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I. A SINPLE EXANPLE

7
QUATERNIONIC HOPF BUNDLE : Spt1) —» S

}

S‘!

7
spu) = {q€H:191=1} —» § = {pu%',f)em* gt = |

£ SUWQ)
[ I 3
. l Pg= (492 143.4%)
s’/spm = e 2 5V
+ Tolp-Suwr) = VERT,(S ')

V) 7
VERTP(S) N 7;(5)

P Spu) = 33

7 ~ r "
NATURAL CONNECTION om Sptd &5 8 > S : wE€ Q(5,400)

- 7yt 7
KER e, = VERT.(S') n T, (S")

: Hon:’ (s')

W oz IM (%'J%Ui‘d%") CRESTRICTED TO 57)



- 4
CORRESPONDING GAUGE POTENTIAL onv IH 2 R :

bzt = IN ( ¥ JB)

1 + l%:"

fORE GENERALLY , (A,n) € (o0,°0)x IH GIES
R
Wy, € Qs apun)

UNIQUELY DETERNMINED BY

W ] -h g
’a‘x,n—AwA,n ) Iﬂ( %)

At + l%-ml
BPST INSTANTON WITH CENTER n ANVD SCALE ) (w=w,, )
CURVATURES
A
QA," : dw)on * 2 [mﬁan ’bd)in‘]

UNIQUELY DETERNINED BY GAUGE FIELD STRENGTHS
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An 3 s

3 Jinelz

EACH 1S ANTI-SELF-DUAL (ASD)

* - -
j),n ) 3;,0

v o4
(¥ HEDGE STAR on IH = IR DETERMIVED BY THE STANDARD ORIENTATION

n

AvD RIENANNIAN NETRIC )



CONPUTE
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dvel _,

* 1 = CHERN NUNBER of Spu1) &> s’ s

ADDENDUM 1 : CHERN - WEIL CHARACTERISTIC CLASSES

* lg —nl

- * F,
Tr(};‘n,\ 3-”‘) FoR FIXFD N

pvo VARIOVS )

INCREASINGLY CONCENTRATED AT
CENTER N AS SCALE N —> O



7 F
GAUGE GROUP : ﬂ *  ALL DIFFEONORPHISNS S§ —» 57

SATISFYING
Pcp-g)ipcp).a l 1
AND COVERING :afg Y 'S

- 7 Y
TWO CONNECTIONS W, Avp W, ON Sp() <% S —» S ARE GPAUGE

EQUIVALENT IF, FoR sone Fe A,

L
w_lr.pw‘

w GAUGE EQUIVALENT 70 W), S0 (Oy,n,)

A,‘fl. xtnz,

7? = MODULI SPACE OF GAUGE EQUIVALENCE
CLASSES [w ) ofF ASD CowwnECTIONS W

on SpLi) & s7 g’

ATIYAY - HITCHIN- SINGER nz { [wWy , 05 (40) € (0,)x R}

l‘
Z (o,0)x IR

2 {xe n?'s'; Hxn <1 g

________ / FIXES THE " centeEp” n

! A"sw_s "ANso0mr—>1

=== TTNSS 977 AS A cory oF S, THOVGHT of AS “ivsTANTONS

CONCENTRATED AT A PoioT "



<. DONALDSON'S GENERALIZATION

M = ConPACT, SINPLY CONNECTED, ORIENTED,

snootH (C°) H-pnANnIFoLD WITH

"
113

+
b_.ltﬂ) 2 0

+
RENARXS on b, (n) :

M CONNECTED = H,(M;Z) = Z T(M)E0 = HLZ)Z0
POINCARE DUALITY =% H (M, B)EZ Ao Hy (M Z) 20

Hy(1; 7 ) 15 A FINITELY GENERATED, FREE ABELIAN GROVP
: : b )
G1sonorPHic To 4 ® -7-® 7, ) EACH GENERATOR OF

wHICH CAN BE REPRESENTED BY A SNooThLy ENBEDDED ,

ORIENTED , CLOSED SURFACE 2 v X

INTERSECTION Forn ( AsSumné H,m; Z) ¢ 0 ) :

@, : Hyum;zre Hym;z) —~ 7

A UNINODULAR, SYNNETRIC, Z-VALUED BILINEAR FoRN on H (n; Z )

DEFINED AS FeLLowsS



ALTERNADMVE

EXANPLES :

™ x
1421 »

X, =3 o -

Q nt%,X, ) = SUN oF SIGNED INTERSECTION POINTS

2 2
@, Hw:Z)® HmzZ) —> Z
Qn (=, ,%,) = S «(,me{,~
M
b: (M) = NAXINAL DINENSION oF A SUBSPACE oF
HatM Z) on whicH @, 1S POSITIVE
DEFINVITE
= DINENSION) oF THE SPACE OF SELF-DUAL
HARNoNIC - Foprns o N (Fok ANY
CHOICE OF RIENAMONIAN NETRIC on M )
NTTY
Hy(n;Z ) Qn UL
0 @ -
/A 1) 1
y7A -1) )
Zo% =7 (¢,
227 3(75)@2(-E) 3



HORE EXANPLES FRON CONNECTED SUNS :

”I m&

i N

M, #* M,
Ny Z) = HunZ)e H(n:z)
Qn,wn,. = Q, 8 Gn_z |

E.6.
Q

m

n
mtﬂ”‘#nif?’ 4 D/BG(I"'I-"J-“‘*J.)

+ _
l::z (m @l?z#n@[}'"_) =m



DONALDSON'S THEOREN (1983): 1 A conpACT, SINPLY CONNECTED , oRIENTED,

snootd (C°) HY-nAmiIFoLD. THEN

+ - -d
b,mn):=0 = G”- a -,

RENARK : Qn CAN ALSO BE DEFINVED FOR TOPOLOGICAL Y- nANIFLDS

FREEDNAN (1982) PROVED THAT EVERY UNMINODULAR , SYNNETRIC ,

Z - VALVED BILINEAR FoRN O A FINITELY GENERATED, FREE ABELIAN

CROUP 15 THE INTERSECTIoN FORN OF AT LERST ONE (AND AT NosT Two )
Sveh NANIFOLDS . COoRGLLARY oF DonvALpson + FREEDNAN :

THERE ARE OVER 10 MmiLLiow TePolLoGICALLY DISTINCT
CONPRCT , ORIENTED, SINPLY CONNECTED, ToPoLoGICAL

H-nAniFeLDS M with BQU?) = 32, NONE oF wHick

ADMNT A SnoeTH STRUCTURE

T,
" pRooF " sua) =P —n ( cHERN CLASS ) )

CHOOSE RIENANNIAN NETRIC § o0 N GIVES Hopce sTAR *

A CONNECTION W on P, K g*ﬁmﬂ-SELF-DUBL (g-f-}SD) IF

( SoLLTIONS ALSO SATISFY THE YANMG - NILLS E QUATIONS )



lo,

NOTE : TAUBES HAS PROVED THAT SLCH conNECTIONS EXIST,
HE DOES THIS BY LOCPLLY " GRAFTING " A BPST INSTANTOND

oenvto I, THE GRAFTING PROCEDURE INTRODUCES A

o+
SNALL SELF-DLAL PART wHICH | PRoviDED b, LN) =0,
cAN BE KILLED BY A SNALL PERTURBATION.

GAUGE GRouvP

-}J(P. ) = ALL DIFFECNORPHISNS P' -.f..zy P’
SATISFYING
F"'P'g):ptp).g l J.
AND COVERIVG :J“. M e« M
i,

TWwo CONNECTIONS W, AND W, ARE CAUGE EQUIVALENT IF | For sone Fetr)

!
uJ_l‘-'-puJ'

M (F,9) = NODULI SPACE OF GAUGE EQUIVALENCE
| CLASSES OF g- ASD ConNECTIONS on P,

ADDENOVN & : THE NoDOL SPACES

DoNALDSON HAS SHowN THAT, FOR A " GENERIC ™ RIENAMNIAN NETRIC § |

M (F,,9) Looks LIKE THIS :



",

« AP M,y
SUCH THAT
’?‘Fi;o )- {Pla"‘afm }
1S A SNO6TH, ORIENTED
5 - NArvIFPLD

* EACH P., HAS A NEICHBERHOOD

HONEONORPNIC. TO A CONE
ovER CFP2,

ConPACT

* JK e MR,
sven maT MLR,5)-K s

DIFFECNORPHIC TO THE

eyLInpER M x (0,1),

NOW CUT oFF THE TOP HALF ofF EACH ComwE AMD THE BoTTon HALF oF THE CYLINDER

" CF* = 115 coBorDANT TO A

2
DISJoT unioN oF CFP s .

CIp? ¢ SIGNATURE OF THE INTERSECTION
| FERN IS A COBORDISN INVARIANT,

ETC. 0

"

ADDENDLN 3 : "ETC,
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3, DONALDSON PoLyNomiAL INVARIANTS ¥ cn), d=0,1,2a,...

M = conppcT, SINPLY CONNECTED, ORIENTED,

shooty (C7°) Y -nAriFoLD wiTH

.

VvARIOVS NASSUNPTIONS onN
b: (M) 85 THE NEED ARISES,"

%, (M) €7

¥ y) 2 Hn, 2) — Z[1] , d=1,2,...

RENARKS t_)_t__\) THE ConSTRUCTION :

h
SUR) &~ P.& — [ (cnemcmss-ﬂv,o)

CHOOSE A RIENANNIAN NETRIC § on H. CIVES HoDGE STAR * |

?702 ,§ ) = TODULI SPACE OF GAUGE EQUIVALENCE
CLASSES oF 9- ASD CONNECTIENS on '?Q

ADDENDUN J : THE NoDULI SPACES

EXANPLES :

o
o M=S g = s1AN0ARD RiEnAwNIAD neTRic | K=

}

MR, 4 ) = NODULI SPACE oF BPST INSTANTONS

i

OPEN S5-BALL
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2. M ARGITRARY | 9 ARGiTRARY , R s 0

,ﬂ . = S Tr(E,aF, )¢ —'-—-J (H-‘w'z‘z- 15::‘)0’%/5

4
keco = F, #o0 = W canwer B G- ASD

77”:“9) : 772“3-1:9) S 4

‘ + -
ko = vy ¢-850 w (F :0) 15 FLAT (F 2 O psS wELL )
J w w0

camveressz.y’ FLART => 3~B$D

THE .K 20 BUNDLE IS TRIVIAL AND FLAT CoNNECTIONS
EXIST on ANY TRIVIAL BunDLE So TPLh,9) # &

1 SINPLY CONVNECTED =p ANY Two FLAT
CONNECTIONS oN THE TRIVIAL BurDLE ARE GAUGE
EQUIVALENT So

17(12‘3) = {PouuT}

HENCEFORTH CONSIDER ONLY

£ 5
2 a2 -
3. M=87=x§ , §= ST™AVDARD NETRIC | S

7R, 9) = &z



/4,

2
4. M= €P | g = STANDARD (FuBINI-STuDy ) NETRIC , B=
mih,g) = g
—2
5. M=¢eP g = STANDARD (FuBINI- STUDY ) NETRIC | £ =

M P, g) F oPEN conE oveER CIP

RENARK :  ConPARE “H pwp 5. DOWALDSON THEORY 1S HIGHLY SENSITIVE
TC ORIENTATIONS

ASSUMNG
+
L’a (n) » o

DONALDSON SHowS THAT

FOR A " GENERIC RIENANNIAN NETRIC g,
M Py, g 1s EITHER ENPTY ok A Snoomy (€7,

CORIENWTABLE NAWIFeL) OF DINENSION

gh - 3Ci+h, (m)

CAN ORIENTATION IS CANONICALLY DETERMNED By
| 3
ORIENTING THE VECTOR SPACE H, (M;R) ),



+
RENARKS ON LQ (M) >0 :

THE SINGULARITIES (ConvES OVER CIPY) 1n THE
nopuLl SPACE wHEN Q:CHJ = O ARISE FRonN
" REDUCIBLE " CONWNECTIONS (LARGE 1SOTROPY
GROUP UNDER - Acnony ), IN THE SPACE @
oF RIENANNIAN NETRICS o M THE SET oF
THOSE § FoR wHICH THERE EX1ST REOVCIBLE
g- ASD w 1S A CounTRBLE UNION OF
SUBNANIFOLDS oF CODINENSION b: ).

