approximations
we end up with the following expression for the CV of the time interval between
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Fig. 4: Firing rate approximation by Gaussian assumption of Eq.A1.4 in
Appendix.1 (blue) and by near-threshold high firing assumption(red) of Eq.21
are compared with simulation results (black curve). Here, we fix the inhibitory
input and select a value of the excitatory input rate that leads to a specific
mean stationary membrane potential shown on the x-axis.

spikes:

CV 2 =
V ar(t)

〈t〉2
≈ 1 +

C

t1(xth | x0)2
+ 2
√
πln(2)

xth

b
√
bσ

t1(xth | x0)2
(22)

where C is a negative constant (see Eq.A4.5 in Appendix.4 ).The second term
is negative and monotonically goes to zero as xth increases. In the limit of
large xth, the second and the third term both go to zero and CV approaches 1.
However, in the near threshold approximation the maximum of the third term
occurs where CV is approaching 1. Expanding in powers of xth , we arrive at

xoptth := Vth − 〈V 〉st =
πσ

2
√
b

(23)

As shown in Appendix.3 (Eq.A3.1),
σ√
b

reaches a constant value for high

input rates. This can be used to determine the value of 〈V 〉st that leads to
maximal CV. Figure 5 shows the CV of the interspike interval for different sets
of excitatory and inhibitory pairs of input. As can be seen, at the threshold,
neuronal firing time intervals have lower variance, but the CV approaches
one far away from the threshold. The stationary membrane potential value
corresponding to the maximal value of CV from Equation 23 is shown in the
right diagram and it matches well with the actual values from the simulation.
At VP := 〈V 〉optst ≈ −0.56mv, the CV for different input rates has a maximum
independently of the rate values.
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Fig. 5: (A) CV of interspike intervals for four different excitatory input rates
and their corresponding inhibitory rates, which set the average membrane
potential at each specified value shown in the x-axis.(Red curve corresponds
to the highest excitatory rate (4000Hz) and the blue one to the lowest rate
(1000Hz) ) (B) Inhibitory rate vs. excitatory rate at the maximal CV . (C)
Membrane potential value at the value of the maximal CV .

In the middle plot, we see that the inhibitory rate which satisfies CV =
CVmax varies linearly with the excitatory rates. As can be seen, when the sta-
tionary membrane potential is approximately below VP , the CV of interspike
intervals approaches 1, independently of the values of inhibitory and excitatory
rates. This is an indicator that output firing in response to Poisson input is
itself a Poisson point process when 〈V 〉st lies below VP . For a more conclusive
result, one has to calculate higher moments or investigate the limit of the FPT
probability density when xth is very large. The fact that the Poisson output
condition for different sets of Poisson input leads to approximately a similar
level of the membrane potential enables us to introduce the linearization of
the output rate at the line corresponding to 〈Vm〉 = Vp.

3.1.2 Linear Poisson neuron approximation

Here we want to show that linearizing the response curve of a neuron receiving
Poisson current near VP , introduced in the last subsection, leads to a good
approximation for the firing rate of the neuron in a wide range of input rates.
The linearization is around the line characterized by Equation 7 with Vst = VP
in the ρexc−ρinh plane. This line corresponds to the balance of mean excitation
and inhibition at VP . On this balance line from Equation 21, the output rate
will depend linearly on the excitatory or inhibitory input rate (see Figure 6).

We want to linearize the output rate around VP . For this purpose let us
write the equation of the plane passing through the line of current balance at
VP (Eq.24) and the tangent line in the (ρE , ρout) plane at some arbitary point
(ρ0
I , ρ

0
E , ρ

0
out). The balance condition line for an excitatory neuron connected
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Fig. 6: Response of a population of neurons receiving excitatory and inhibitory
inputs balanced in a way that the drift term has a fixed point at VP =
−0.56mv. (A) Output firing rate for different values of balanced inhibitory and
excitatory input rates. The output rate changes semi-linearly on this line and
firing in this regime that is driven by the fluctuation in the input causes the
neuron to fire with Poisson point process statistics. (B)The stationary poten-
tial distribution of the population of neurons. There is a reservoir of neurons
close to the threshold while the average firing rate is about 20 Hz. Parameters
used: wE =0.5 ,wI = 0.75 , NE = 7000 , NI = 0.25 ∗NE

to kEE excitatory neurons and kIE inhibitory neurons each firing with the rate
ρE and ρI , respectively, and receiving external excitatory rate ρExt is of the
form:

ρeE ∗ kEE =
(VRinh − VP ) ∗ g0

inh ∗ wEI
g0
exc ∗ wEE ∗ (VP − VRexc)

ρI ∗ kEI

+
gleak(Vrest − VP )

τ ∗ g0
exc ∗ wEE ∗ (VP − VRexc)

− ρeExt
wEE

(24)

We rewrite this in simpler form as ρeE = kρI+C. The equations for the balance
line and the other tangent line in the (ρE , ρout) plane are

(ρE − ρ0
E)

k
= ρI − ρ0

I =
ρout − ρ0

out

αOI
ρO − ρ0

O

βOE
= ρE − ρ0

E (25)

Therefore, the equation of the plane passing through these lines is of the
form
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(ρout − ρ0
out) =βOE(ρE − ρ0

E) + (αOI − βOEk)(ρI − ρ0
I) (26)

βOE is the derivative of the nonlinear response at the selected point in
the direction of ρE , and αOI is proportional to the change of output rate
by changing inhibition and accordingly excitation on the balance line. These
derivatives do not vary much on the balance line, therefore, the choice of the
linearization point does not matter for us at this stage. This suggests that the
plane of Equation 26 is tangent to the ρout surface. This linear approximation,
however, fails for very high excitatory input where the saturation of the neuron
causes non-linearity. The linearization point is where the output firing curve
has the lowest curvature, and therefore the second derivative vanishes, which
makes the approximation error minimal. Figure 7 shows the output firing rate
of the target neuron and the linear approximation presented above.

In the next section, we want to investigate the homogeneous firing state of
a network. For this purpose we will look at self consistency solutions ρout =
ρE(in) = ρ∗E for an arbitrary value of inhibitory current. From Equation 26 :

(1− βOE)ρ∗E = (αOI − βOEk)(ρI − ρ0
I) + ρ0

O − βOEρ0
E (27)

Putting in kρ0
I − ρ0

E = −C and dividing the above equation by βOE , we
arrive at

(
1

βOE
− 1)ρ∗E = −kρI − C +

αOI
βOE

(ρI − ρ0
I) +

1

βOE
ρ0
O (28)

βOE depends on the number of excitatory input to the cell, KEE , and is
related to the proportional change of output firing at the balance line to the
change in the firing rate in each excitatory neuron. On the other hand, αOI ,
proportional to change in the firing rate while fixing the balance condition,
is much smaller than βOE . Therefore, when KEE is large, the self-consistency
equation matches the balance line of Equation 24 with a minimal error.

3.2 Sparse homogeneous EI population dynamics

As we have seen for sets of Poisson input that produce low firing output the
statistics of spiking events resembles a Poisson process. In a population of
neurons there might be a stable stationary or oscillatory population rate with
Poisson firing of individual neurons. In this case, the magnitude of fluctuations
in the population average scales as O(N). This inhomogeneous synchronous
or asynchronous firing state exists only in the low firing regime. In the high
firing state, the large imbalance of excitatory and inhibitory input leads to
periodic firing of the individual neurons which can be also synchronized with
high amplitude and high frequency oscillatory population rates. We can use
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Fig. 7: (A) Firing rate of a neuron w.r.t. different values of constant inhibitory
and excitatory input. (B) The same for Poisson input. (C) The linear approx-
imation for the output on the critical line of Eq.24. (D) The error of the linear
Poisson neuron approximation.

the linear Poisson approximation for identifying and analyzing the dynamics
in the low firing rate regime which is of most interest to us. In a homoge-
nous population, solutions of the self-consistency equations for both inhibitory
and excitatory neurons’ average output firing rate receiving synaptic currents
originated from both neurons in the population and external inhibitory and
excitatory currents λ can be written as follows:

ρstE = f(kEEρ
st
E , kEIρ

st
I , λEE , λEI) (29)

ρstI = g(kEIρ
st
E , kIIρ

st
I , λIE , λII) (30)

for ρE , ρI ∈ [0, ρmax] . Functions f and g are called excitatory and inhibitory
gain functions and kxy is the number of internal connections between neu-
rons in the population. Solving for these gain functions in the general case is
not analytically tractable for the EI population. Dynamics to the stationary
rates given by equations 29-30 can be phenomenologically approximated by
the following mean field equations:

dρE
dt

= − 1

τm
(ρE(t)− f(kEEρE(t), kEIρI(t), λEE , λEI))

dρI
dt

= − 1

τm
(ρI(t)− g(kEIρE(t), kIIρI(t), λIE , λII)) (31)
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This set of equations may have multiple solutions and changing control
parameters can lead to Hopf and saddle-node bifurcations, which in turn pro-
duce/destroy oscillations or produce/destroy pairs of fixed points. Although it
is possible to numerically investigate the FPE for EI populations and its bifur-
cation diagram, in the next subsections, we follow another approach by using
linearized nullclines approximation and logistic function approximation for
functions f and g. We show that studying these model systems is appropriate
for the bifurcation analysis and agrees with simulation results.