+ " ”
”.z“'” >0 =p CAm Fivp A “Goop 3.

70 DEFINE IWVARIANTS FRor THE NoduL) SPACES REQUIRES THE STRONWGER

B ESUNPTION
b& ( ) , .

To ENSURE INDEPENDENCE OF THE CHOICE oF
9, NEED THE SET oF NETR)CS wHItH INTRODUCE
REDVCIBLES To BE SUFFiCIENTLY ™ T ™
THAT B GENERIC VARIATION oF § (PATH v G )

AV Averp REDVLCIBLES .

/5



/6,

DEFINING THE INVARIANTS :
CAse 1 : 8#—3(1+b;cn1) = O

CENVERIcALLY, TPULY G 1S EITHER EnPTY oR O- DINENSIONAL |

ORIENTED, AnD ConppcT (THIS IS THE ONLY CASE IV wHICH THE NODuL;

SPACE 15 conpheT )

[ Lw]]
Z ¢-1) , M, 5)% ¢
Yoy = g e
¢ 0 ., MG, o
CASE R : 91{-3(:+bjcm) )

ONE NORE RSSUNPTION REQUIRED. HENCEFORTH )

¥
5_1(”)>’ Anp 00D .

WRITE

84 - 3(1*6:m) ) = -202

FOR SONE PoSITIVE INTEGER ofg .

CENERICALLY, T LG, ) IS EITHER Enpry OR dy - DINENSIENAL ,

ORIEVTED, AND NEVBR ConrAcT.



DonvALDSon MU - nhP

M: B (7)) — H%?lﬁ,g);ﬂ)

ADDENDUM 4 @ THE M -nAP

NAIVE DEFINITION OF

Y (M) i z) — ZLz]

% 2dj
XE H.z(f?;Z) = }ll)‘)/\ "’/\/-((X) € H (77(&}3); Z)
%
¥, (1)) = S MUK A e pix)
%
74.9)

HERE ARE A FEW OF THE THINGS WRONG wiTH THIS "DEFINITION =

©  MtF,g) 1S NOT CONPACT S0 You CAN'T INTEGRATE

OVER IT

’ DEEP ANVALYTNICAL RESUVLTS OF UHLENBECK AVD TRUBES

LED DowALDSon TOo A CANomIcAL CONPACTIFICRTION

r

m
R
M-

nAe.

,9 ) oF 7’?”3’9) AnvD AN EXTENSION

Hylry, Z) —> HWiimin, g, L) oF THE

HowEth’,

M



8,

- m “:Q X ) 1S NOT B nBNIFOLD So INTEGRATION OVER

IT NUST BE REPLACED BY PRIRING wWiTH THE
FUNDRANENTAL CLASS,

* REGRETTABLY, m)Lfy,9) ADMITS A FUNDANENTAL

CLASS ONLY FOR SUFFICIENTLY LARGE ,ﬂ
IN THE STABLE RANGE

Z.E,

4

2 +
A Zcnblon)
OR EQUIVALENTLY

d& s = (n b:cm),

1F d 15 Av INTEGER SATISFYING

d

2 +
- Itubdcm)naoﬁ

AvD
2 +
d > Tcisb )

wE HAVE
gl : H,un;z2)-> 7%

RENOVING THE STPBLE RANGE CONDITION AND THE
neb Y CoroGCRUENCE REQUIRES

"t ANOTHER W-NAP M.: H (11;Z ) - qu77€§.9); Z )

** A DETOUR AROUND TWE FACT THIS M- AP DOES NoT
FuLLy EXTEND > ) (B ,5 )

** A BLOW-UP FORNULA RELATING ¥y (N) AvD ¥, (1% n CP2)



ADDENDUN 5 : DONALDSON PoLYyNONIALS

THE END RESULT 1S A SEQUENCE

Yym) ,d=o0,1,4a, ..

OF ORIENTATION PRESERVING DiIFFEONorPHIST) TINVARIANTS OF M,

DOWALDSON ( FORNAL PowER ) SERIES

o0

!x’ -
”

[}
d=0 J!

E.C., FoR M:=K3

d
(Q (x,x)/
['4 - N3 4 '2) -
O™ = £ =% = exp (Qxx/2),



SPRivG , 1994 A BREAKTHROLGH

KRONHEINER - NRowKA STRUCTURE THEORED : IF 11 1S OF

" D-SINPLE TYPE | THEN THERE EXIST COHONOLOGY CLASSES

Q |
Koo, ¥ € B 22) (D-BASIC CLASSES)

i?mD RPATIONAL NUMNBERS

&, ,..,a €ER ¢ COEFFICIENTS )

Ssven THAT

s
B”t)() = exp(anx,x)/.z) Z a, exp (Haexy )

=

NOREOVER, EACH M _ 1S A INTEGRAL LIFT OF THE SECOND
STIEFEL - WHITVEY CLASS mii (M) € HY(m;Z, )

FALL | 199Y RENDERED MOOT (DISCOVERY O6F SEIBERG - WITTEN

INVARIANTS )

<0,



EQUIVARIANT COHONOLOGY AND THE WITTEN LAGRANGIAN

WITTEN'S NAGICAL FORNVLA

m) °
Oncx) = exp (@, xXx)/a) Z A Sw(n, L) exp (e, (L (-C))oo)
LeN
ponvALDSON SEIBERG ~ WITTEN
INVARIANTS TNVARIANTS

AND THE PHYSICS IT CANE FRor)

§ s (w’¢'xi‘.l :‘pot)

Spi83 = | 7 4B S BnR - 2 VathY]
M
LidPaw-2i03,%12

vigdUed®y - 3.ty |

Dw

7 s j exp L-Sowth/e‘)ﬂi’



MaTHAl - QUILLEN (198()

" SUPERSYNNETRIC  FORNULAS FOR THE EULER CHARACTERISTIC
oF FINITE - DINENSIONAL VECTOR BUNDLES FRON EQUIVARIANT

CoHonoLoGY .

ATIYAH - JEFFREY (1990 )

FORNAL EXTENSION OF NATHAl- QUILLEN TO CERTRIN JINFIDITE -
DINENSIONAL VECTOR BUNDLE REPRODUCES Sp £3] ano
exnigis Z, As AN " EULER CHARACTERISTIC "

NATHA) - QUILLEN FORNALISN FOR TQFT OF " coHOnoLOGICAL

TYPE



EULER CHARACTERISTIC OF AN ORIENTED , REAL VECTOR BUNDLE
ar v
g
E S ”

OF FIBER DINENSIoN 2K OVER A CONPACT, ORIENTED NANIFOLD M

OF DINENSIoN B 1S DEFINED AS FOLLOWS

GENERIC SECTION A

LA 2ERD SECTION A o

Z (E) = INTERSECTION NUNBER OF ANY GENERIC SECTION



INTEGRAL REPRESENTATION i (E) = X - C(E)

M
e
@(E) : EULER CLASS oF E —> I

7wW0 APPROACHES TO C(E) :

| T
I, (CHERN-WEIL ) FIBER NETRC ov E — M GIVES

Tso
S0f) —> F (E) — M,

CHOOSE CONNECTION «) Wit CURVATURE (), CHooSE THE

ad - INVARIANT PoLymomial,

PFAF ¢ b0 (k) — R

& 1 N
(xw)  PFAF (Q ) = 42& 71"-“.' Z: - 'chmo'u)l\mn Qﬂ-l‘-z)ﬂa&)

g€ 34&

IS A CLOSED FORN o §ocE ) Avp 1S BBs:é ( socad)- wverianT
AND HORIZONTAL ) So 17 DESCENDS To § CLoSED 2R-Forn o 1M
wWHOSE CoHonoLoGy CLASS

e (f)

DOES NOT DEPEND ON THE CHOICE oF O,

2
NOTE : C(TS ) 15 CconPuTeED 1V ADBENDUN & .



4

| 2
2. (THon CLASS ) THERE EX)STS A UNIQUE U(E) € Hcv (E;R)

“
WHOSE INTEGRAL OVER EACH FIBER T, p) 15 1, THEN

&
C(E) =4 (UE)

e
ForR ANY SECTION A ofF E —

MATHA) - QUILLEN WILL YIELD VARIOVS EXPLICIT REFRESENVTRTIVES

oF THE THON CLASS ULE).

ANGTHER VIEW OF THE PFAFFIAN PFAF : 46 (R ) —> R :
Tz
V = TYPICAL FIBER oF E — 1)

{w',...,zp"‘ § = omientED ORTHONORNAL BASIS FOR V
= oDD GENERATORS OF THE SUPERCONNUTANVE SUPERALGEBRA
ak .
NV:=: & NV = (/\V)o & (/\V)‘
130
voo : ¥ 4);4 € A%ﬁ\/

Azlh;)e ooh) — < = XAy vvie A'v

LyTay
oL

3 L vTav
£=1



k
L o = PFAF(A) voL

AS A BEREZINV (oR FERMIONIC ) INTEGRAL :

Anvy Fe NV s a POLYNOMAL wIiTH REAL COEFFICIENTS

" ‘ " q
IN THE 0DD " VARIABLES 4’:..., W “, DEFINvE

\VFow = £ eR
s COBFFICIENT OF VoL = ¥ = 9’4
THUS,
a1 ct o phay?
PFAF (A) = Se“ IS je*x oy

SUBSTITUTING FOR A THE CORVATURE €2 oF A CONMECTION ON

Sowh) &> F_(E) —> M GIVES A BEREZIN INTEGRAL REPRESENTATION
OF A FORN wHICH DESCENDS TO A REPRESENTANVE oF THE EULER

cLAss on M,

rATHAI - QUILLEN REPRESENTANVES oF THE THon CLASS ARE LIKEWISE

GIVENV AS BEREZIV INTEGRALS,



EXTENDED BEREZIN INTEGRATION

A = ANOTHER SUPERCONNUTATIVE SUPERALCERRA

¥
E.G., (V)

A® NV = surer TENSOR PRODUCT
~ degF, dega,

(ta,®F )a,@F )= -0 ca,a,08 (AR ) )

= PoLywomALS F wirh coerFicients iv A v THE
” a
o0p “VARIABLES " ¥ . ¥ A

Sﬁﬁw - F €A
voL

EXANPLES :

1. A= Q') = conPLEX - vALUED DIFFERENTIAL FoRrNS ov V

Q') @ NV

{ A, e, Myp § = BASIS FoR v¥ e Qv) ova {9’:..., l}’M’}

. e - ¥
omTING THE " ® " FoR ELENENTS oF SL (V) & NV we HAVE

-io/xt-’. 1 w"'oluj J¥Tdu € Qv env

2 * v
-Fwirera, )€ QWA

”"n

2 2
- Lnanl = - gusan

- Lot v i wlda

.
Qr) e € QWIeNV



g - Enantsivda

S am) e oY =

-Auunt )
. a Yiou
cm)a Se. et T PY =

4 - +oun? S &; Pdu, 4o b W“J.«u

(am) " C oy -
@y e.é.,uu‘ j Shde -~~e“wdda“ oV

L.wr)“q c~z'1'm“”1 S C13iwom ) ..o ( u;lP"JAd)ew 2
caw)y c'i."‘“”1 j G wda, ) (4 'PJJHM YO =

(amy ¥ e'f"""l;"‘ j g-uf"mm‘":/,.,... g vy low .

4 t ¢
e e " da, .- due €LV

INTEGRATES T0 1 ovER \ . THINK oF IT AS A "GAUSSIAN
REPRESENTATIVE OF THE THon CLASS oF V, REGARDED AS A VECTOR

BUNDLE oVER A PoINT

A=z Clocn)] @ Q*v)

8ASIS FOR OV ) cnz hab-1)

18,861
{ ., X"}

*
DUAL BASIS FOR AT (V) REGARDED AS LINEAR

"

FUNCTIONS 60N Ao (V)

Cracevy) = RIX...x"]18C



Cloccnd] ® Q') = suns oF 1ERNS
X2 (P® €

wHICH ARE TD BE REGARDED AS
.Q.'LV ) - VALUED PoLyYNOMBLS o HotV )

) = @) ) = 8)Ee

CRADIVG : deg (@€ ) = 2dejp + dejC

L4
WE DESCRIBE AN ELENENT YV oF €Lac)] @ V), cALLED THE

UNIVERSAL THon FoRN oF V, AS THE BEREZIN INTEGRAL oF AN

ELENENT oF + ,
Crasen) @ Qv @AV,

NoTATION : € € A6 (V) GIVES A LINEBR TRANSFORNATION

nf TN -V
: -°-’-¢eé (£E)W))
My ¢¥) iT e ; ’tza
F N, = ”$ , THEN
a
Hf = X“‘.f)no.
‘ 4 a I
22w N gHn v
?FﬁF(”g) : J e 4 O, Py



Now NOTICE THAT
4 ¥
- % %: w'ex“ﬂ“w € Clocwr] @@L WIONV
4
2 nplxrn ¥
@ * € Cloren]® QWreav

cdnunt+iWidu - 3 %‘ ! x*n, pt

- ¥
(am) & € CLAacN]O (WIOAV
50 wWE CAN DEFINE

4
..;{-u.uu +4 ‘Pda ZW X“ﬂ )
v = @m) j e DY € Clocwr]en’ v

ExonpLE :  V:R® (USUAL ORIENTATION AMD INVER PRODUCT )
{v'v'y = srAnpARD BASIS
{M,, M. 5 = DUAL BASIS (COORDIVATE FUNCTIONS )
SowV) £ Sota)

161 = 1
{x'y = DuAL 8ASIS
» ..,-.,M,?'i'u ) -, _ita,lbﬁl:)
Vv z@mn e Y oudu, +am) x'e

o T ] T
Clac@)JOQ (R™) Q'Laau:_’l e Q(m*)
[ A
INTECRATES TO 1 OVER R

NOTE @ THE PROOF 1S 1N ADDENDUM 7,

IC



hn,.

WE Will SEE SHORTILY HOw THE UNIVERSAL THOoN FORN of V cAw
BE USED To PRODUCE (GARUSSIAN ) REPRESENTANIVES OF THE THon

CLASS FOR ANY VECTOR BUNDLE wiTH TYPICAL FIBER V,

FIRST, HOWEVER,

WHAT KIvD oF " THNG " 15 Y ¢

BRIEF RSIDE oN THE CARTAN NODEL oF E QUIVARIANT CoHonoLoGy :

M = SnooTH NANIFOLD G = CoNPACT CONNECTED LIE GRouP

LEFT ACTION : o : G*xN — R

d"(g‘m) s 3-m 2 O‘é(m)

OBJIECTIVE : coHonoLocy oF N/G

¥
0 (M) = GRADED ALGEBRA OF CONPLEX - VALUED DIFFERENTIAL
FORNS onv M

C [5] = GRADED RALGEBRA OF CONPLEX-VALUED POLYNOMNIARLS
ON THE LIE RLGEBRA g oF G

L 4
Q (n)-VvALUED
PoLyNOMALS on 3

L€

czg]&ﬂ.’(n) = SUNS oF X = POP

)= (p@eNE)

GRADING : Jeglet) 3 O'eJ((?@‘e): .zc/eJ ¢@)+Jeél‘€)



2,
INDUCED ACTion oF G om GLQJ ® Q_*(n) :
‘3,4)(;) : (g tpoer)Lf) = o(g",{a)?:(‘e)

. G
Letga @ Q']
L 4
G- INVARIANT ELENENTS oF €L3] @ (M)

"

L 3
QGU"l)

G - EQUIVARIANVT DIFFERENTIRL FORNS on N

G - EQUIVARIANT EXTERIOR DERIVATIVE :
¢ | * v
| JG : Q‘G (ﬂ)—?QG(“)

(JG"‘)Lf) = dutdr) - (?# (e )

WHERE J

$my = 7y (e'P("tf)'”’)lba .

. |
(Q (M), dg ) 15 A CocHAN ConPLEX AND 1TS CononoLoGy

#
W)

1S ™E CARTAN NODEL oF THE G- EQUIVARIANT CoHonelosy ofF 17

THEOREN (CARIAN) : IF THE ACTIonN oF G on N

<+

1s FREE, THEN .
H tn) 2 HdeRban (Mlg; €),

*
NOTE : MORE DETAILS AND Hs‘ (53) CAN 8E FouwbD IN
ADDENDUN 8,



INTEGRATION OF EQUIVARIANT DIFFERENTIAL FORNS :

S : .Q:U‘?)-—» €Lyl
M

( S o()(f) : Soug‘) . an'tg‘)u‘“

n ™

UNIVERSAL THoN FoORT)

¢ 4
gy -duwante iV RV xan“waw €Q.
v = (W) S € | Sow)
SATISFIES
Yy =0

Sow)
AND

S v = 1

v

2 o . .
NOTE : PROOFS FoR N = [R v ADDENDUNR 9.

THON FORNS FROMN THE UNIVERSAL THom FoRN) :

ANY ORIENTED REAL VECTOR BumvDLE WiITH TYPICAL FIBER \/ CAN BE VIEWED
AS THE VECTOR BUNDLE

P x(, \V4
ASSOCIATED TO Song PRINCIPAL G- BUNDLE

Ges P —m N



A,

By SONE REPRESENTATION

p:G— S0LV) Cq¥ = pegdtP?)
PxV —_— P
by, 5 w) > [pY] l | l

Pr B — A0V )

soev)
FPOCE [CLacv]® afiwn)

— (Rofu)®€E [€L7) o Qw1

* *
E.G., Ve Q, V) — V€ Q. V)

CHERN-WEIL NAP

CHOOSE w on P
erz)®>q'wy = a')
gasie
¢ — )
nATHAI- QUILLEN NAP :

,, ¢ G G *

C @ - =
[ergleQwn] QLPW)nmc Q(_th.v)
POEC — HOR (PLR)a‘C)

dg - cLoseD —» d- cLosed

NOTE ¢ WE USE THE SANE SYNBOLS FOR FORNS on P Amp V Arp THEIR

PULLBACKS To PXV 8Y A PROJECTION



UNVDER THE NATHA)- QUILLEN) NAP

£

Y * oY

cany ! X e granteiVda- 3 2 wiotspy v

GOES TO
U = 7HE HORIRONTAL PROJECTION oF

4 .fuunzi-iwrda-:{g_'."ﬂ(lx“({»*ﬂ))nalﬁ’(
2av) S e oy

ol LIRS L IS
(2T} e

RY

wHERE (P, L) 1S THE SKEW-SYnDETRIC NATRIX INAGE OF THE
G - CURVATURE UNDER [+ .

2
EXANPLE @ N = IR~ AS v THE EXANPLE on PAGE 10,

L ]

a2 L3
-Q(M‘ "'Mz )

J =z am e (x' 4 du,du, )
VECTOR BUMDLE = TS CUSUAL STRUCTORE oM S~ )
G = SO0(2)

s0a) «> F (76" ) —» gt
P = 'Jsol.a.) (So Py = ’Jaww.: )

] [
‘-0'(-010,) Q=Ql(-¢:o>

3 (M} suy )
U s @n e’ P +Ja'c/auz +w'a m,o’a,f-azo@«z) D

w

NOTE : THE PROOF 1S InN ADDENDUM 10,

15



/6.

IV GENERAL, $0an® +0Wda 1 1970, Q09

. -
U = HoR  (cam) Sc Y )

1S A BASIC FORN oN Px\ whicH DESCENDS TO A GAVSSIAN REPRESENTATIVE
OF THE THON CLASS ON Px‘, \A

PULLING BACX To N 8y A SECTION oF er,v -» M GIvES A
REPRESENTATIVE OF THE EULER CLASS .
BUT EVERY SECTION of PxV —> I s of mHE FORND

m —» (bim), Stamd)) = [am), Stam)) ]

WHERE A 1S A SECTION OF G <> P—>M pnp S: P— V g
EQUIVARIANT  ( S(prg) = pcg"usz,p:) )}

THUS , ONE CAN PULL U BACK DIRECTLY BY

* ¥ x
(A, Se4) = (11,5)en) =A*o(.1,$)

I.E., PULL V-FACToRS BACK By S To GET A Fofn on P Ano

THEN PULL THIS BRCK TO 1 BY 4

EXANPLE : Tsz z F‘;DLTS‘) X R® As 1N THE EXANPLE on PAGE It

1d,

Sota)
A
W = LEVI-CIVITR CONNECTION ON F;o LTS5 )

a
A =z SEcTION of F LTS )



: ORIENTED, ORTHONORNAL FRANE FIELD oM S

2. _t 3
AP0 = (P, O, 331 sivg 20 )

[
s: F'Soc'rsz) —» R AV EQUIVARIANT NAP
| .
(T.E., A VECTOR FIELD 0® S )
S(a(p,0)) = (¥swO K YewsOcosd)
WHERE YE IR 1S ARBITRARY

THE RESULTING REPRESENTPTMVE OF THE EULER CLASS 1§

| -t t(sin'0 4 cos’0cs'B)
c..ur)" e swg it o5 0 sin' 6 ) dpa d6

NOTE : THE PRCOF 1S 1Ny ADDENDUN ).

TV PARTICULAR | WE OBTAIV THAT, FOR ANY Ye IR

an w " 1 3 t 2
_+Y (SInNOHcos Beosd)
i S S e sd (1+ 7 w0 sin'd ) dgde
o o
= ¢s™

8

"



ATIYAK - JEFFREY TRANSFORNATION OF THE UNIVERSAL THON FORN (SKETCH)

NOTE : DETRILED CALCULATIONS cAN BE

L Y

Found 1v  ADDENDLN 12,

.+ nant

() U :amn e S erp (< Wl +iw"cr,mw)ecp

CEVALUATED o HORIZONTAL PARTS )

ADDITIONAL ASSVNPTIONS ANVD CHoICES :

Tp
. G=> P —> "N s oRIENTABLE (T.E., I n-FoRN Won P

(n=dinG) suen Tor, IFmeE N awp (, : T m) <> P, mEw
| A
(,:11! 1S AN ORIENTATION FOR T, tm) = G ). FoLLowsS THAT

P 15 ORIENTED BY THE *“LocAL PRODUCT ORIENTATION "

L
, (vor,)n ¥.

2. THE ACTION oF G on P 1s oRIENTATION PRESERVING (% : P> P,

7, (p) = P*§,'s AW ORIENTATION PRESERVING DIFFEONORPHISH V §EG ).

3. A G- INVARIANT RIENANNIAN NETRIC < , > HAs BEEW

CHoSEN FoR P,

*
*

18



4.

9,

THE CONNECTION W FoR P 1S THE ONE wHOSE DISTRIBLTION OF

HOR12oNTAL SPACES 15 THE FAmLy oF < , >- ORTHoGoNAL
o,

CONPLENENTS T0 THE G ¢ P —» M VERTICAL SPACES

AN ad- INVARIBNT INNER PRODUCT C , ) on I HBS BEEN
CHOSEN AND NORNALIZED So THAT THE VoLunE of G (ARISING

FRon THE CORRESPONDING BI-1NVARIANT RIENANNIAN TNETRIC

ov G) I1s 2.

NOW wE BEGIN TO NANIPVLATE U, GIVEN BY (1) :

Q = dw + Flw,w]l Ao
fw,w ] VANISHES oN HORIZONTAL PARTS So

n [
4 _fnan S exp(iv’?A*'-{""T((’*‘d“”)'P)ew

Q) U = @an) e

(EVOLUATED om HomzonTeL PARTS )

TO00LS .