3.2.1 Linearized nullclines

Function f in the Equation 29 for the stationary excitatory rate is of the form
of an S-shape or sigmoidal curve. Therefore, this equation has one or three
solutions depending on the value of the inhibitory rate. This is shown in Figure
8A for three different total inhibitory currents. For a low to a moderate value
of inhibition there exist three fixed points, i.e. intersections of the linear line
with the sigmoidal gain function, at quiescent state, semi-linear section, and
high firing state. Increasing the inhibitory input rate causes the nonlinear gain
function to move to the right to the point specified in the graph by a blue dot,
and eventually the middle saddle and high fixed point annihilate each other
through a saddle-node bifurcation. On the other hand, increasing external
excitatory input will move the graph upward, which leads to the annihilation of
the low fixed point and the saddle through another SN bifurcation. Figure 8D
shows the solutions to the equation 29 for a typical sigmoidal gain function and
different values of total inhibitory current to the excitatory population. This
is plotted for two different values of wEE with the dashed curve corresponding
to higher wEE .

Similarly, Figure 8C is the plot corresponding to the Equation 30. Here, the
nonlinear sigmoid function g is plotted for three different values of excitatory
current. There exists a single intersection between the line passing through the
origin and these curves, which means Equation 30 has a unique solution for
the stationary inhibitory rate at each specific excitatory input. Figure 8F is
the plot of the location of these intersections for different values of inhibitory
input. As can be seen in Figure 8, there exists a semilinear section in the
nullcline graphs corresponding to solutions in the linear Poisson section of gain
functions. Based on the linear Poisson approximation of the section 3.1.2, the
equations for these lines in both excitatory and inhibitory nullcline graphs are:

ρexcE ∗ kEE =
(VRinh − VP ) ∗ g0

inh ∗ wEI
g0
exc ∗ wEE ∗ VP

ρI ∗ kEI

+
gleak(Vrest − VP )

τ ∗ g0
exc ∗ wEE ∗ VP

− λEE
wEE

(32)
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Fig. 8: (A) Excitatory neuron output rate vs. excitatory input rate at three
fixed values of inhibitory currents. (B) Linearized excitatory gain function.
(C) Inhibitory neuron output rate vs. inhibitory input at three different values
of excitatory current. (D) Excitatory nullclines of Equations 29-30 for two
different values of wEE with the dotted curve coressponding to the higher
value. (E) Linearization of the excitatory nullcline (F) Inhibitory nullcline and
its linearization based on Equations 32-33 (dotted curve).

ρinhE ∗ kIE =
(VRinh − VP ) ∗ g0

inh ∗ wII
g0
exc ∗ wIE ∗ VP

ρI ∗ kII

+
gleak(Vrest − VP )

τ ∗ g0
exc ∗ wIE ∗ VP

− λIE
wIE

(33)
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where kαβ is the number of excitatory/inhibitory synapse to an excitatory/in-
hibitory neuron. In the remainder of this work, we assume external inhibiotry
currents to be zero, in line with our assumption that inhibition is local in our

model. We assume
kEI
kEE

=
kII
kIE

, which simplifies our analysis.

In the ρI − ρE plane the slope and the y-intercept of the two lines in
Equations 32-33 determine the intersection of the two nonlinear nullclines and
can be used to find approximate locations of the bifurcation points of Equation
31. We choose 〈wEE〉 and ρExt = λEE as control parameters of our model.
Therefore, we first discuss how their change affects the nullclines of Equations
29-30. Increasing ρExt moves the sigmoid graph in Figure 8A upwards causing
the low and middle fixed points to move towards each other. For a sufficiently
high value of excitatory rate, these fixed points will disappear by a saddle-
node bifurcation. In the excitatory nullcline graph (Figure 8D) increasing ρExt
shifts the graph to the right. Increasing WEE will both reduce the y-intercept
of the excitatory nullcline and the slope of the linear section as shown in Fig.
8D. The nullcline for the inhibitory rate equation stays intact under change of
control parameters.

The intersections of the inhibitory and excitatory nullclines are solutions of
the set of rate equations 29-30. Based on the number of fixed points and their
stability, the system can show bi-stability of quiescent and high firing, oscil-
latory dynamics, avalanches, high synchronized activity, and quiescent state.
Investigating the linearized sections of the graphs can help us identify dif-
ferent regimes of activity. The slope and y-intercept of the linear sections of
both nullclines can be compared for this purpose. Based on the Poisson neu-
ron approximation there exists a point in control parameter space where the
y-intercept and slope of two nullclines are equal. This points is the solution of
the following linear constraints:

sexc :=
wEIkEI
wEEkEE

=
wIIkII
wIEkIE

:= sinh (34)

yexc :=
d− ρExt
wEEkEE

=
d− λIE
wIEkIE

:= yinh (35)

where d is a constant equal to
gleak(Vrest − Vth)

τ ∗ g0
exc ∗ (Vth − VRexc)

.

Figure 9A shows the case in which wEEwII > wEIwIE and the y-intercept
of the excitatory nullcline is lower than the inhibitory one. This occurs in the
regime of a low to moderate imbalance of excitatory and inhibitory external
input and high excitatory synaptic weight. In this case, the quiescent and the
high firing fixed point are both stable and separated by a saddle. Increasing
external excitatory input, the excitatory nullcline are shifted to the right and
the middle saddle and quiescent node disappear by a saddle-node bifurcation
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Fig. 9: Nullcline diagrams corresponding to regimes of bistabilty (A), high
synchronized firing(B), avalanches (C) and oscillatory dynamics (D). Red
curves are excitatory nullclines (Eq.29) and blue curves are inhibitory null-
clines (Eq.30).

and only the high firing synchronous state remains (Figure 9B). Increasing
wEE has the same qualitative effect. However, decreasing external input or
wEE drives the system to a quiescent state through different sets of bifurcations
depending on the initial state of the system and in general on other parameters
of the model. This intermediate transition state involves the appearance of a
fixed point in the linear section.

When sexc > sinh while yexc < yinh, there is a fixed point in the linear
section as depicted in Figure 9C. We will discuss the stability of the fixed
point on the linear segment in the following sections. By increasing external
input, the quiescent fixed point and the low saddle move closer to each other
while the fixed point on the linear section ascends to higher rate values. After
the saddle-node bifurcation at the low rate, only the fixed point on the linear
section survives as shown in Figure 9D. These two arrangements when the
fixed points are close to low firing regimes are important for us because of the
avalanche dynamics that appear near this region. The intersection point of the
nullclines in the semilinear regime can be approximated by the intersection
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point of the linearized nullclines which is:

ρcE =
τg0(V RE − Vth)(cIIρExt − cEIλIE) + gL(VL − Vth)(cII − cEI)

τ(cIEcEI − cEEcII)

ρcI =
τg0(V RE − Vth)(cEEλIE − cIEρExt)− gL(VL − Vth)(cIE − cEE)

τ(cIEcEI − cEEcII)
(36)

where cxy = kxywxygy(V Ry − Vth) .
As discussed previously, in the intermediate parameter range, the high fixed

point might become unstable through either an Andronov-Hopf or a saddle
node bifurcation. Figures 10-11 show nullcline graphs and population activity
when the high fixed point loses stability by a Hopf bifurcation. Fig.10A shows
nullclines of a system that has stable high and quiescent fixed points with a
saddle node at low rates. By decreasing wEE , sexc approaches sinh, while suffi-
cient external input guarantees that yexc < yinh during this parameter change.
In this particular setup, the inhibitory nullcline is semi-linear and we may
speculate that the high fixed point goes through a Hopf bifurcation when the
return point of the excitatory nullcline touches the inhibitory nullcline which
takes place at some value w∗EE ∈ [0.55, 0.75]. Decreasing wEE further, the high
saddle node descends through a linear segment and gets closer to the lower sad-
dle point (Fig.10B). The limit cycle becomes unstable by a saddle separatrix
loop bifurcation. After saddle-node annihilation of low and high saddles,the
system will end up in the quiescent state for low values of wEE(Fig.10C). Pop-
ulation activity in these three regimes is shown in Fig.11. Neurons are firing
synchronously at a high rates in three different sub-populations in the first
case. The high oscillatory activity appears in the second regime where the
unstable saddle, which is encircled by a stable limit cycle, lies close to the
high activity region. The membrane potential distribution, in this case, has a
higher variance, and neurons fire asynchronously.

On the other hand, Fig.12 shows the case in which a high fixed point loses
stability through colliding with the saddle that ascends along the linear section.
This situation occurs at a lower level of external input, in which decreasing
WEE causes yexc to pass above yinh before the slopes become equal. In this
case, the high activity fixed point is annihilated by the saddle point.

In addition to oscillatory activity in the middle range of rates, the
EI-population can exhibit non-oscillating asynchronous activity which corre-
sponds to a stable fixed point in the linear regime. Fig.13 is the simulation
result of the population rates similar to the setup of the Fig.11 with higher
WII , which, as we will see later, makes the fixed point on the linear section
stable.