Cp: 3y — vsm;,(P) c 1;(P)

Col =')=°’¢.exu:))
pt§) = $pd = G p-exp LS It=o

L 4
c, : T,(P) = g
{Pp, Gt Y, = (G 1), T ) Ywp€TiPIV9ey
R, c: °oCp: 53 L INERTIBLE AND SELF-ADIONT )



<0,

THEN

AS LIE ALGEBRA - VALUED |- FORNS
- «
w = R oC
So
-) ¥ PR
dow = dR A C +R dc

¢
C  VANISHES orv HORZONTAL VECTORS AND THEREFORE So DoES
di'a et so

4 -inunt y
(3) U = um‘e 2 Sexp (zw’&wiﬂme Jde’Ny) PY

LEVALLATED on HORIZONTPL PARTS )

T0 ELININATE THE EXPLICIT APPEARANCE OF THE INVERSE , USE THE

FOURIER INVERSION FORNVLA ( on g ) AVD A CHANGE oF VBRIABLE

@=(8,,.,8,) avd A= (A,,..,),) CooRDINATES on 5

mo F A neaL-vALUED FunvcTion on §

. ~a(B,))
"2 S e Ferad)
9

(TFIP) (QarT)

-nl A, D)
ary ot S e fugrds
]

(TFIHAN)



a,

NOW F= F ﬁ'f ) nrLIES

]

. A dn 8
Foa) = uv)nj S e et )P4¢)J¢JA

338
USE TIS TO EVALUATE F (R ) AVD NAKE THE CHANGE oF VARIABLE

A= R 10 oBMMIWV

PtR";u.) - z.nr)'"jj ettt ) e‘w‘R“F(gt)u(g/If dA dg
55

APPLY ™IS TO THE NATHA) - QUILLEN ForN wiTh M= dc"’ O oBTAIV
o k- Fuweant R, A
(4) U= @r) 2n) e SSS exp (T ¥ (pudI¥ + 4Py
Litdet )+ i@, R0y )ckt R OYIBd)

¢ EVALVUATED o HORIZONTAL PARTS )

To INCORPORATE " EVALUATED ON HORIZONTAL PBRTS — DIRECTLY INTD THE

INTEGRAL wWwWE NEED :

A NORNALIZED VERTICAL VOLVNE FORN) FoRr A PRINCIPAL

: w
C-BUVDLE G Q —>» X  ( WF HAVE v MivD

G &> PXV —> PV ) is AN n-FoRN (n=din &)

-l
W ow Q@ Such AT, 1F by ! T LX) & @, THEN

VXEX.



.,

ONE CAN ALWAYS CONSTRUCT SUCH A THING AND, 10 OUR CASE , IT cAN BE
WRITIEN AS A BERE2IN INTEGPAL

¥
W2 tdefR) S e‘C'7)67

+
WHERE 7 1S A VARIABLE v g AvOo (C v ) s THE 1~FoRn om PxV

DEFINED BY

T R RN PERIN-L IPERT I 2t

FOR ANY VECTOR FIELD {

wEDGIVG wWiTH W KILLS ANy VERTNICAL PARTS MVD LEAVES ONLY TERDS
wWiITH MORIRONTAL PARTS AND A FACTOR ofF W . THEN FIBER

INTEGRATION U I.E., I6NORING W ) LEAVES oNLY HORIZONTAL

PARTS .

powe THIS FoR U wo (4) A0S (&' m ) To THE EXPowENT, cANCELS
del R Avp 1wTRoDUCES ONE NoRE BEREZIN INTEGRAL i

- o’ j”j exp (£ ¥ oY ¥4 Wou

) -
5y U= (2r) 2am) €&

idein)ei(8,RN) 4 LCTw;))eyﬁ'PJNA

THE



PULLING BACK THE V- PARTS OF TS FoRN orv Px\/ By AN EQUIVARIANT

nAe
g§: P—>V

GIVES A FoRrRn

4 -tusw’ S“J exp (29 o, )Y v iws

.n
¢y (am) am e

cidctA)ei(e, R ¢ (cfy))ayezpcwd,\

wWHOSE INTEGRAL ovER P 1s T1e EULER WLNBER oF PxpV,

FINALLY , wE ADOPT THE PRACTICE 1v ( SUPERSYNAETRIC ) PHYSICS OF
WRITING THE INTEGRAL OF A FORN AS A BEREZIN INTEGRAL FOLLOWED

BY A VolLunE WTEGRAL :

e X: . Jw
Spot SP S acx, .91 .

APPLY THHS To (6 ) AwWD (FivALLY ! ) SUPPRESS ALL BUT onNE oF THE
INTEGRAL SIENS TO GET THE ATIYAN - JEFFREY FORNULA FOR THE EULER

NUNBER OF PKPV :

-ﬂ
(7)) wmw) @w) &

+itB,R) + (7)) 0] 670'PJAJ¢JM

23,

Lpent ’
e S exp ( a“!”(r’m”’ +ip’ds - Jwela)



NOW WE WANT T AFPPLY THIS (FORNALLY ) TO AN INFINITE - DINENSI10ME L
VECTOR BUNDLE THAT ARISES NATURALLY 1v DOoNALDSON THEORY,

M = ConPACT, SINPLY CONNECTED , ORIENTED,
+
SnooTH Y- nANIFOLD wiTH l>_z (n) 7
AnvD ©oDD

3 = GENERIC RIENANNIAN NETRIC onN M
s
SUL) &> P —>» M wiTH

+
8cy(P)-3CItbum) =0

PRINCIPAL BUNDLE :

MP) ;(i(P) — B(P)

(NOTATION FRON ADDENDLN 2 )

AP)- Acnon on Q: (M, ad P ) GIUES AN ASSOCIATED VECTOR BurDLE

a L)
A X, QinadP) — @p)
)

b, = O-SECTION

A = SELF-DUAL CURVATURE SEcTion = F

A(twl) = (w, F? ]

) w



35,
77(83) 2 ACéu’)) n /.)o(éu’))

¥,(n) = "EULER NUNBER "
ATIYAK - JEFFREY (SKETCH ) :

NOTE : DEIAILS ARE AVAILABLE 1v ADDENDYI 13

A A
REQUIRES A K - INVARIANT RIENAVNIAN NETRIC FOR A« 1 wiLl pRop

THE " (P> EVERYWHERE FRON THIS PoinsT od ).

A
A oren v A , wricH 15 AN AFFINE SPACE

A

T,(A) 2 Q'n, adP)

RECALL : ON Q‘cn,adl’)’

—————

<,&,0>& : §-41‘r (pa*v)

1S IVVARIANMT UNDER ADJoInT ACTION

A, -
TS &, 51 on T (A ) cives Y- ivveRipwT RIENANNIAN

A

METRIC on A

A

~ A
™IS GIVES § CORRESPONDING CONNECTION oNv f < A — @



T (A) 3 7;(«0')3) ® xer ($°)

w
d°: Q%M adP) — Q'n,adP)

§°: Q'inadP) — Q°un,edP)
( SEE ADDENDVN )

Honwui)  Kker (8%)

NoWw EXANINE EACH TERN W0 THE ATiyAN- JEFFREY EXPONENT
4 2 27 ; w7ds ()
-4 Nl st + ¥ (P.d)‘)’ + 4 o D,
¥ .
SAdC A+ i RN )+ eld), )
SEPARATELY .
“w

1 + 2 + +
1. - i— It St 1) = -f nFr, 1l = S ‘ﬁ"(Fw A*F )
M

+ +
n

M(d*) @ wer ¢ S)

I I

* L
—;{—nﬂw)”z = 3 3 o (Fyaa FL) + 3 S r(Fyn
M

YANG-NILLS TERN TOPOLOGICAL TERM

6.



de
DoNALDSON THEORY ANALOGUES OF C, C Amo R :

113

A
LIE ALGEBRA of Q°tr,adP)

n

T“,(ya ) Q'en,adP)

A

So Vwe A
Co : QOLH'A.JP) — Q.(n, A-JP)

c,t8§): a%é' (w.exp(i.b)]tw J J“‘f‘

w
Cw:cl

THUs, RELAMVE To £ , >, Awvo <, D

) 2

¥
C., :Q'nad?) > Q°%n dr)

w
C,., = $§ =-*J“’*

w

AND
R, : ron,arl?) —»n"(n,u/t’)

R,z CooC, <% d° = oY R FiE ¥

= SCALAR LAPLACIAN oF

A, 4(g,RyX)

<7,



KT
BoTH @ AND N ARE 1o THE LIE ALCEBRA of A So INTRODUCE

wo " Bosonie  FIELDS
#.2 € Q°n, ad?)

A
AvO WOTERPRET  C , ) As <&, > . FoR EacH wéE A,

im0 2§ & ocgduedn)
n

(C:‘i),"()

¢ ! ’
C, : Qun,adP) — Q°(n,ad P so wTRoDUCE MO * FERMIONMIC

FIELDS

e Ql(n adP)
7 € Q°n,ad?)

o .

Avo 10EMTIFY  ( , ) = £ >

(C,jtz),v) = ( ct,tZ),'))o =43, Cutmd

® (%,c)”‘q)'

(c‘:lt)”?) : -2 S "T'(%AJ“‘II)
n




4.

-5,

29,
i¥Tds (1)

+ A

$=F : A — Qf n,adr)
ds,=d, : Q'n, adP) — Q5 (n,adp)
ds t}) = J:’?,

INTROOUCE " FERMIowic " FIELD

Ye Q) (nadP)

AND IVTERPRET FINITE-DINENSIOVAL EXPRESSIONS

B‘
tA' A" (

AT B :
8(‘

AS THE APPROPRIATE INNER PRODVCT on FIELDS

dWTds, () = 4 <¥, I,

PyTds, ) = i | d7EaY
) |

:{-I’JT(P"¢);P



C.

P 1s T™E REPRESENTOTION OF A on Qi n, ad P ) Gwinve RISE
”

To THE ASSOCIATED VECTOR BUNDLE, REGARDING 2 AS SECTons

oF Ad P Ths 1S, POINTWISE , THE ADIOINT ACTION oF SUIR)

ov AUL2).,  INFIMITESINAL ACTIoN (-’* Is BRACKET,

(P¢¢)"P = tﬁo‘PJ

So
;{-lprqo*ﬂf )Y = FLIEYI Y 2
R R XL 2N T X 2P
M
i (deS i, 2 )

~N

Jdc* s o 2-Forn ov A wirw vALUES w.Q°Ln,aJF)

«
conpunng  dJC° REQUIRES A LITTIE WORY ¢ ADDENOLN 13 )

BUT TME RESLLT IS

dCr (3,80 -2 401,,%4,)

Side] (30,00 = 2 <*ry* 0 S



31,

-d (JC:IZ)‘)): - 44 S (L3,*TIN)
n

ADDING TbéEmEk’ ALL OF THE TERNS IN THE BOXES AND ( IN DEFERENCE

To THE PHYSIcS LITERATURE ) SWITCHING TO

Tr = --t'lr
GIVES
| AR - S P Eatavd sid ey
M

s 20 L3200 -igd"*dA + A *dYy ]

WRINNG THE INTEGRAL Iv (1) v THE FORIN

) g

WE I1IDENTIFY THE DONALDSON -~ WITTEN LAGCRANGIAN

>

» w
o (8] = G Ra Byt FEE, - 2 wargw]-id tay

LA L3,Y1IA + ipd edTA - LAt

AcTion : Sowl®] = Sn Tr Lpw

PARMITION FUNCTION : wa * Sa <)




SFEIBERG - WITTEN THECRY :@ PROLOGUE

WITTEN'S 1988 ToPoLoGICAL QUANTUR FIELD THECRY ( TQFT) :

# AS BEFORE wiTy RIENANIIAN NETIRIC J . FIX Sone

T
svQQ)es> P — M

FI1ELD CONTENT !