3.2.2 Logistic function approximation of gain functions

In this section, we approximate gain functions by logistic functions to analyze
bifurcation diagrams and approximate locations of bifurcaion points. For this
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Fig. 10: Nullclines for excitatory and inhibitory neuron populations and their
corresponding linear approximations of Equations 32-33 obtained from network
simulation. Values of parameters are wEE = [0.75 (A), 0.55 (B), 0.4 (C)], wEI =
2, wII = 1.5, wIE = 0.6.

purpose, we consider the gain functions in following form:

gx(ρInh, yx) =
ρmax

1 + α(ρInh)e−kyx
− z0,

yx = gsynτwxIρInh(VRinh − Vth) + gsynτ(wxEρexc + ρxExt)(VRexc − Vth)

+ gL(VLeak − Vth),

z0 =
ρmax

1 + α(0)e−kgL(VLeak−Vth)
(37)

Here, x stands for either excitatory (E) or inhibitory (I) gain functions,
which have the same form but different input arguments. ρxExt is the external
excitatory input to the population x.

At yx = 0, balanced input sets the membrane potential at the threshold

value and the output rate is approximately gth =
ρmax

1 + α(ρInh)
. Dependence of

the output rate on inhibitory input, when the balance condition at threshhold
holds, is represented by the function α. At y = 0, the output rate is propor-
tional to the standard deviation in the input and it can be written as function
of the inhibitory input rate as (see Fig.14):

gth = b0 + b1
√
ρInh (38)

which fixes the function α(ρInh).
At equilibrium, the population rates satisfy:

ρI = gI(ρI , cIEρE + cIIρI + dρIExt)− z0

ρE = gE(ρI , cEEρE + cEIρI + dρEExt)− z0 (39)
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Fig. 11: Simulation of populations of NE = 10000 excitatory and NI =
0.25NE neurons connected by the same average synaptic weight values as in
Fig.10. (A1-B1-C1) Number of active excitatory neurons (dark blue) and active
inhibitory neurons (light blue) in each time slot of (0.1ms) for three different
values of wEE . (A2-B2-C2) The corresponding stationary membrane potential
distribution. In the asynchronous state, the distribution has higher variance.

where cxy = ckxywxy(VRy
− Vth). As before, we take wEE and ρEExt as control

parameters. Therefore, the solution of the first equation in Eq.39 is indepen-
dent of control parameters and gives a curve in the ρI − ρE plane. Taking into

account that the inverse of g(ρInh, y) is g−1(ρInh, z) =
1

k
(log(

z

ρmax − z
) +

log(α)), the equation for the inhibitory nullcline can be written as :

ρE =
1

cIE
(
1

k
[log(

(ρI + z0)

ρmax − (ρI + z0)
) + log(α)]− cIIρI − dρEExt − gL) (40)

The term in brackets accounts for non-linearity in low and high values of

ρI . The derivative of this term w.r.t. ρI is
ρmax

ρI(ρmax − ρI)
, which is very small

in the middle range of ρI at values close to 0.5ρmax. This is consistent with the
fact that nullclines are approximately linear in the middle range of the rates.

To analyze linear stability of the fixed points, we compute derivatives of
the gain function:

∂gx

∂ρE
= kcxEg

x(1− gx

ρmax
)

∂gx

∂ρI
= kcxIg

x(1− gx

ρmax
)− 1

α
gx(1− gx

ρmax
)
∂α

∂ρI
(41)

Here gx stands for gI or gE . One can substitute ρI + z0 and ρE + z0 from
Equation 39 for gI and gE , respectively. Therefore, the Jacobian matrix
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Fig. 12: Nullclines for excitatory (red curve) and inhibitory (blue curve) pop-
ulation rates.The parameters used are wEE = 0.6, wEI = 1.2, wII = 0.6
, wIE = 0.6 and wEE = [0.8(A), 0.6(B), 0.4(C), 0.2(D)]. Decreasing wEE
changes the intersections of the two curves.

Fig. 13: Simulation results of the network with same parameters as in Fig.11
except for wII = 2.4. The EI population shows asynchronous firing in the
medium range of wEE . This suggest that there is a stable fixed point at the
intersection of the linear segments of the excitatory and inhibitory nullclines.

components at the fixed point are:

J11 = −1 + cEEρ
E(1− ρE

ρmax
)

J12 = cEIρ
E(1− ρE

ρmax
)− 1

α
ρE(1− ρE

ρmax
)
∂α

∂ρI
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Fig. 14: Output rate as a function of input inhibitory rate, when the excitatory
rate is selected in a way that average membrane potential of the neuron is Vth.
Neuron is operating near a saddle-node bifurcation point at which F (Isyn) =
k
√
Isyn − I∗.

J21 = cIEρ
I(1− ρI

ρmax
)

J22 = −1 + cIIρ
I(1− ρI

ρmax
)− 1

α
ρI(1− ρI

ρmax
)
∂α

∂ρI
(42)

Hopf bifurcation occurs at fixed point solutions at which the trace of the
Jacobian vanishes and its determinant is positive. On the other hand, at saddle-
node bifurcation occurs at points where the determinant vanishes. Figure 15
shows the arrangement of excitatory and inhibitory nullclines at Hopf and
saddle-node bifurcation points. We proceed to approximate local bifurcation
lines in the parameter space.

The condition on zero trace Tr(J) = J11 + J22 = 0 parameterized by the
inhibitory nullcline curve(Eq.40) determines the value for wEE at which a Hopf
bifurcation can occur. Ignoring terms related to α, which are relatively small,
from equating the trace to zero, we have

cHEE =

2− cII ∗ ρI(1−
ρI
ρmax

)

ρE(1− ρE
ρmax

)
(43)

Then we have wHEE =
cHEE

ckEE(VRExc − Vth)
. For each (ρE , ρI) point on the

inhibitory nullcline (Eq.40), the above equation gives a value of wEE which sets
the trace of the Jacobian to zero at this point. The second equation in Eq.39
which corresponds to the excitatory nullcline determines ρEExt parameterized
by ρInh. Next, we should check the positivity of the determinant to sketch
the Hopf bifurcation line in the wEE − ρEExt plane. Neglecting non-linearities
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caused by α, the determinant of the Jacobian conditioned on zero trace is

det(J)|Tr(J)=0 = −(1− cIIρI(1−
ρI
ρmax

))2 − cIEcEIρI(1−
ρI
ρmax

)ρE(1− ρE
ρmax

)

(44)

At extremely low values of the rates (near zero), the determinant is negative
because of the −1 in the above formula. Conditioned on a sufficient amount
of inhibitory feedback strength, which is proportional to |cIEcEI |, the deter-
minant becomes positive at some point and the low fixed point loses stability
through a Hopf bifurcation. A point where both determinant and trace of J
are zero, is called a Bogdanov-Takens (BT) bifurcation point.

Inserting ρE(1 − ρE
ρmax

) from det(J)|Tr(J)=0 = 0 into the denominator of

the formula for wHEE and introducing the parameter γ = ρI(1−
ρI
ρmax

) , at the

BT point in the low rate regime:

cBTEE =
γcIEcEI(2− cII ∗ γ)

(1− cIIγ)2
(45)

When | cIIγ | is at a moderate value, i.e. sufficiently greater than one :

cBTEE ≈
cIEcEI
cII

(46)

If we take number of connections to satisfy
kEI
kEE

=
kII
kIE

, then wBTEE =

wIEwEI
wII

. On the semi-linear part of the inhibitory nullcline we have an approx-

imate relation between rates of the form
ρI
ρE
≈ wIE
wII

. The determinant on the

line of zero trace when ρE = wII

wIE
:= βρI is

det(J)|Tr(J)=0 = −1 + 2cIIγ + (c2ii − βcIEcEI)γ2 (47)

The function γ(ρI) has a maximum at
ρmax

2
. With this in mind, the condition

for positive determinant at a potential Hopf bifurcation fixed point at lower
rates of the linear regime is

det(J)L|Tr(J)=0 ≈ −c
2
IIρ

2
I − cIEcEIρEρI |cII |ρ2

I(|cEI | − |cII |) > 0 (48)

Therefore, if |cEI | > |cII |, the Hopf bifurcation line survives in the linear

regime. On this line, wHopfEE ≈ 2− cIIγ
c0EEβγ

, which has negative derivative
−2

βγ2
.

Thus, Hopf bifurcation in the linear regime occurs at lower values of wEE
compared to wBTEE . On the other hand, ρEExt should increase to satisfy the
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fixed point condition of equation 39 for the excitatory rate. Altogether, in the
(wEE−ρEExt) plane, the Hopf bifurcation line extends to lower wEE and higher
ρEExt from the low BT to high BT.

Ascending on the inhibitory nullcline, we reach the nonlinear high branch
of the curve, where a linear relation between rates no longer holds and the
second derivative of ρ∗E(ρI) will increase. In addition, γ(ρinh) decreases towards
zero. Taking into account these two facts, on the high branch det(J)L|Tr(J)=0

decreases and passes through zero at another Bogdanov Takens point at high
rate values. If inhibitory feedback is not strong enough, the conditions for Hopf
bifurcation are not satisfied.

To sketch the saddle-node bifurcation line we should look at solutions to
det(J) = 0. Inserting ρE(ρI) from Equation 40 into det(J), for each point
on the inhibitory nullcline, there exists some wEE for which det(J) = 0. The
only condition to check is wEE > 0. Again the condition that the excitatory
nullcline intersects the inhibitory one at the fixed point determines ρExt. Along
the semi-linear section of the nullcline, the condition det(J) = 0 translates into
the alignment of the slopes of the linearized nullclines. Therefore, along this
section wEE varies very little.

Figure 15 shows Hopf and saddle-Node bifurcation lines with parameters
written in the caption. As can be seen, there exist two Bogdanov -Takens
bifurcation points at low and high values of external input corresponding to
the intersection of nullclines in low and high firing rate regimes.
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Fig. 15: Local bifurcation diagram in the control parameter plane
(WEE , ρExt). The red curve is the Hopf bifurcation line and the blue curves
are saddle-node bifurcation lines. The free parameters of the model are ρInhExt =
300Hz,WII = 1,WEI = 1.8 and WIE = 0.6.

Figure 16 is the bifurcation diagram at low rates. Different regimes of phase
space corresponding to different numbers and/or types of fixed points have
been labeled. The system has between one and five fixed points. Region (1)
with low values of WEE and external input strength is the quiescent state
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with only one stable fixed point. In region (2), there is only an unstable fixed
point surrounded by a stable limit cycle corresponding to the intersection of
nullclines in the semi-linear sections. In regions (3) and (4) near the BT point,
two other fixed points exist at low firing rates. The type of solution in these
regions will be discussed later in this section. Region (5) corresponds to the case
where there exist 5 intersection points on the nullcline map and the bi-stability
of the quiescent and the high state which survives after the annihilation of
unstable nodes on the middle section of the nullcline to the region (6). Finally,
in the region (7), at high external input and synaptic weight, the only existing
fixed point is the high firing one.

Dashed lines are the constraints of Equations 34-35 corresponding to equal
slope and y-intercept of the linearized nullclines. The vertical line is the value of
w∗EE that matches the slopes, for wEE < w∗EE the inhibitory feedback is getting
stronger. The oblique line shows values of ρExt for each wEE that equalize y-
intercepts of linearized nullclines. In the region below this line yinh < yexc and
vice versa.

0.705 0.71 0.715 0.72 0.725
w

EE

1200

1400

1600

1800

2000

2200

E
x
t

1-Q

3-QLM(s)

2-
Osc.

7-H

4-QLM(u)
5-QLM
+MH

6-QLH

SNL

SN
H

Fig. 16: Zoom in on the local bifurcation diagram at low firing rates and the
corresponding regimes of phase space with different numbers of fixed points.
The dashed line is the condition on the equal slope of linearized nullclines
and the semi-dashed line is the condition on equal y-intercepts. The BT point
(black dot) is close to the intersection of these lines. In the labeling of regions
(Q) denotes the quiescent state fixed point, (L) is the fixed point at low firing
rate, (M) is the fixed point in the linear section, and (H) is the high firing fixed
point.

3.2.3 Dynamics near the BT bifurcation point

The exact locations of the BT points (cBTEE , ρ
BT
Ext, ρ

BT
E , ρBTI ) are solutions of

det(J) = Tr(J) = 0 and gE(iE) = gI(iI) = 0 . Figure 17 shows nullcline
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arrangements near the low BT point and the global saddle separatrix loop
bifurcation line which annihilates the limit cycle solution of the region (3),
shown in the same figure. In the previous section, we showed that the low BT

Fig. 17: Nullcline arrangements near the BT point. The black dashed line
is the saddle-separatrix loop bifurcation and the blue dotted-dashed is the
saddle-node on limit cycle (SNLC) bifurcation line.

point is located close to the matching condition for the y-intercept and the
slopes of the linearized nullclines, which we rewrite here:

c∗EE =
cIEcEI
cII

ρE
∗

Ext =
c∗EE
cIE

(ρIExt − d) + d (49)

where d is a constant defined in Equation 35 .
At the BT point the linearized matrix is of the form:

JBT =

 α −β
α2

β
−α

 (50)

where
β

α
=

cEI
cEE

=
cII
cIE

. At the BT point, the Jacobian has a double zero

eigenvalue and with proper coordinate transformation, it can be written in the
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form:

J =

(
0 1
0 0

)
Consider the system in the vicinity of the BT bifurcation point

dz

dt
= f(z, µ) = Jz + F (z), z, µ ∈ R2 (51)

Suppose that at µ = 0, the system has a fixed point at z0 with a Jacobian
with a zero eigenvalue of multiplicity two. At the BT point, there exist two
generalized eigenvectors q0 and q1 such that

Jq0 = 0, Jq1 = q0

Also for JT we select vectors p0,1 by

JT p1 = 0, JT p0 = p1

with normalization

〈p0, q0〉 = 〈p1, q1〉 = 1

〈p0, q1〉 = 〈p1, q0〉 = 0

By linear change of coordinates with transformation matrix T = (q0, q1) ,
i.e., x = Tz , our system can be written as(

ẋ1

ẋ2

)
=

(
0 1
0 0

)(
x1

x2

)
+

(
f(x1, x2)
g(x1, x2)

)
(52)

Introducing a direction-preserving time reparametrization and smooth
invertible parameter changes, we can tranforms the system to the normal form:

y1

dτ
= y2

y2

dτ
= ε1 + ε2y1 + a2y

2
1 + b2y1y2 +O(y1y2

3) (53)

ε1,2(µ) are transformed bifurcation parameters , a2 = gxx/2 and b2 = gxy+fxx
and dt = (1 + Θx1)dτ . The y coordinates relate to the original z = T−1x
coordinates via :

u1 = x1, y1 = u1

u2 = ẋ1, y2 = u2 + Θu1u2 (54)
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where Θ = gyy + 2fxy. Fixed points of the normal form of Equation 53 are

(y1, y2) = (±
√

(
−ε1
a2

, 0). Taking a2 > 0, when ε1 < 0, there exist two fixed

points, with Jacobian  0 1

±2

√
−ε1
a2

ε2 ± b2
√
−ε1
a2


y+

0 is a saddle in ε1 < 0 for all ε2, while y−0 is a sink for ε2 < b2

√
−ε1
a2

and

a source for ε2 > b2

√
−ε1
a2

. When b2 > 0, then the line ε2 = b2

√
−ε1
a2

is a sub-

critical Hopf bifurcation and when b2 > 0 the same line is a supercritical Hopf
bifurcation. To summarize, defining σ = sgn(a2 ∗ b2), if σ is negative then a
stable limit cycle appears and the Hopf bifurcation is supercritical (Fig.18A),
but if σ is positive, we have a sub-critical Hopf bifurcation (Fig.18B). As shown
in Figure 18, near the BT point apart from local bifurcations, i.e., Hopf and
saddle-node, there is saddle-node separatrix loop bifurcation which annihilates
the stable or unstable limit cycle that is produced by a super- or sub-critical
Hopf bifurcation, respectively.

Linearization near the BT point can help us to identify regimes surrounding
it without having to calculate the σ parameter. Nullcline maps related to
regions (2) and (3) in Fig.17 shed light on the type of BT bifurcation. In the
plot corresponding region (3), wEE is higher which means that the Jacobian
at the fixed point has lower determinant and higher trace. Of the two fixed
points in regions (2) and (3) at the semi-linear section the one in the higher
WEE regime is the unstable point. Therefore, in our case near the low BT
point the phase space resembles the one in Fig.18B. Increasing wEE from
region (2) will result in loss of stability of the fixed point in the linear branch
by Hopf bifurcation, as the trace of the Jacobian at the fixed point becomes
zero. However, as we increase the wEE , slope of the linearized approximation
of the nullclines which are tangent to the stable and unstable manifolds of
the saddle point that separate the quiescent fixed point and the limit cycle
solution, get closer to each other. At some point, these manifolds cross over and
therefore destroy the limit cycle solution through a saddle-node separatrix loop
bifurcation and we end up with a fixed point of source type at the intersection
of nullclines in the linear firing regime of region (4) in Fig.17.

By writing the normal form we can analyze the type of BT from explicit
linearization. For the case of JBT in equation 50, generalized eigenvectors are
q0 =

(
1 α/β

)
, q1 =

(
1 (α− 1)/β

)
, p1 = (1,−β/α) and p0 = (1/α− 1, β/α).

Therefore, new parameterized coordinates are x1 = E/β − α/β(E − I) and
x2 = E − I. The normal form parameters a2 and b2 are

a2 =
1

2
< p1, F (q0, q0) >
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Fig. 18: Dynamic flow near the high BT point (A) and the low BT point (B).
Blue lines are saddle-node bifurcations, red lines are Hopf bifurcations, and
dashed lines are saddle-node separatrix loop bifurcations.

b2 =< p0, F (q0, q0) > + < p1, F (q0, q1) > (55)

where F 1(q0, qi) =
∑

l,k flkq
l
0q
k
i and F 2(q0, qi) =

∑
l,k glkq

l
0q
k
i . Using the logis-

tic gain function, second derivatives in E − I coordinates can be written
as

gEE ∝W 2
IEgI(1− gI)(1− 2gI)

gEI ∝ −|WII ||WIE |gI(1− gI)(1− 2gI)

fEE ∝W 2
EEfE(1− fE)(1− 2fE)

where gEI < 0, fEE > 0 and gEE > 0. After straightforward but lengthy
calculation we can confirm sgn(σ) = sgn(a2)sgn(b2) < 0 using |WII |gI(1 −

gI) = WEEfE(1− fE) and
β

α
=
cEI
cEE

=
cII
cIE

at the lower BT point.