' 2
GAUGE FIELD (CommECTION ) w wiTy cugvamre F e Q7cn, ad P)

+ " nATIER FIELDS

BosoniIC FERTHONIC
ge Q' adP) me Q°%n, ad P
AEQ (N, ad?) ve Qm,adP)

1 eQ; (nadf)

¢ = (w. B, X7,¥%1)

*»

+ " GHOST NUNBERS + " SuPERSYNNETRY oPERATOR "

+ DONALDSON - WITTEN) BCTION Sow (%3



Spl®] - 3 Tr { #E AT, t 4 Eaf, - 3¥AL8¥]

” .
i deiaw - aitd,on]d s igd 4D
- 3aYd
- So[9]/e
PARTITION FUNCTION : pr : S e - pd

EXPECTANON VALVES oF O0BSERVA BLES & :
8 - Spw £§]/ e‘

Oy = e o) PP

SYNNETRIES BLILT INTO So W + FORDAL PATH INTEGREL NANIPULATIONS

“ pRoyE " THAT THESE ARE INDEPENDENT OF THE CHOICES OF 3 m e

FornaLLy ConPunnG  Z,, ™ THE " wEaK CovPLinvg LINIT " e—o,
THE STATMONARY PHASE APPROXINATION HAPPENS To BE EXACT AwD THE
INTEGRAL LOCALIZES Tb TME NANTI-SELF - DLUAL NoDVLI SPACE GIVING,

+
wren 8B -3C13b, (1)) 20, TE O-DINEWSIONAL DONALDSON INVARIANT,

= ¥ WM
Z oy L)



WITTEN SINILARLY OBTAINS THE RENAINING DoNALDSON INVARIANTS

¢ FORNALLY ) AS EXPECTANION VALVES FOR A FANILY oF OBSERVABLES

PRRANETRIZED By X € H, (N Z ),

DUALITY Iv WITTEW'S TQFT : 19g¢- SPRING, 1994

e >0 | G —» °©
WEAK COUPLING STRONG COuPLING
ULTRAVIOLET INFRARED
Nown - ABELIAN ABELIAN
PERTURBATIVE MOV PERTORBAMVE
CONPUTABLE INTRACTIBLE
DONALDSON) INVARIANTS 2

SEIBERG - WITTEN (FALL 19%44) :  EXACT SOLUTIONS IV TE INFRARED

SEIBERG - WITTEN INVARIANTS

TIESE SEIBERG - WITTEN INVARIAVTS ARISE 10 NUCYH THE SANE wAY AS
THE DONALDSON INVARIANTS FRoN NoPULLI SPACES oF SoLuTIoNS

To THE " SEIBERG- WITTEN EQUATIONS .



ALGEBRAIC PRELININARIES  ( MORE DETAILS Iv ADDENDUR 14 )

FATRIX NODEL oF THE (REAL) ALGEBRA IH oF QUBTERNIONS

1: (50), 2= (03). 7= (50). %= (5))
q = z'.ﬂ. +3"1 -}%BJ‘#%“K

- ' ’ 3 ;|
§gl-gI-gT-3X
: CONJUGATE TRANS POSE OF THE NATRIX 2

MATRIX NODEL OF R' : ALL ¥ x4 CONPLEX NATRICES of THE FORM
o 3
(2 2)
nxN*= detx

o,y = & (nesynt-ux-yn*),

WITH

ORTHONORNAL BASIS FOR qu :
o 1 o X
& (—1 o)’Ef'(Io) Eg( ),E‘,-.- “0)

SATISFIES |
E,E; +E;E; = -34LELEHL, 921,2,3,4

Yxy .
REAL SUBALGEBRA of € = GENERATED BY {E, E, & ,E ) 1s me
REAL CLIFFORD ALGEBRA oF fR." AND IS DENOTED CJUR").

: Yx¥ |
conPLEX SUBALGEBRA oF €  GENERATED BY {E, &, B E, § 15 THE
conPLEX CLIFFORD ALGEBRA oF R ano 1s pemvorep cl(r)® C .




sasis : goc(og)-1
e: (5%) a=(35).8-(52) .5+ (33)
6E, - (:; ) e,g:(:;),stsﬁ :-o“)
EE; * ’:: ; 5,'5"-(':?3),535"5 (i;

o % , e -J
E;Eles it (“K o) 3 ElElE!’= (J’ 0)

f © I \ o -4
51535‘1 : (-1 o) ’ E"E3E'1 } (“i o

-1 ©
E,E}_E'3E“ 1 3 ( 0 1)

Z, - GRADINGS
clig?) 2 cl,iRY) @ cl (R")

DIAGONAL & ANTI-DIAGONAL
EVEN @ odD

AND SINILARLY FOR C-IUR") ec

CENTERS :  Z(clR™)) = seAw { E, § = R

ZclRH®EC) = seam {E,} = €

IDENTIFY U0 wWiTH THE SUBSET

guy = e, 1 0eR S

-

e

oF CICRY) ® € (AnD GENERALLY WORITE &

o i
FoR @ E, e 1)



IDENTIFY R - SPAN {E, .k .E €, } < cl R?) e cerHB®C.
Xy +y% = ~2xyyL  YxyeRm

Clx( m") 3 NULTIPLICATWE GROUP oF vviTs v Cl UR")

Y : -
XEM wimm mxli=1 = xecl™®R*) a0 X' = -x

3

—lemq) = SUBGROUP oF CI"UR"J GENERATED BY {xe IR": uxH =t } S

SPIN (mq) = chm")n Clo (JR“)

(USUALLY WRITTEN SPIN (4) )

THEOREN : SPIN (4) = { U2 ) v, u,e sU | s THE umERSAL
-_— . t 3
DOUBLE COVER oF S0(4),

SPIN : SPINIY) —> SO(R') = sowy)

CSPIN L)) OX) = XM

CONPLEX ANALOGUE oF SPIN LY )

suserouP of C1*(m™) ® € GenernTED BY
SPIN(H) AND U (1),

e

SPID (YD)

{e‘s; (% :‘) : ee‘m, U, U, € sum}

(3]

{.(‘;“ ; ): u.e U@), detv, = defu_ |



SPIN (4) AnD SPIN cw) ARE CONPACLT LIE GROUPS.

SPIv 4) x UU) —» spivSey)
(=) Dy
e )

: '
(L, ) — e au

SURJECTIVE HONONORPHISTI WITH KERNEL Z-z = 2(4,1)

gp,mc;q) = Sf’lﬂ)l‘”"l.nl)/z.l

SONE nAPPINGS :

I, | S : sn) = vwd

]
1) ’5(? g) : ‘S(Qov' e:‘u )

delu, s delyy s &

SURJIECTIVE HONoNORPHISH wiTh KERNEL SPIN (H)

a. | senfui) — soy)

TE) = 'rr(_e.e:.a. ) = "'Jg = a..c}“ € SOUR")‘"-'-' Souy )

3. SPtmc . smmcw) —y» SOLY) x UL))

1

o
SPNSLE ) = shinfle w ) = (g, $¢éH)

: 28
Lspow) @€ )

SURJECTIVE HONonoRPHISN WiTH KERNEL Z, = ¢ 1L



LIE ALGEBRAS OF SPIN L4 ) AND SPIN(H) : 8.

i s = A o \.
apin (1) £ 202> ® 44Q)D = {(a h&),a,,a,_e.m.m}

A o ~ ¢ _ a. o . 1 o L :
4o C1) g (4) ©.400) = {(o )4 (G ﬂ).ﬁ,‘ﬁzewta),tsm}

bxt

curhee ¢ ¢ ArD clmeccum"ma) 1o =

Maxy

RN e =€ = END_(Sg)
1 =t 1,32 = =
SG=C'.I, WitH L2,y = Zas 2w bt H2 M

| | .
THE ELENENTS OF CILR')® € (I PARTICULAR, THOSE N R, clerY),
spwvtd) Avp SPINS(4) ) ALL ACT ON Sg .

THIS ACTION 16 CALLED CLIFFORD NULTIPLICATION

AND 15 DENOTED wiTtH A DOT -

RESULTING REPRESENTATIONS :

1. cHr') — ENDG: (Se ) ( IRREDUCIBLE ) /

Q. AQ  SPIN(H) —> hu‘rc(s@)

THIS 15 NOoT IRREDUCIBLE AS ONE SEES BY QB)T:NG



n
"
n
@
n

3 7

(o]
Al I B R B Y
2’ 0 23
2’ 0 2

+
CLIFFORD NULTIPLICATION BY ELEMENTS oF Cl (R") PRESERVES S_
AND S, , wHEREAS CLIFFORD MULTIPLICATION 8Y ELEMENTS oF Cl, ")
+ -
REVERSES Sg awd Sg . shn(d) € Cl, R?) =

<+ -
Do 0g © 8,
O, @ SHN ) —F SULS, )

Ag avo O, ARE INEQUIVALENT, IRREDUCIBLE REPRESENTATIONS OF
SPIV LH) oN @a'.

Bg @ SPn L) —> AUTLSg)

~n F S A -

O, * Aq._ ® L,

Al Cwy —> U (S )
A@ 1 SPIN (M) U (S,



A FEW NORE 1NPORTANT ACTIONS :

q.

7.

Y
R e Cl (R") ACTS BY CLIFFORD NULTIFLICATION oV S ,

-

* -
R;vsnsms S, Aw Se .

4 4 *

R '”:So: _—’Se

Srmcw) AcisSon € wia S srmctq) —» UL)) AND COonrLEX

FULTIPLICATION |
ei 26
£.2z(e w)z:=82z:e 2

SOM) AcCTS own Cl(m") :

SPIv (Y ) Acts onv Cl (qu) BY cConJUGATION

-l
A-p = A./.ut.

-' "
BUT (-a)p (-4) = MPM SO THIS DESCENDS

co AN AcTIoN oF SolM) 2 sPNW)/Z,
on Cl(R"),

. 2 Y
conpLEX - VALUED - FornS Q LR™) om W™ ACT ow Sg vin

THE LINEAR 1SONORPRISN
p: Qi) e RH e

N .88 °

IR

P""l) = (: L‘Z;j«zu E:AE") z

(Pt Do) T+ g hd T + U 1 X 0

o SLUNGS R AN Y Tyl T ¥ - Tt ‘Iu) X

10,



M REAL-VALED = P7) SKEW - HERMITIAN
U] In€ - vaLvED =» (P¢7) HERMITIAN

+ -
Se AND SG INVARIANT UNDER ANY P‘Z)

(Jtuz) 2 Pc'z)) S;'

E.G., SUPPRESSING THE TwO ZERD ENTRIES
(fnl) 2 0 4 )T+ (9,97,,0T #0747, X
TSP R el
PR - EwD (Sg )
Qm®) = Qitmﬁ) ® Qf (R*)
(Ji I (R Q';cm") —» Eivoo (s. )

( CONPLEX LINEAR I1SONORPRHISN )

INVERSES

cri' T END Lst)-,-*D. (R
o € +

. (¥)es -,
EXANPLE : LET Y = (WF € Sy . GIWES AN ENDONORPHISH OF S
Wt yty?
) "\, 30 3
vy - (I.)@ ¥) - |
Wiyt IW"I"

TRACE FREE PART IS

n.



12.

('#aw*)o : yow*- th(vevh)1
L™ ipht) p'pt
viv LW W)

ONE VERIFIES THAT

‘T,i {(VJ*I‘I’)(E.AEZ'PE;AE‘I) +

(qJ*JllJ)(E'AEz+E‘tAEl) +

ctwew”),)

WKW (EAET+ERE) |

Now GLOBALIZE THESE ALGEBRAIC CONSTRUCTIONS TO BUNDLES OVER

M = conpACT, SINPLY CONNECTED, ORIENTED
snooT# Y-nAwiFoLD + RESTRICTIONS oW b M)

Avy CHOICE OF RIEMANNIAN NETRIC § FOR M GIVES

WSO

sotH) =—> F (M) —> N
So

WE FIX THE LEVI- CIVITA CONNECTION u)m o THIS FRANE BUNDLE

NOTE : FOoR NORE DETRILS O THE CONSTRUCTIONS loHicl
FoLLow, SEE ADDENDLN 15 |



3.

[ o )
A sPinCSTRUCTURE o FOR M COMSISTS OF A SPIN'(H)- BUNDLE

Tl‘sc

SPIV ‘i) Sm) e

oVER M AnD A SnooTH nAP I\ : Sm) —> F,_LM) SATISFYING

N

s¢my — F (M)

\ / Moo ® /) = Mee

Nep 8= Nep)oTE)

AND

WHERE T : SPINC(4) —> Sow ) s nAap 72 on P, 7.

NOTE : ANY CONPACT, ORIENTED H- nANIFOLD

ADMITS B SPING STRUCTURE FOR ANY CHOICE
oF g C manBfwc» HoPF) AwnD IV THE

SINPLY canmsc:rso CASE , EQUIVALENCE CLASSES
oF SPINC STRUCTURES om M ARE N ONE-TO-ONE
CORRESPONDENCE WITH THE ELENENTS OF
H¥M:Z ) wHoesE rod & REDUCTION IS THE

SECOND STIEFEL- WHITNEY CLASS Al (M)

oF M,

GIVEN A SPINC STRUCTURE WE HAVE THE FOLLOWING ASSOCIATED BUNDLES :



.