3.2.4 Avalanches in the region close to the BT point

We assume that the external input to both excitatory and inhibitory neurons
is dominated by the excitatory type and that connections among excitatory
populations have a longer range. Therefore, the external excitatory input
to the excitatory population is higher than to the inhibitory one. On the
other hand, inhibitory connections are local and therefore, follow the dynam-
ics of the adjacent excitatory population. Strong local feedback provided by
inhibition prevents the excitatory network to be overloaded. However, it is
very closely balanced to set the network near the threshold of activation so
that the system can respond efficiently to external input. In the background
regime of spontaneous activity, the EI population shows avalanche pattern
dynamics and oscillatory behavior. Synchronization of oscillations and the
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scale-free avalanche dynamics are characteristic behaviors experimentally val-
idated Beggs and Plenz (2003); Gong et al (2003); Meisel et al (2013) . In the
sequel, we will see that close to the BT at a low firing rate regime, we can
observe both phenomena.

In the parameter space enclosed by Hopf and saddle-node bifurcation lines,
i.e., region (4-QLM(u)) in Fig.16, there exist regions with both oscillatory
and medium-range Poisson firing states. Decreasing WEE while changing ρEExt
accordingly, so that the low and medium fixed points move closer to the origin,
the system moves towards the Bogdanov-Takens bifurcation point, where the
saddle-node bifurcation and Hopf bifurcation lines intersect. In this regime, we
see avalanche dynamics in our population. Close to the BT point, the basin
of attraction of the quiescent fixed point shrinks and the noise level is high
enough for escaping from it. This is in the adjacency of both the saddle-node
bifurcation, which creates an unstable low and a weekly stable medium firing
fixed point, and the Hopf bifurcation of the quiescent fixed point. This region
corresponds to strong inhibitory feedback and sufficient imbalance in external
excitatory input. In the nullcline graph, this translates into the state where
the y-intercept of the excitatory graph is lower than the y-intercept of the
inhibitory graph and the slope of the excitatory is larger than the slope of
the inhibitory one. Increasing WEE causes the middle fixed point to move to
higher rates and to have a larger basin of attraction. On the other hand, the
saddle and the quiescent fixed point move towards each other in the phase
diagram and annihilate each other at the saddle-node bifurcation.

Fig.19 shows nullcline arrangements in the region where we observe
avalanche patterns. Fig.19A is the general position of nullclines indicating the
fixed point in the linear regime. The other three diagrams correspond to two
regimes near the BT point and transition between these two. The diagram in
Fig.19B belongs to the section to the right of BT where there exists a quies-
cent fixed point with a weakly unstable saddle in the linear section. Here noise
causes the system to escape from the basin of attraction of the fixed point
which then relaxes in the direction of the nullclines. As nullclines lie on top
of each other, the decay time is large and the system shows high synchronous
activity while returning to a quiescent state. An increase of external drive or
decrease of WEE leads to saddle-node annihilation which leaves the system
with a fixed point at the middle section. Fig.19C belongs to the state on the
left side of BT1 in the vicinity of Hopf bifurcation of the origin. In this case,
there is a limit cycle around the saddle point in the linear branch. Like the
previous case, adjacency of the fixed point at the origin to the saddle shrinks
the basin of attraction of the quiescent state, and therefore noise can bring the
system to the limit cycle which itself is sensitive to internal and external noise.
Finally, Fig.19D shows how saddle-nodes of the last two diagrams are annihi-
lated by saddle-node on limit cycle and saddle-node bifurcations, respectively.
Here a limit cycle solution emerges. However, close to the origin this limit cycle
stays for a longer time in the lower section of very low firing because of slow
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Fig. 19: Nullcline configuration around the avalanche dynamic region. Red
curves are excitatory nullclines and blue curves are inhibitory nullclines.

flow in this region. The outcome is again a quasi-periodic burst of avalanches
followed by a quiescent state.

Fig.20 shows avalanche characteristics of activity in parameter regime on
the left of the BT point with the limit cycle solution very close to the origin (
region 3 in Fig.17). Finite size fluctuation leads to switch between these two
states. In Fig.20A, WEE is higher and ρEExt is slightly lower than the previous
case and the system is located in the region with a fixed point in the low firing
regime which is stable because of the high value of WII which corresponds to
region (5) in Fig.16. Fig.21B shows avalanche dynamics on the right side of
the BT point with an unstable fixed point in the linear section (region (4) in
Fig.17). In both sets of figures increasing WEE moves the system out of the
avalanche region with the difference that the fixed point at the linear section
is stable in the first case and unstable in the second. Therefore, the nearby
regime of activity in the first case (20A) is a non-oscillatory inhomogeneous
Poisson firing state while the corresponding regime near the second case is
oscillatory (Fig.21A).

3.2.5 Stability analysis of fixed points in the linear regime

As we have seen in the last section, close to the BT point there exist regions in
which there is a low fixed point at the intersection of the semi-linear sections of
nullclines. The stability of the fixed point at the intersection of two nullclines
is determined by the Jacobian matrix of the linearized system,

A =

−1 +
∂f

∂E
−|∂f
∂I
|

∂g

∂E
−1− |∂g

∂I
|

 (56)
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Fig. 20: Avalanches close to the BT point. WII = WEI = 2,WIE = 0.75
, ρinhExt = 150Hz in both A and B plots. In (A) WEE = 0.65 and ρexcExt =
218Hz and in (B) WEE = 0.62 and ρexcExt = 223Hz. (B2) Average membrane
potential of excitatory population shows high fluctuation in the avalanches
period. (B3) Average membrane potential of inhibitory population shows high
fluctuation in the avalanches period and two distinct level of polarization. In
the quiescent state due to excess external current to the excitatory pool the
average membrane potential of the excitatory population is slightly higher
than the inhibitory one.

Linear segments intersect if yinh < yexc and sexc > sinh or yinh > yexc and
sexc < sinh. When the slope and y-intercepts are equal, the Jacobian at the
point of intersection is

A =

(
a− µ −(b− b

a
µ)

a −b

)
(57)

with µ = a
ρEExt − ρIExt
d− ρIExt

.

a =
∂g

∂E
= α′WIEKIE = αWEEkEE − 1 + µ

d =
gleak(Vrest − Vth)

τ ∗ g0
exc ∗ (Vth − VRexc)

b = 1 + |∂g
∂I
| = 1 + β′WIIKII = (1− µ

a
)−1[βWEIkEI ]

α = g0
excτexc

(Vth − VRexc)√
2πσExV

α′ = g0
excτexc

(Vth − VRexc)√
2πσInhV

β = g0
inhτinh

(Vth − VRinh)√
2πσExcV
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Fig. 21: Same as Fig.20 but with new parameters: WEI = 1.5,WII =
2,WIE = 0.75 , ρinhExt= 150Hz , ρexcExt = 230Hz ,WEE = 0.55 (A1-A2) and
WEE = 0.52 (B1-B2).

β′ = g0
inhτinh

(Vth − VRinh)√
2πσInhV

α ∗ β′ = β ∗ α′

Because external excitatory input to the excitatory population is greater
than to the inhibitory population and inhibitory connections are assumed to
be local, µ is slightly positive. Define E = ρE − ρpE and I = ρI − ρpI , where ρpI

and ρpE is the fixed point location at the linear poisson regime with ρpI ≈
b

a
ρpE .

At µ = 0 the eigenvalues of A are 0 and a − b with corresponding eigen-

vectors u1 = (
b

a
, 1) and u2 = (1, 1). By coordinate transformation to u1 and

u2 coordinates, we can write down the dynamics in the decoupled system as

u̇ =

(
0 0
0 a− b

)
u (58)

where,

u =

(
b

a
1

1 1

)−1 [
E
I

]
=

a

a− b

[
I − E

E − b

a
I

]
(59)

with the transformed initial condition

u0 =
a

a− b

[
I0 − E0

E0 −
b

a
I0

]
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Fig. 22: Stability of fixed points in the linear regime based on values of trace
and determinant of the Jacobian.

which has the following solution in u coordinates

u(t) =
a

a− b

[
I0 − E0

(E0 −
b

a
I0)e(a−b)t

]
(60)

Back into (E, I) coordinates:

[
E(t)
I(t)

]
=

a

a− b
(I0 − E0)

[
b

a
1

]
+

a

a− b
(E0 −

b

a
I0)e(a−b)t

[
1
1

]
(61)

So for this linear system, when a−b < 0, the initial imbalance of excitatory

and inhibitory input leads to a stationary relation of the form E =
b

a
I. Now,

consider the case in which the linearized nullcline slopes are slightly different
with the Jacobian

A =

(
a− µ −(b+ ε)
a −b

)
(62)

Here TR = λ1 + λ2 = (a − b) − µ and det = λ1λ2 = aε + µb. Based on
the sign of determinant and trace of the Jacobian at the fixed point, stability

is determined (Fig.22). Under the condition that b + µ > a and ε > − b
a
µ,

both eigenvalues are negative : λ1 =
bµ− aε
b− a

and λ2 = (a − b) +
2a(ε− µ)

a− b
.

We also have |λ1| << |λ2| for small differences in the slopes. Eigenvectors
corresponding to these eigenvalues are

u1 = (
b

a
+ λ1, 1)

u2 = (1 + λ2, 1)
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Therefore, the dynamics in the linear regime can be projected to the slow
stable manifold u1. One can approximately write down the evolution of the
rates as in Equation 61.

ε > − b
a
µ corresponds to the case that the slope of the excitatory null-

cline is higher than of the inhibitory nullcline (stronger inhibitory feedback
WEIWIE > WIIWEE ) and the y-intercept of the excitatory nullcline is slightly
lower, i.e. stronger external excitatory input to the excitatory population than
to the inhibitory one. Moreover, this is the case when WII is high enough to
guarantee the b > a condition. When all these requirements are met, the fixed
point in the linear segment is stable and we observe an asynchronous low to
medium firing state as in Fig.13 and Fig.20. Around this regime, an increase
in WEE will increase µ and a change in ρEExt moves the fixed point along
the linear section. The intersection in the linear regime transcends to higher
rates by increasing WEE . This lets the determinant decrease while the trace
increases, which eventually destabilizes the fixed point. In the vicinity of the
low BT point, based on the value of WII , in the linear section either a weakly
stable or a weakly unstable fixed point surrounded by a limit cycle appears. In
both cases, the eigenvalue close to zero with eigenvector u1 governs the slow
dynamics around these points.

Consider the case of imaginary eigenvalues of the Jacobian, λ± = σ ± iω
with eigenvectors v± = vr ± vi, which satisfy

A[vrvi] = [vrvi]

(
σ ω
−ω σ

)
By defining the tranformation matrix T = [vrvi], the linearized matrix is

Q = T−1AT =

(
σ ω
−ω σ

)
and the solution of the linear system is of the form

eAtx0 = Teσt
(
cos(ωt) sin(ωt)
−sin(ωt) cos(ωt)

)
T−1x0

By using the coordinate transformation u = T−1x, we can write the evolution
u̇ = Qu with u0 = T−1x0. The linearized dynamic predicts damped oscillations

of frequency ω =

√
det− Tr2

4
when σ < 0 and at the Hopf bifurcation point

when σ = 0 the frequency of oscillations will be ω =
√
detH . At the nullcline

intersections of linear segments close to the Hopf bifurcation, the oscillation

frequency is close to the imaginary part of the eigenvalues:

√
det− Tr2

4
.

Along the slow manifold, the inhibitory and excitatory rates vary linearly

as I =
a

b
E ≈ keeWee

keiWei
E. This relation balances the average current for each

population. Therefore, near the BT bifurcation point, the dynamic of slow
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Fig. 23: Frequency of avalanches and oscillatory activity increase by input
strength. In lower values of excitatory external input, the limit cycle solution
is very close to the origin and the system shows avalanches. By increasing the
external drive, the limit cycle moves away from the origin (quiescent state)
and becomes stable. Oscillations have a higher frequency at higher external
input rates with semi-linear relations in both regions.

field, E − I, can be written as

d(E − I)

dt
= ε(E − I) + c(1− a

b
)−1(E − I)2 1√

N
(1− a

b
)

1

2 (E + I)

1

2 η(t) (63)

where ε is close to zero, the first nonlinear term of the Taylor expansion has
been taken into account and η(t) is a white noise added to the microscopic
equation based on the Poisson firing assumption.

3.2.6 Characteristics of avalanches

For the values of WEE near the BT point at the low firing rate, there exists a
range of external input strength for which the firing pattern is quasi-periodic
with excitatory avalanches followed by inhibitory ones. The mean escape time
from the basin of attraction of the quiescent fixed point reduces when the
external input increases, and thus, the frequency of avalanches increases. Fur-
ther increase of external input leads to stability loss of the quiescent state and
appearance of higher frequency oscillations in the medium range of rates (see
Fig.23).

In the avalanche regime, the membrane potential shows sub-threshold oscil-
lations as can be seen in Fig.20 and Fig.21. In the down phase of the cycle,
neurons stay near the resting potential while at the up-state they reside closer
to the threshold, but at a distance that permits high variability of firing. The
membrane potential of a single neuron is depicted in Fig.24, which shows
aperiodic firing and up-down states of membrane potential.
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Fig. 24: Membrane potential track of a single neuron during avalanche
dynamic of Fig.20. Avalanches at population level can be seen as periods of
rising potential in the individual neurons which are sustained longer than
avalanche range due to slow synaptic decay. Individual neurons do not fire in
every single avalanche.

While avalanches occur quasiperiodically, in most of them only a fraction
of neurons fire. As shown in (Fig.25D and Fig.26D) neurons fire with CV close
to one in the lower WEE regime, close to the BT point. Variability in the size
of avalanches is another interesting item to investigate. The size distribution of
avalanches has a longer tail approaching the BT point. It follows a power-law
distribution for avalanche size P (S) ∝ S−τ with slope τ = −1.5 close to the
BT point, see Fig.25A and Fig.Fig.26A. Further away from the critical point,
avalanches have characteristic average size and their size probability density
moves away from the power-law distribution. Furthermore, the probability dis-
tribution for the duration of avalanches follows a power law with an exponent
close to η = −2 near the BT point(see Fig.25B and Fig.26B).

The branching ratio can be defined as the average number of postsynaptic
neurons of a specific neuron that fire by receiving the synaptic current from
that neuron. The branching ratio can be an indicator of scale-free avalanche
dynamics. When inhibition and excitation are balanced and the system resides
near a quiescent state, the branching parameter stays close to, but below one
which is an indicator of stronger inhibitory feedback. As can be seen in Fig.26
and Fig.27, this value is lower in the paramter regime close to the BT point
and becomes > 1 further away from it.

Here, we assume that by synchronous activation of nE neurons the post-
synaptic neurons which are connected to these neurons will receive both
excitatory and inhibitory currents caused by the synchronous input. Each
neuron receives a fraction kEE of excitatory and kEI of inhibitory currents
produced by active neurons. The average potential change among neurons will
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Fig. 25: Same as Fig.20 with WEI = 2,WII = 2,WIE = 0.75 , ρinhExt= 150Hz ,
ρexcExt = 230Hz with different values of WEE ∈ (0.6, 0.65). Avalanche sizes (A)
and duration(B) distributions in log-log plot with linear fit. Green line (WEE

= 0.63), black (WEE= 0.615) and blue (WEE=0.6). (C) Branching ratio and
(D) CV of firing time intervals of individual neurons (red for the excitatory
neurons and blue for the inhibitory ones)
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Fig. 26: Characteristics of avalanches for the model with WEI = 1.5,WII =
2,WIE = 0.75 , ρinhExt= 150Hz , ρexcExt = 2300Hz and WEE ∈ (0.516, 0.54) as in
Fig.21 . (A-B) Avalanche sizes and duration distributions in log-log plot with
their corresponding least square error linear fit. Green line (WEE = 0.54),
black (WEE=0.53) and blue (WEE = 0.51). (C) Branching ratio and (D) CV of
interspike time intervals of individual neurons (red for the excitatory neurons
and blue for the inhibitory ones).
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be

〈∆V 〉 =〈kEEnE〉
1

C
g0wEEτ(VRexc − VE) + 〈kEInI〉

1

C
g0wEτ(VRexc − VE)

(64)

Close to the bifurcation point, there exists a tight dynamic balance between
excitatory and inhibitory rates, following Equation 61, which sets 〈∆V 〉 = 0.
Based on the assumption that neurons fire with Poisson statistics, we can write
the variance of the potential change in the postsynaptic neuron pool as

〈∆V 2〉 = τ2g2
0(〈kEEnE〉w2

EE(vRexc − Vth)2 + 〈kEInI〉(wEI)2(vRinh − Vth)2)
(65)

On the other hand, the number of postsynaptic neurons that fire by
receiving an increase in voltage of value ∆V is

σ = NExc

∫ Vth

Vth−∆V

P (V, t =∞) ≈− Nexc∆V
2

2

∂p(vE , t =∞)

∂v
|vE=Vth

(66)

From equation A1.2 in Appendix .1, for the stationary probability density
we have

∂p(vE , t =∞)

∂v
|vE=Vth

= − 2C2ρexc
De(vRexc − Vth)2 +Di(vRinh − Vth)2

(67)

Inserting Equation 67 in Equation 66 and averaging σ over different real-
izations of the synchronous firing using Equation 65 and dividing by 〈nE〉 leads
to

σE ≈
τ2g2

0 [w2
EEρ

st
exc(vRexc − Vth)2 + ρstexc

〈nI〉
〈nE〉

w2
EI(vRinh − Vth)2]

De(vRexc − Vth)2 +Di(vRinh − Vth)2
(68)

The average number of active inhibitory and excitatory neurons 〈nI〉 and 〈nE〉,

relates to stationary rates as
〈nI〉
〈nE〉

=
ρI
ρE

. Inserting this relation into equation

68, we find out that the branching ratio is close to one near the BT point.
Because of slightly stronger inhibitory feedback, it is slightly below one.

Excitatory neurons stay in a low firing regime with average membrane
potential close to the middle point between the firing threshold and the resting-
state potential, i.e., at V ∼ −57mv. At this point, a sufficient fraction of
neurons is close to the threshold, whose activation can cause a series of firing.
On the other hand, inhibitory neurons, which have a lower stationary mem-
brane potential because of lower external input, provide negative feedback with
a delay that depends on the resting initial state and the strength of the con-
nection between inhibitory and excitatory sub-networks. The dynamic balance
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of excitation and inhibition in the linear UP state leads to critical behavior.
As average currents to the cells are balanced far from the firing threshold, fluc-
tuations in these currents have a larger effect and therefore, the size of events
and their durations ar emore variable.