S(L) = Sc(n) xa SQ € SPINOR BUNDLE )
¢

k4 +
STk) = Sm) x, ., SQ‘ ¢ POSITIVE AND NEGATIVE
[a
e SPINOR BUNDLES )
» c
LiL) = sum . C ( DETERNINANT LINE BUNDLE )
SONE OTHER RELEVANT BUWDLES :
0 77.,_'
Uy = L(L) — N ( ORIENTED  ORTHONORNAL FRANE
BUNDLE FOR SONE FIBER NETRIC
oo L(L) )
len = F (M) X cl)
C (r‘l.) o ) Sout) ¢ CLIFFORD BUNDLE )

Cltm®C = F () x
So so(y)

(CI()@E)  ( ConpLEXIFIED CLIFFSRD BUMDLE )

NoTE : CAN SHOW THAT A, (M) = ¢, (L°tLY) nodD 2 AND, CONVERSELY,
CIVEN A PRINCIPAL U1) - BUNDLE L® over M wiTH m;m)=c.u_°)non-‘l,

o - o
HERE 15 A SN STRUCTURE L FoR M with L (L) =L,

\

| 2
CLOBAL VERSION OF O : END,(Sg ) — Q,wr7)

ot . T(ENDacs*t.cn) — Q‘:_m)

IDENTIFIES SECTIONS OF THE TRACE FREE ENDONORPHIST BUNDLE OF THE
PoSITIVE SPINOR BUNDLE WiTH SELF-DUAL -FORNS on M



5.

 FIELD CONTENT OF SEIBERG - WITTEN THEORY :

GAUGE FIELD : connvecTion A onv UD &> L% L) = M

*
POSITIVE SPINOR FIELD ; secTion WeE TS (L))

CURVATURE OF A 15 T™E wuu)-vaLued 2-Forn dA ov (L), BUT Uw)
1S ABELIAN SO THIS 1S UNIQUELY DETERMINVED BY A AMLll) - VALUED
Q- FORN f-;q oN M GAUGE PoTENVTIAL )

¥ —r(ve¥’) € 7"(51\»90(5*(‘21)) — o wey®) e Q m)

+
1% seigerg-witew £QuaTion ¢ F” = o Lwgwh), )

FoR THE 2"° SEIBERG - WITTEN EQUATION WE INTRODUCE A DIRAC
OPERATOR ON SPINGR FIELDS : '

SPINCLY) DOUBLE COVERS S6(4) x Uu) BY THE NAP SPIN® = (T, §) so
SS(M) DOUBLE COVERS THE FIBER PRobvVCT F;oc M) X L°¢L ). pemo7E THE
nAP BY SPINS ALSO.

\

srwcun L — S‘m) m— ™.

1 sein®

SoW)xPU) r;‘om)i L) — M



THIS GIVES

srmcc% — scc M) — N S?chw) c—y scm) —> M
1 Pr_oSPI® ‘), Pr oSPWc

F 1°
Sol) ——> -Fsom) — M Cpa) = L5&) — N

FIXED CONNECTION : ) . SW CONNECTION : A

sPin® covnECTION

. ¢ ety ¥ ¥
ey = tsPin®) (P;-F W, . +PPL. n)

1G.

@), GIES COVARIANT DERIVATIVES ON SECTIONS oF ASSOCIATED BUNDLES E.G.,

T, i TS — Q'tm) @ TSWH)
Ye TS) = T ¥ eQmeTiS)

9, ¥V e TS

FoR EVERY VECTOR FIELD V on 1

LT 1E,, Ez,E_, ,E, ¥ BE A LocAL ORIENTED, ORTHONORNAL FRANE FIELD onv M,
1.E., A SECTIoN oF Fo (M),

/

EACH E. CAv BE REGARDED EITHER AS A VECT6R FIELD om M (Sse V,W(E;)
NAKES SENSE ) OR AS A SECTION OF THECLIFFORD BUNDLE Cl (M) cHICH THEREFORE
pc1s By CLIFFORD NULTIPLICATION on SECTIONS oF StL).



19.

S(L) = §TL)ye S

‘ *
CLIFFORD NULTIPLICATION BY E, INTERCHANGES S (L ). RESTRICTING
~ +
B, 10 S (L) THEREFORE GIVES

By : TSR = TSLD)

g TS — 78D

. |
§, is cuR DIRAC OPERATOR ¢ AND P, 15 175 ADIOINT RELATIVE To THE

NBTURAL INNER PRODUCTS oN SPRCES OF SECTIONS) .

D
2™ seiserc-wirTEn EQUATIN P ¥ = O

CEIBERG- WITTEN :  GIWVEN M, SELECT RIENANNIAN NETRIC § AMD
SW ConNFIGURATION

sPinC sTRucTURE o FOR THE CoRRESPONDING  Fo (M),

SPPACE 1S

AL)= {AP): A 1S A CONNECTION on UU) & L ) => M
Aavo ¥e T‘(S’(-C )) 1S A POSITIVE
SPINOR FIELD onv M } |

CAWIEAL) 15 A SW NONOPOLE. IF 1T SATISFIES

(swi) | FA"“ > c’*( (Y@ '-P‘"?o° ) ( CURVATURE EQUATION)

¢ DIRAC EQUATION )

(SWR) p‘RtP = O

| v
NOTE :  TO SEE wHAT THESE EQUATIONS LOOK LIKE on IR -
SONE EXPLICIT SOLUTIONS, AMD SPNE BOLIDEDNESS RESULTS,

consuLT  ADDENVOLN i@ .



18.

SEIBERG - WITTEN GAUGE GRoup L) :

‘ ' ¢ c
1. ALL AUTONORPHISTIS & OF SM) v sPINH) &> s tn) —» M
THAT COVER THE IDENTITY oN K o‘") l

—
P;-F o SPINCoo~ = PrF o 5PV So) —> ’:a"") ™

; <o . &S n <
2. C%m,ue) Fe CUn,uen) > o 1 ) —» Sen)

o:‘zp) = P.r(‘n;‘cp;)

AcTion of M) ov (AW)E AL) :

conveECTION A i O INDUCES AM AUTONORPHIST OF L%(L)
¢ .
e ¥ Y of
S(n) —> SM)

L

LK) =veee- ¥y LK)
| -
%
AF = (o y¥a
sPinoR FIELD ¥ @ IDENTIFY THE SECTION W oF STol) wirh

AN EQUIVARIANT NAP Y ; 'SSn) —» 5;

Yoy = oty = Yoo

(AW)-F = (A, ¥-¥)= (1A, %% )



THEOREN : THE ACTION of L) om THE SW CONFIGURATION SPACE AtL)

CARRIES SOLUTIONS TO (SW) ONTo OTHER SOLUTIONS To (Sw), I.E., IF
A, w)E AlL) SATISFIES

+ +
{ Fa cTlyew*) )

o

Aavd ¥ € CUM, Un), THEN (AY)-¥ = (A-¥, P-¥) SATISFIES

+

£t ot (v (.o’ )
AT o
%.r“""” : 0

TWO nepull SPACES :

BL) = ALy [AL)

mik) = {APIEAL): Eraciwew),) gw=o} [HL)

ASSUNING THAT EACH 1S REPLACED BY AN " APPROPRIATE SOBOLEV

COMPLETION ' THE ANALYSIS IS VERY SINILAR To THAT of THE
DoNALDSON NODUL) SPACES,

WE WILL NENTION ONLY A FEW PoINTS AT wHICH THERE ARE
DIFFERENCES

9.



|. THE REDUCIBLE ELENENTS of A (L) ARE EASILY IDENTIFIED ,

LEANA : AN ELENENT (A, W) oF AtL) 15
LEFT FIXED BY SONE NON-I1DENTITY ELERENT ¥
of L) FAvo oLy IF W 20 AND, IV
THIS CASE, ¥ : M —> UlLi) nusT BE A
CONSTANT NAP,

2. ASSOCIATED wWiTH ANY SoLumoN (A, W) 70 (SW) 15 A FUNDANENTAL
EWLIPTIC CONPLEX & (A, W) wiTH FIMITE DINENSIONAL COHOMOLOGY

GROUPS ADTUTTING INTERPRETATIONS ANALOGOUS TO THOSE v DONALDSON

THEORY.

H(A,W) = 0 & (A W) RREDVCIBLE &> ¥ #0

RYWAYW) =
HYA,®) =

FORNAL TANGENT SPACE To 712(»0 )aT LAVY)

OBSTRUCTION SPACE

¢ H(A,W) 20 & mrciT

FunNcTIioNn THEOREN GIVES A
LocAL NANIFOLD STRUCTURE
FoR THE SET OF SOLUTIONS
To (SW) NEAR (A, W) of
DINENSION

din H'A, W) )

zF HA¥) =0 Avp HUA,¥ ) = O THEN THE ATIYAH-SINGER THEOREN

GWES

Q
T (e’ - 2}d) -39B) )

As THE DINENSION of M (L) wear L[AW],

H%A, W) = 0 anvo HA W)= O ARE THE GENERIC SITUATION, BUT
Now “ GENERIC W NEANS SONETHING DIFFERENT THAN IT DID IN

DONALDSON THEORY.

<0.



Q.

: +
(AY AS IV DONALDSON THEORY, IF by (M) >0 THERE 1S A DENSE Gy
SET Gen (®]) oF RIENANNIAN NETRICS ON M SUCH THAT

FoR AMY g€ Gen (R ) And ANY CORRESPONDING
spvC structure L Anvy sorvnon (A V)

T0 (SW) HAS
H°A,¥) = O,

' +
IFf l::'R (M) > | THIS 1S TRUE FOR A GENERIC PATH

oF RIENANNIAN NETRICS,

" GENERIC NETRICS THEOREN “ corn HAY),
RTURB NOT THE NETRIC, BUT THE

(B) THERE IS NO ANBLOGOUS
In THIS CASE ONE NUST PE
EQUATIONS THENSELVES .

a
Fix g Ao L. FoR AMY & Q,(n, In€), ™ME 7- PERTURBED

SW EQuATIONS ARE

4
FH = G ((4’04’*),-) + 7
gow =0

EVERYTHING WE HAVE SPID ABOLT (SW) 1s TRUE oF (PSW ), ALSO
THERE 1s A DENSE Gg SET Gen (3 )
Q (n,Tn € ) suck TAT FoR ANY 7€ Gen (%)
EVERY SOLUTION (A, W) To (PSW) HAS

R2A,Ww ) = O.



THEORED : IF b:‘”) 0, g€ Gen (@), L 15 ANY CORRESPONDING

sPIN® STRUCTURE Ano 7 € Gen (Q7 ), THEN THE NODUL) SPACE

77(-(’, M) oF SoLUTIONS TO THE 7- PERTURBED SEIBERG -WITTEN EQUATIONS
16 EITHER ENPTY OR A SNOOTH NANIFOLD OF DINENSION

% (e, ¢ L) - 2 n)-39o7tm ).

o CHOICE OF ORIENTATION FOR HiLn; R) canonicALLY ORENTS 7)(£,7 ).

NOIE : IF b_:m) > | THERE 1S ALSO A "COBORDISH
RESULT FOR GENERIC PATHS OF NETRICS AND PERTURBATIONS
ANALOGOUS TO THAT 1V DONALDSON THEORY (ONE CAN
EFFECTIVELY " FIX" THE SPINC STRUCTURE ALOWNG A
PATH OF NETRICS BECAUSE THE FRANE BUNDLES ARE
ALL NATURALLY ISONORPHIC).

3. THE SEIBERG-WiTTEN NoDULI SPACES ARE ALWAYS CONPACT !

THIS 1S THE NOST SIGNIFICANT DIFFERENCE BETWEEN DONALDSON AND
SE|BERG - WITTEN THEORY .

ASD Nobull SPACES ARE NoT conPACT BECAUSE THE ASD- EQLATIONS
ARE CONFORNALLY INVARIANT 1o DINENSION H. '

@Y CONTRAST, SEIBERG- WITTEN SOLUTIONS SATISFY A PRIOR] UNIFORN
BounDS | E.G., IF (A YY) SATISFIES (SW), THEN | FoR EVERY
XEM, |

H’J’LX)”'L ¢ K(B) = nAX {- X)) 1 X € mny .



a3,
New FIX A GENERIC RETRIC § , GENERIC PERTURBATION 7 AMD
ORIENTATION FOR H) (M; R).