Moreover, let us consider the onset of avalanche dynamics in the EI popu-
lation receiving external input with fixed rates by selecting WEE as the only
dynamic parameter (see Fig.27). By increasing WEE , a second-order phase
transition happens at the Hopf bifurcation. Around this value, the normalized
variance of the population rate is maximized and oscillations appear in the
system. In Fig.28, this happens at the value WEE ≈ 0.57. Further increase of
WEE results in the saddle-node bifurcation which produces a stable high firing
rate state at values around WEE ≈ 0.67.
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Fig. 27: Stationary population rates (A) (Blue for Inh. and Red for Exc.),
variance (B) and normalized variance (C) for EI population vs. WEE at the
fixed value of ρExt = 250Hz. Other parameters were set to WIE = 0.75,
ρInh = 150Hz, WII = WEI = 2.

Although the activity is noise-driven, the state of the system depends on
synaptic weights, which determine the response to the external input. There
must be a self-organizing mechanism, which in a wider range of input strengths
and initial configurations of synaptic weights tunes the system close to the BT
point.

4 Discussion

We have seen that in a large sparse network of spiking neurons the input to the
cells in the state of asynchronous firing is Poisson and investigated conditions
on Poisson firing at the single neuron level. We chose the conductance-based
leaky integrate and fire model to take the strong dependence of the inhibitory
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Fig. 28: Excitatory population rate (Right plots) and average membrane
potential (Left plots) when the system is slightly below the Hopf bifurcation
point (A), slightly above Hopf bifurcation point (B), or after the saddle-node
bifurcation point (C) corresponding to the states in Fig.27 with the same
parameters.

postsynaptic current on the voltage level into consideration. Next, we intro-
duced linearization of the neuron gain function in the Poisson firing regime
and presented a linear Poisson neuron model which we used to analyze
interconnected networks of excitatory and the inhibitory neurons.

The network of spiking neurons with the assumptions of homogeneity, large
size, and sparse connectivity can be modeled by the dynamics of the mean
fields. The excitatory and inhibitory mean-field equations are a set of non-
linear equations with free parameters including the average synaptic strength
between different types of neurons. Taking a set of these free parameters as
control parameters of the model one can analyze the bifurcation patterns in
the system. Here, we chose the excitatory external drive and the synaptic
weight from excitatory to excitatory neurons as control parameters. The latter
regulates the strength of the inhibitory feedback in the local population and
the former controls the level of forced activity from other populations. The
qualitative picture of the bifurcation patterns does not change by the choice
of different synaptic weights as control parameter. In analyzing the bifurca-
tion diagram, we are mainly interested in the loss of stability of the quiescent
state. This can happen through a saddle-node or a Hopf bifurcation by either
increasing the external drive or WEE . At a certain point called the Bogdanov-
Takens point, the saddle-node and Hopf bifurcation lines meet. Near this point
there is a tight balance of the inhibitory and the excitatory average currents to
the cells. This balance cancels out much of the high amplitude excitatory and
inhibitory currents to each cell and causes the average membrane potential of
the neurons in the population to stay away from the threshold. In this regime,
the activity of the spiking neurons is fluctuation driven which makes the firing
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time intervals highly variable. In this case, the statistics of the firing is close
to a Poisson point process matching the experimental findings. On the other
hand, the balance of excitation and inhibition leads to avalanche style dynam-
ics near the BT point. Slow oscillations emerge at the Hopf bifurcation line
and through a saddle-node bifurcation, a pair of low firing stable and unstable
fixed points comes into existence.

The next step after identifying the operating dynamical regime that pro-
duces the desired output is to investigate mechanisms that can tune the
parameters of the system at the desired region of the phase space. The inter-
play of dynamics and structural organization on different spatiotemporal scales
is coordinated and framed by multi-scale self-organization mechanisms that
emerged in the organism during evolution. There exist opposing forces that
shape the structure and activity such as excitation and inhibition currents
produced by excitatory and inhibitory neuron types, depression and potenti-
ation of the connections between neurons, modulation of the concentration of
chemicals, and homeostatic considerations on energy consumption and infor-
mation processing performance. Balancing and coordinating these opposing
forces might be one explanation for the scale-free characteristic of spontaneous
activity. We shall investigate the self-organization by spike-timing dependent
plasticity and short term synaptic depression in another article.
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.1 Gaussian approximation for response to the Poisson
input

The Fokker-Planck equation corresponding to Eq.18 in section 3.1 in the Itô
interpretation is

∂p(v, t)

∂t
=− 1

C

∂

∂v
[(a− bv)p(v, t)] +

1

C2

De

2

∂2

∂v2
(vRexc − v(t))2p(v, t)

+
1

C2

Di

2

∂2

∂v2
(vRinh − v(t))2p(v, t) ≡ − ∂

∂v
J(v, t) (A1.1)

with the boundary condition p(Vth, t) = 0. The density current at v = Vth is
equivalent to the firing rate, and this current is fed back to the equation at
v = Vr resulting in a discontinuity of the membrane potential derivative.

J(v+
r , t)− J(v−r , t) = J(vth, t− tref ) ≡ r(t− tref )

The stationary probability distribution and firing rate are obtained by solving
the equation

Jst(v) = r0Θ(v − Vr)

which results in

1

C
{a− bv +

1

C
De(vRexc − v) +

1

C
Di(vRinh − v)}p(v)

− 1

C2
{De

2
(vRexc − v)2 +

Di

2
(vRinh − v)2)}dp(v)

dv
= r (A1.2)

for Vr < v < Vth. Together with the normalization requirement
∫ Vth

−∞ p(v)dv +
r0 ∗ tref = 1 one can solve equation A1.2. numerically for both the stationary
probability distribution and the stationary firing rate.

When Vst is sufficiently smaller than Vth , i.e., in the low firing rate regime,
we can ignore the non-linearity caused by the threshold and write down the
evolution of the mean and variance of the membrane potential as follows (See
Fig.A1.1)

d〈v(t)〉
dt

=
1

C
(a− b〈v(t)〉)

dV ar(v, t)

dt
=− 2b

C
V ar(v, t) +

1

C2
[De〈(VRexc − v(t))2〉+Di〈(v(t)− VRinh)2〉]

=(−2b

C
+
De +Di

C2
)V ar(v, t) +

1

C2
[De(VRexc − 〈v〉)2 +Di(VRinh − 〈v〉)2]
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This leads to the stationary value for average and variance of the membrane
voltage

〈v〉st =
a

b

V ar(v)st =
1

2bC − (De +Di)
[De(VRexc − 〈v〉st)2 +Di(〈v〉st − VRinh)2]

(A1.3)

In the low firing regime, the stationary probability distribution can be
approximated as (see Fig.A1.2):

Pst(V ) =
1√

2πσV (st)

exp(− (V − 〈V 〉)2

2σ2
)

+ cδ(V − VRest) V < Vth

Pst(V ) =0 V ≥ Vth

The stationary firing rate is derived from equation A1.2 by plugging in
the Gaussian approximation for the stationary potential probability density
P (V, t→∞) = N(〈V 〉, σV (st)):

r =
1

C2

1

2
D(Vth)2 dp(V )

dV |V=Vth

= − b

C

D(Vth)2

D(〈V 〉)2
∗ (Vth − 〈V 〉)
σV (st)

√
2π

exp(− (Vth − 〈V 〉)2

2σ2
V (st))

)

≈ b√
πC

(Vth − 〈V 〉)√
2σV (st)

(1− (Vth − 〈V 〉)2

2σV (st)2
) (A1.4)

.2 Tau expansion

The equation
dv(t)

dt
= f(v) + η(t)g(v) where η(t) is colored Gaussian noise

with correlation

〈η(t)η(t′)〉 =
H

τ
e

−(t− t′)
τ

corresponds to the following Fokker-Planck equation derived by expansion with
respect to τ :

∂p(v, t)

∂t
=− ∂

∂v
[f(v)p(v, t)] +H

∂

∂v
g(v)

∂

∂v
{g(v)[1 + τg(v)(

f(v)

g(v)
)′]p(v, t)}
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Fig. A1.1

Fig. A1.1: Evolution of the mean and the variance of the potential distribution
of a population of neurons each receiving a fixed equal inhibitory input rate
but different excitatory rates. Dashed lines are the trajectories determined
from Gaussian noise approximation and the dotted lines are derived from the
tau expansion method. The approximation by tau expansion improves the
estimation of variance.(τsyn = 2.5ms)

Fig. A1.2

Fig. A1.2: Membrane potential distribution and Gaussian approximation
(Blue lines) for two different sets of inhibitory and excitatory Poisson
inputs. The average membrane potential values are −0.59mv(Left) and
−0.56mv(Right)
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=− ∂

∂v
[(f(v) +Hg(v)g′(v))p(v, t)] +H

∂2

∂v2
{g(v)2p(v, t)}

− τH ∂

∂v
{g′(v)(g(v)f ′(v)− g′(v)f(v))P (v, t)}

+ τH
∂2

∂v2
{g(v)(g(v)f ′(v)− g′(v)f(v))p(v, t)}

In our case He =
τ2g2

0w
2
eλe

2
=
De

2
, resulting in:

∂p(v, t)