SUPPOSE THERE 1S A CORRESPONDING
- spin© sTRUCTURE L FOR WHICH

K
¢, (L)) = atum+3oun),

THE NobULI SPACE 1S EITHER ENPTY oR A FINITE SET OF ISOLATED POINTS
EACH EQUIPPED WITH A SI6Nn + 1

DEFIVE THE O - DINENSIONAL SEIBERG-WITTEN INVARIANT

Sw, (1,4)

ofF M nssociATED with L To BE 2ERO IN THE FIRST CASE AND THE
Sun oF THE SIGNS IN THE SEConND,

+ -
NOTE : WHEN lo& (M) >1 A CoBORDISN ARGUNENT
SHowS THAT SW, LN, .Q ) 15 INDEPENDENT OF

q AND '7 AnD 1S, IV FACT, A DIFFERENTIAL
ToPoLoGICAL INVARIANT or-' .,

ANOCTHER CONSEQUENCE OF THE A PRIORI BOUNDS :

IF g Avo 7 ARE prso THEN THERE BRE ONLY

FINITELY NANY CEQUIVALENCE cwsses OF) SPIN STRuavRE.S
{ onv B mmAT SATISFY

2, : o
I C, (L)) ~3Pm)-30tn) % O aAnd

. M) 8.



WHEN THE DINENSION OF THE NoDULI SPACE 1S NoT 2EiRO, SEIRERG -
WITTEN INVARIANVTS ARE DEFINED By INTEGRATING A CERTHIN

colionoLoGy CLASS OVER IT:

Fix p,e N Ler Y L) - suBGRovP of L)
oF THOSE ELENENTS THAT
AcT TRIvIALLY on FIBER

ofF S ) ABovE P, .
, (f,9) = SW-SoLvnows nopuo /ZI-(' )
NATURAL PROJECTION @ T (L9 ) — w9 )
i .8
yu) - aerion ov MW Ly ) [A‘y]‘.e : [A e W]o
PRINCIPAL UL1) - BUNDLE ¢

vu) 77‘(-(‘,7) —-»77(-(,7)

15T cHERN CLASS :
2
c.(%d’,y»)e H ugc-l‘,*p;Z)

%
Swim, L) = S c, (M1, )

mik,9)

2
WHERE .zJJ. s F (e, )= 230 - 3o )

ENPIRICAL EVIDENCE SUGBESTS THAT SW(M, L ) # 0 omLy FoR ThosE

2
L sanseywwe ¢, (L) -27(n)- 30un) = O

24,



5.

R
THE ELENENTS C, (L(L2) € H (N; T ) corRESPonDING To THOSE L

Q
FoR wHICH C,(L°tL)) -2 41n)-30(N) = O ARE CALLED

SW - BASIC CLASSES,

M 1S SPID TO BE oFf SW SINPLE TYPE IF NONZERC SW - INVARIANTS

ARISE oNLY FRon ©- DINENSIONAL NoDuL) SPACES, TI.E., IF

swin, &) 20 = ¢ (LN -apm)-30mn):0

THE WITTEN CONJECTURE

wWHERE )

I. M 1s oF D-SINPLE TYPE &> 1M 18 oF SW-SINPLE TYPE

2. D-BASIC CLASSES COINCIDE WITH SW - BASIC CLASSES

3. Bﬂ (X)

SPnC- STRUCTURES FoR wmich C, (L)) *-2{wn) - 3o°LN) =0 AND

s
erp (Q,x,x/2) 2:: o, exp (K x))

gl

"

M)
exp (@, tx,x)/a ) Z ™ 5w, (1,L) exp (e, (LaiLrre0)
LeN

1S THE SET oF ALL (EQUIVALENCE CLASSES OF )

m(M) = Q¢ 1,"(,'72(:1)+ e )

NOTE : FOR A BRIEF TOUR OF How wiITTEN ARRIVED AT THE CONJECTURE,

SEE ADDENDLN

17

( BY nATILOE NARcolLL) ) .



6.

ATTITUDES ONE MIGHT ADOPT TOWARD THIS CONJECTURE :

"

I7 SHoulLD BE RiGOROWSLY PROVED

- PIDSTRICATCH AND TYURIV

- FEEHAN AND LENESS (PARTIAL RESULTS HAVE ALREADY

, PAID DIVIDENVDS )
- VAJIAC

2. RICeRoUSLY TRUE OR N’or, THE SW INVARIBNTS PROVIDE

A NVCH NORE TRACTABLE Tool FoR THE STLDY oF
4 - NANIFOLDS , SO IT NAKES GooD, PRACTICAL SENSE TO

ABANDON THE ASD EQULATIONS IN FAVOR oF THE
SW EQUATIONS, '

- ESSENTIALLY EVERYONE ELSE

IF PHYSICS IS TRULY CAPABLE oF CASTING SUCH A
Psmsmanmc.'uayr uPon NATHENATICS AT THE
DEEPé'ST LE’VELS, AATHEAATICIANS WiLL WANT
o TAKE HEED AND TURN THEIR ATTENTION
,omcs‘ AGAIY TO THEIR HISTORICAL ROOTS IN
PHy's;cs'Q '

- ATIYAR



ADDENDLN 1 :

CHERN - WEIL CHARACTERISTIC CLASSES

HERE WE WILL SINPLY RECORD THE PERTINENT DEFIMVITIONS AND RESULTS

AVD

AS AN ILLUSTRATION, SKETCH ONE SINPLE CALCULRTION.

A SMOOTH PRINCIPAL BUNDLE COnSISTS oF A snoom (€ ) nAnviFoLd P

(BuNOLE SPACE ), A Snoomy nANvIFoLp M (BASE SPACE ), A SnooTH

neap I

(PROJECTION ) oF P onTO M, A LIE CROVP G STRUCTURE

GROUP ) AND A SnooTH RIGHT ACTION

o-: PxG —~ P

o ipg>=Pg T Tpigd = Tgip)

ofF G o P SUCH THAT THE FoLLOWING PARE SATISFIED :

'0

G PRESERVES FIBERS oF 7T : T‘P'Q) = TP
VY pE P VJ e

CLOCAL TRIVIALITY ) FOR EACH X € M 3 openv NEIGHBORKH oD
CTRIVIALIZING NBD ) AVD A DIFFECNORPRIST)

Uor X v R
Y 'Jr"LU) —> Ux G (TRIVIALIZATION ) OF THE FORI)

Yip) = (TP, Wip) ), WHERE ¥ : 7T (U ) => G SATISFIES

L' tp-9)= Pip-g

V pE 71'-'1‘0') Vg EG (¥ 15 EQUIVARIANT WITH RESPECT

To T AND THE NATURPAL ACTION oF G onv UXG ),



T
Ge=> P —n

CLOCAL) SECTION/ GAVGE : A : U —s i), Mes = "/v
SECTIoNS >  TRIVIALIZATIONS
AX)- g > t%x,g)

TRANSITION FUNCTIONS AU, = T U

A U; = W)

A X)) = HX) . q: x)

ASSOCIATED FIBER BUNDLES F sSnooTH NANIFELD WITH LEFT ACNON oF G

g, 6> 5§

RIGHT ACNow of G ow PxF: (p,§)-4 = ¢p-g, g.¢)

orBIiT sPAce : P XG F

™
IF F = y) 18 B VECTOR SPACE AND THE ACTIoN oF G conEs FRon A

REPRESENTATION (o : G —>» GLLY), THEN THE ASSoCIATED

gowore P %oV 1s A vECToR GundLE, E.G., ADIOINT BUNDLE

o;o,P= P"ds




W
THREE (EQUIVALENT ) DEFINITIONS OF P CONNECTION ov G “> P —> 1M

ASSUNE G 15 A NATRIX LIE GROVP WiTH LIE PLGEBRA & AwD dinM=n

|, n- DINENSIoNAL DISTRIBLUTION 13 P — HoRP(P) ¢ 7;,1P) $.T.

(a) T, (P> = HOR LP) @ VERT,LP), WHERE

VERT, (P) = T, (7))

th) HoRP.g(P) = (% )*P(HORPLP))

2, ) - VALVED l-Forn w oV P s.T.

-1
cad wP‘Q (La:,’)*Pmrpu = g Wy (V2 §

# ,
(b)Y wp (§7pr) = § YV Eeyn , wHERE

g*LP) : 34,\".' (p-exp(tfx)l

-
-

ar
3. A TRvIALIZING CoveRr  { (U, ¥; )} oF M FoR GenP— M

AND | FOR EACH &5, A Y- VALvED |-Forn M; on U; s.T.

)

WHENEVER U, n U; + ¢

“a.{ - 3:.;'-'“@': J.5 * 3;,.' Jg.‘.i

2 4
RELATIONS HoRF(P) KER W,  AND ﬁd, = 4% w



CURVATURE OF A CONNECTION |- FORN ¢« 15 THE 5 - VALUED Q-FOoRn

£ on P DEFINED BY
HoR HOR
Qp(ArPJNP> = (JLOP(’\"P ) ®p )

OR

HOR W
CWHERE ~p ANVD ap ARE THE PROJECTIONS OF w5, AND asp ONTO

HOR, LP) v To(P) = HOR,LP) & VERT, (P)

CARTAN STRUCTURE EQuaTion : ) = dw + waw
%
LocAL FIELD STRENGTHS @ F; = A, Q = dd. + 4;4 4;
-
EFEE TR T FF

= THE 'JJ PIECE TOGETHER INTO A Q- FoRN

£ e QYm,adP)

onv M wiTH VALVES Iv THE ADJowT BuwdLE ad P, THIS 1S ALSO

CALLED THE CURVATURE oF W,

CHERN - WEIL PROCEDURE :

ASSLNE NOW THAT G 15 A conPACT NATRIX LIE GROUP WITH LIE ALGEBRA

5 AND CONSIDER THE ALCEBRA

G
CLy)



oF ad@- WVARIANT , CONPLEX - VALUED POLYNOMAL FUNETIONS om g

nore DETAIL :  LET 18, .. 8.} 8E A BASIS FoR 3

¥ a
Ao {x,.. x"§ THe DuALBASIS For G ( X“tf.,)r 51).

THE Synn€TRIc ALGEBRA Stg*) = STx' ., x" ] 1

THE ALGEBRA OF POLYNONIALS wiTH REAL COEFFICIENTS

v %' X" UREAL- VALUED PoLYNoMIAL FUNETIONS

om 4 ). THERE IS A LEFT ACTIoN oF G or Stg*):
3 3(3") AND 35 G CWE 3'6’ € S‘(g*) DEFINED BY
(g-¢IL§) = 6’4“‘{’-'3 )z ply'és).

5(3*)6 z {o:e S(g'): g.@ @ Vge G } , T.E.,
@y §3):=0:4).
N G ¢ G
€ty = S(3*>8® € aAvp €Izl = Sg) @ C.
4 6
EVERY @ € € [J) GQWES RISE, VIR PoLARIZATION, TO
A G-1VARIANT K- nULTILINEAR FUNCTION , ALSO DENOTED
e 5 X -ﬁxs - ¢
CHERN-WEIL 15 BASICALLY A nAP

G «
€yl — Q (P)

BASIC

Fron G- 1vVARIANT PoLYNONIALS ON 3 To DIFFERENTIAL FORNS

on P THT AR BASIC | 1.E., G-mvamanT (0t z € v get)

A—————————

AvY HeRizonmaL ( (.vte O N VERTICAL VECTOR FIELD Voo P )




NOTE : BASIC FORNS ON THE PRINCIPAL
BUNDLE SPACE P PRE PRECISELY THDSE
“€ e Q’LP) wHICH DESCEND TO THE
BASE nAariFeLd M, T.E., FOR wHiCH

23 2en) wm e =,

G
GIVEN @€ CLZ)  «THouGHT OF S A B avLriumeag puncnon ) cresose

ar
A CONNECTION W on G e P —>» M Avp LeT SL BE 115 CURVATURE .