∂t
=− 1

C

∂

∂v
{(a− bv + F (v))p(v, t)}

+
De

2C2

∂2

∂v2
{Ge(v)p(v, t)}+

Di

2C2

∂2

∂v2
{Gi(v)p(v, t)} (A2.1)

where

F (v) =
De

2C
[−2(vRexc − v(t))− τ

C
(a− bVRexc)]

+
Di

2C
[−2(vRinh − v(t))− τ

C
(a− bVRinh)]

Ge(v) =(vRexc − v(t))2 +
τ

C
(vRexc − v(t))(a− bVRexc)

Gi(v) =(vRinh − v(t))2 +
τ

C
(vRinh − v(t))(a− bVRinh)

.3 Neuron response in higher values of input rates and
synaptic time constant

As it can be seen from Fig.A1.1 and Fig.3C in section 3.1, the stationary
standard deviation of the membrane potential in the case of Poisson input does
not show high sensitivity to input rates when the stationary mean potential
is fairly away from the threshold. In Fig.3, increasing the excitatory input
rate by 60% causes a 2% increase of σ(V )st on average for different values of
〈v〉st. This can be predicted from equation A1.3 as both the input noise and
drift term in the numerator and the denominator depend linearly on input
rates. Suppose 〈v〉st is fixed for a set of inhibitory and excitatory rates, which
means there is a linear relation of the form ρE = κρI + c originating from the
condition on the fixed stationary average membrane potential. In the limit of
high rates, the stationary variance approaches a constant value:

V ar(v)st =
σ2

2bC
=
α− β

λE

γ − η

λE
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α

γ
=
τg0(VRexc − 〈Vst〉)(〈Vst〉 − VRinh)

VRexc − VRinh
∗ [wE(VRexc − 〈Vst〉) + wI(〈Vst〉 − VRinh)]

β

η
=
wiτg0(〈Vst〉 − VLeak)(〈Vst〉 − VRinh)2

〈Vst〉 − Vleak
= wiτg0(〈Vst〉 − VRinh)2 (A3.1)

when
α

γ
>
β

η
, the variance of the stationary membrane potential (and hence

also the output rate) increases by proportional increase of both inhibitory and

excitatory rates and reaches a constant value
α

γ
. This condition translates into

wE(VRexc − 〈Vst〉)2 > wI(VRinh − 〈Vst〉)2. As long as 〈Vst〉 is adequately lower
than Vth, wE(VRexc−〈Vst〉) ≈ wI(VRinh−〈Vst〉) and the condition mentioned
above holds because (VRexc−〈Vst〉) is greater than (VRinh−〈Vst〉) by a factor
of about 2.

We remind the reader that the Gaussian approximation is only legitimate
in the case of small τ and for a low firing rate regime. We want to consider
cases in which these two conditions are not satisfied. Firstly, at higher values of
τsyn and at the stationary values of the average membrane potential lower than
the threshold (low firing regime), there is an inversion of the mentioned sce-
nario. In this case, at sufficiently high values of the input rates, conditioned on
constant average membrane potential, the variance of the membrane potential
and accordingly the output rate decrease (Fig.3A). This is due to the filtering
effect of the input by the gradual decay of the synaptic conductances. Using
the method of τ -expansion of Appendix.2, we will consider autocorrelation in
synaptic conductance and partially take into account this effect. The filtering
of the high-frequency signal by the slow conductances is a mechanism of gain
control. In general, the decay and the rise time of the inhibitory synapses are
longer than the excitatory ones which would highlight the inhibitory input as
its overall strength increases through temporal persistence. In addition, the
voltage-dependent inhibitory current is higher at higher values of the mem-
brane potential. The balanced average membrane potential is somewhere in
the mid-range. Longer synaptic decay time constant, higher synaptic strength,
delay, and potential dependence of the inhibitory synapses increase the overall
inhibition strength and compensate for the smaller number of them in com-
parison with excitatory synapses. It should be noted that output rates on the
constant voltage level line with balanced input at V = −57mv vary linearly
with the input rates at moderate rate values corresponding to the low firing
rate regime (Fig.3A).

On the other hand, when the stationary average membrane potential is
located right at the threshold value, in conflict with the low firing regime
assumption, equation A3.1 does not hold and higher rates of balanced input
lead to a higher output rate independent of the value of τsyn (Fig.3B). More-
over, the output rate varies like

√
Iin. For analyzing the low firing rate, we

could linearize the output rate around the midpoint of the neuron potential
range, i.e., at V = −57mv.
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.4 First passage time

To determine first passage time(FPT) statistics let us first review the recursive
formula for FPT moments as discussed in Siegert Siegert (1951). Suppose the
stochastic process Xt with conditional probability density P (x, t | x0) satisfies
the Fokker-Planck equation

∂p(x, t | x0)

∂t
= − ∂

∂x
[A(x)p(x, t | x0)] +

1

2

∂2

∂x2
(B(x)p(x, t | x0))

with initial and boundary conditions P (x, t0 | x0) = δ(x− x0) and P (±∞, t |
x0) = 0, respectively. The first passage time probability density ρ(Θ | t, x0) of
the stochastic process following the above Fokker-Planck equation satisfies

ρ(Θ | t, s) = −2
∂

∂t

∫ s

−∞
P (Θ, t | y)dy

Based on this equation we can write a recursion formula for moments of FPT
with diffusion strength B(y) and drift term A(y):

tn(Θ | x0) = n

∫ Θ

x0

2dz

B(z)W (z)

∫ z

−∞
W (k)tn−1(Θ | k)dk (A4.1)

with t0 = 1, and W (k) is the stationary probability distribution

W (k) =
C

B(x)
exp[

∫
dx

2A(x)

B(x)
] (A4.2)

In particular, for the first moment we have

t1(Θ | x0) =

∫ Θ

x0

2dz

B(z)W (z)

∫ z

−∞
W (x)dx (A4.3)

For the case of Langevin equation in section 3.1.1, writing x0 = (Vleak−Vth)+

(Vth −
a

b
) = −Θ + xth and using equations A4.2 and A4.3, the average first

passage time can be written as

t1(xth | x0) =

√
π

b

∫ xth

√√√√ b

σ2

x0

√√√√ b

σ2

ez
2

(1 + erf(z))

=

√
π

b
[

∫ xth

√√√√ b

σ2

0

ez
2

(1 + erf(z))
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−
∫ (−Θ+xth)

√√√√ b

σ2

0

ez
2

(1 + erf(z))]

where erf(.) is the Gauss error function.

Taking y = xth

√
b

σ2
and θ = Θ

√
b

σ2
and using the following series

expansion for small y∫ y

0

ez
2

dz = y +
y3

3
+
y5

10
...∫ y

0

ez
2

erf(z)dz =
1√
π

(y2 +
y4

3
+

4y6

45
...)∫ −θ+y

0

ez
2

(1 + erf(z))dz =

∫ −θ
0

ez
2

(1 + erf(z))dz + y(e−θ
2

(1 + erf(−θ))

≈
∫ −θ

0

ez
2

(1 + erf(z))dz ≡ κ (A4.4)

we arrive at equation 20 of section 3.1.1.

It can be seen from equation A3.1 that the factor

√
b

σ2
in large balanced

rates of excitatory and inhibitory inputs asymptotically approaches a constant
value. Therefore, we can approximate κ to be very weakly dependent on input
rates and take it as a constant factor. Next, we want to investigate the variance
of first passage time. From the recursion formula ?? we have

t2(xth | x0) =
2π

b2

∫ xth

√√√√ b

σ2

−∞
ez

2

(1 + erf(z))2

∫ xth

√√√√ b

σ2

z

drer
2

Θ(r − x0

√
b

σ2
)

After some straightforward calculations we arrive at

t2(xth | x0) =
2
√
π

b
t1(xth | x0)[

∫ xth

√√√√ b

σ2

0

ez
2

(1 + erf(z))]

+
2
√
π

b2
ln(2)[

∫ xth

√√√√ b

σ2

0

ez
2

−
∫ x0

√√√√ b

σ2

0

ez
2

]

−2
√
π

b2
[φ(xth

√
b

σ2
)− φ(x0

√
b

σ2
)]

−2
√
π

b2
[ψ(xth

√
b

σ2
)− ψ(x0

√
b

σ2
)]
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where functions φ and ψ are multi-variable integrals containing powers of erf
and ex

2

in the integrand with series expansion :

φ(y) =

∞∑
n=0

y2n+3

(n+ 1)!(2n+ 3)

n∑
k=0

1

2k + 1

ψ(y) =

∞∑
n=0

2ny2n+4

(n+ 2)(2n+ 3)!!

n∑
k=0

1

k + 1

Rewriting the first term in brackets in terms of first passage time and
considering just terms linear in xth

t2(xth | x0) =2t1(xth | x0)[t1(xth | x0)

+

√
π

b

∫ (−Θ+xth)

√√√√ b

σ2

0

ez
2

(1 + erf(z))]

+
2
√
π

b2
ln(2)[

∫ xth

√√√√ b

σ2

0

ez
2

−
∫ x0

√√√√ b

σ2

0

ez
2

]

−2
√
π

b2
[φ(xth

√
b

σ2
)− φ(x0

√
b

σ2
)]

−2
√
π

b2
[ψ(xth

√
b

σ2
)− ψ(x0

√
b

σ2
)]

≈2t1(xth | x0)2 +
2xth
√
π

b
√
bσ

ln(2)

+ C(xth = 0) (A4.5)

where the constant C, coming from the integral, is negative.
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