28
WRITE w2 w“‘fk Aavo § = .Q"fu. DEFIVE PRIEQ (PD gy

@,
(?L-Q) = (R fa ,...,Q“faa)

NI AN Y. WSS i

THEN (PUSL) 1s A CLOSED | BASIC 28 -Forn on P so 17 DESCENDS 0 A

cLosep ak-Forn @ (L) on M

e = P

ESSENTIALLY | @) 16 JUST THE RESTRICTION oF p(SL) T THE

wW- HOMRONTRL SPRCES o TP,

| B 2
THE CoHonoLogy LRSS L[ PLRY] € H (M; R ) DoES NoT DEPEND

oN THE CHoicE of w or Tne BASIS 1§ _ & 7 For § AwD IS

CALLED A CHARACTERISNIC CLASS oF G <> P N n.



AS AN EXANPLE WE wiLL conSIDER THE a™° cherm cLBSS oF P

PRINCIPAL SU(2) - BONDLE

w
SvUtta)e» P — M

OVER A CONPACT , CONNECTED, ORIENTED “ - nAviFoLD 1)

NOTE : ANOTHER EXPNPLE ( TE EULER CLASS )
ewill BE DISCUSSED IN THE NEXT SECTION ©ON

" EQUIVARIANT CoHoNOLOGY AVD THE WITTEN
LAGRANGIAN " .

NEED TO CHOOSE

. ABAsIs 18,8 8} FoR aui2)  (2x2 conPLEX NATRICES

THAT BRE SKEW- HERNITIAN AND TRACEFREE ), E.G.,

. 4 o) ) 0 -4
=—o—oa"=.~ -
3' A 2 ‘0) '4(-; o)

4 J: °"{ .a -}
=""0- :‘—( - R
for st =-5(G0) = 1 (0 )
g'g-.‘.‘:.o" :-.‘.‘:('0)- A -4 o
3 z 3 2 Lo -1 = 7-(04'

2. A CONNECTION W wiTH CURVATVRE U wiich wE WRITE AS

b

a - W ot dw!
w s W § - i y.
& (o"-..iw' w 4

o Qi
Q = N - ol .
Q §Q 2 (gl“'nl Q3; )



3. AN INVARIANT POLYNOMIAL @ on LHM(X ),

FOR ™IS
wEkE TRXKE

P AMR)—> €
Ay« —= TAt)
@ * gnt
THE CORRESPONDING BILINERR FORD ON LUt ) 1S CLEARLY

fP: oIz ou) —> €

@(ﬁ’n) s ;;:T T-(AB )

THVS,

P L)

1]

@ g, 9%, )

.o

e, b, yQ™a Q™

i

——

gnt T ( S\,‘. g“u )QQ‘A Qg‘

3 ]

For THE BAS)S CHOSEN ABOVE

Tf‘ ( f‘“' fqt ) s
SO

G(Q) ] -E-;;-i C'{)(Q‘AQ‘+QIAQ"‘Q'3AR?)

\

o Traaa )

wheRE SLaS) 1§ THE NRTRIX PRODVCT wiTH ENTRIES NULTIPLIED BY
YHE ORDINARY WEDGE PRODUCT .



WE KNOW THAT

s P (Qa)

1S A cLOSED, BASIC “-FoRn on P Avo so Descenos To A CLOSED

w*
Y-Fopn o M (I.E.,1S T  oF SoNE CLoSED H-FoRN on M ),

™IS CLOSED 4 -Fopn omnv Tl cAN BE DESCRIBED LoCALLY Iy TERDS oF
LoCAL FIELD STRENGTHS

¥
J: = A; Q

o

¥ v ¢ |
SINCE 77*'3'3 = T*(A.;.Q-)‘-'* (AB,0F) QL = W 20 ,

L 4
T (e T(FaT) )= L0

onv TS DondBiny,  SIVEE  THE LocAL FIELD STRENETHS TRANSFOR

-l
UNDER THE ADAOINT REPRESENTRTION ( T = 9., T 9,5 )

THE SANE 1S TRUE oF ';-};,.';{; Avo Te s ao/~ INVArIANT SO THE

;.,,L'zﬁ(g.-.i":};)

PIECE TUGETHER 170 THE CLEBALLY DEFINED M- Forn onv N T

wHICH 8‘;’; T-(QAQ ) DESCENDS . wE wRITE THIS AS

1
;ﬂ—‘ Tf’(ﬁ,;\Fw)

AND CALL ITS COHONOLOGY CLASS



/0,

Y
C,tPYE Hum;R)

w
me 2% cnerm cipss oF SUWI e P S 1. FTS INTEGRAL

ovER M

gnt

U
C(PIEM] = S e, tP) = =4 S Tr(Fgafy ) |
M n

wHICH 1S ACTUALLY AN INTEGER | 15 cALLED TvE 32 cueen
NUNBER OF SUL3) e P o> M

NOTE : FOR THE QULATERNIONIC. HOPF BLNDLE
7w
STl ey S — s
ONE CAN VSE ANY oF THE BPST 1vSTONTON CONNECTIONS
70 CONPUTE REPRESENTRTIVES OF THE CHERN CLASS, MOREOVER,

v
THE BUNDLE 1s TRIVIAL ovER S - lPomvr} whicH

STEREOGRAPHICALLY PROJECTS TO /7?" SO0 THE CHERN NONBER

CAN BE ConpuTED AS AN INTEGRAL OVER R, THE CALCULATION
WAHS SKETCHED uv THE LECTURE. THE RESLLT 15 L,

FOR THE CONPACT, SINPLY CONNECTED, ORIENTED, SooTH

4 - NArIFSLDS M oF 1nTEREST T0 US HERE , PRINCIPAL

SUQ) - BonDLES ovER I PRE CLASSIFIED LP TO EQUIVALENCE
By mem 2™ cueen cupss fwvnaer



ADDENDUN Q : THE NeDuL) SPACES

1= conpacT, sinpLy commeeTeD, ORIENTED, SnooTH
Y - NANMIFOLD
+
+  ASSuUNPMONS on b.l (M) As wE PROCEED

i

suc.z)r——vf’k — M

1S THE PRINCIPAL SU(2)- BUNDLE OVER M witH CHERN CLBSS B 20,

;4(% ) = ALL SNOOTH CoNECTION |- FORNS om P

/37(51 ) = GAUGE GRovp
: {F: AR 1_’4 : F s A oiFreonoRrrisn
Fipgd = Ptp)~é vpeiv‘ge sSUWL),
Refem b

RGHT AcTion oF k> ow Atk ) : w. f - fho

GAUGE EQUIVALENT CONNECTIONS @ W), = w,.l-‘

NoDUL! SPRCE OF GAVLGE EQUIVALENCE CLASSES oF CONNECTIONS
@R = Ao/ Y )

* {twl: we A}



ORBIT w. ’8‘94 )

/ 2
a/
Ace
o 63(&)

[w)

NOTE ; FOR THE ANALYSIS THAT FOLLOWS ALL oF THESE C. 0BJECTS

nUST BE REPLACED BY " APPROPRIATE SOBOLEV CONPLETIONS .
CONSIDER 1T DovE !

;dn; ) 15 AN AFFINE SPACE TODELED O THE UINFINITE - DINENSIONAL )

VECTOR SPACE

(A
ad

Q i) = {€E QR ) 1 € s HorizewmL

4
AnD 0‘5’? : g€y }

o

e

QM adfy)

THUS, 74‘{’& ) 15 AN INFINITE - DIRENSIONAL NANIFOLD WwITH TALEENT
SPACES

- ] -~ | ]
Tw(?qlt‘)) s Qu"i« ;M) = Q) (ﬂ,aJ{")



el fo ) CAN BE WDENTIFIED wiTh THE SPACE oF SECTIONS OF THE

NOWLINEAR ADIGINT BumDLE ”‘“;t AND 15 A HILBERT LIE GRovP
wITH LIE ALGEBRA THAT CAN BE I1DENTIFIED wiTh THE SPFACE oF

SECTIONS 6F THE CORDINARY ) ADIOINT BONDLE ad Q .

PONTWISE EXPONENTIATE THE LATTER TO GET THE FORNER ;

s 1 o AdE

T e

S.C QOLH‘AJ&) —> exps € Qacr‘},ﬁdi ) = ﬂ‘ﬁt)

For A FIXED w € AP ) e nor

P - w. F o M — A
HAS A DERIVATIVE AT 1 € A tF ) THAT CAN BE IDENTIFIED LoITy
(73] -]
-d 0 (ﬂ,aa”_’&) —> Q'(ﬂ,acf&_)

e ORBIT . HF )

To (w..ﬂ(i,) g I (d7)



wouLd LIXE A “SLICE  oF THE Ay - acrion on Ak ) weng

W, I.E., A svBnAamviFoLd & of A (F ) svew T

T.WAWG) 2 T, (0. iry) @ T,(0)

AND THE RESTRICTION To O oF THE PROJECTION X(F ) —» @Bt )
15 IVJECTIVE,

W, )ﬁ(?")

fw?3)

CHOOSE A RIENANNIAN NETRIC g on N

TOGETHER wiTH AN ad- INVARIBT INVER PRODUCT ON BAI2) THIS CWES

NATURAL. INNER PRODUCTS on EAcH Q' (M, ad B, ) awo so A Fornay
AbJoiroT

$° 1 Q'tmadf ) - Q" «d f)
FoR

d“ : Q°%n,«dB )= o', aa/Q )



w

§%d” : Q"(n,adf ) — Q°tn,adly )
1$ (FORNALLY ) SELF- AOJOINT AVD ELLIPTIC,

ELLIPTIC THEORY ( GENERALIZBED HODGE DECONPOSITION ) GIVES
THE ORTHOGONAL DECONPOSITION

TotAtZ)) & Q'cMadb > & Tntd) & Ker(§™)

w./ﬂ(f‘)

Her ( )

Tolw - Ayr) ¥ 10(d™)

Ker ( §°) 15 mE TPNGENT SPACE To THE AFFINE SUBSPACE

W 4 l(er(.s“’),

HOWEVER PROJECTION oF ¢ + Ker(S™ ) 1uro G(Q ) nEED

NoT BF INJBCTIVE NEAR @ UNLESS o 1S " IRREDUCIBLE "

STABILIZER (oR 1SOTROPY SUBCROVP ) oF o IS

{Pe‘/y(l?&): Pto:w} :?Z_z.




W 1S IRREDUCIBLE IF ITS STABILIZER
IS PRECISELY 7L, AnD REDUCIBLE
OTHERWISE,

THE FolLlLowiING RRE EQUIVALENT :

. @ IS REDUCIBLE .

2. STPBILIZER (w) /z‘1L = U)

3. d9:Q%n, adB) > Q'inadf)
MAS PONTRIVIAL KERNEL,

To SEE THE RELEVANCE OF THIS :  THE DERIVATIVE oF
Ah)x (w+Ker (§9) — A )
* ’
(F,w’) — FPuw
AT (1,w) 8
Qom,an’i)$ Her (8°) — Q'(n, adfp) £ Tn(d”) ® Ker ($™)
“ @ ,d
JdY & 1 Ker (5%

COHICH 1S ALWAYS SURJECTIVE AND INJECTIVE LF (23 _l_§ IRREDULCIBLE ,

JNVERSE FONCTION THEOREI) + BOOTSTRAPPING =%

LOCALLY INJECTIVE NEAR <O 1N 3+ Ker(§*)



W IRREDUVCIBLE =>

A SUFFICIEIVTLY SNALL NEIGHBORNoOD oF &

IN e+ Ker(8“) PROJECTS IECTIVELY INTO

THE NoDL! SPACE @B (Fy D AND So PROVIDES

A LOCAL CIVFINITE DINENSIONAL ) NANIFOLD

STRUCTURE NEAR Leo ],

Al ) = i1rREDUCIBLE ELENENTS oF Atly )
A N
@) = Ay /)

Ker ( §°°)

™~
&
~
h\)
~
o/
]

NOW CONSIDER

ASJ(Q,3)= ﬂLLmeﬂ(&)w,m *fo:-l:,
~ |
Asd (F,9) = IRREDUCIBLE ELENEWTS oF Asd(f,q )

M 9> = Asdihy g/ Y )

R ~
mif,g) Asd thy, 5>/ Yery )



T0 STVDY THE LoCAL STRUCTURE OF THESE NODUL) SPACES ASSOCIATE
wiTH EacH o € Asd(Fy,9) ms FomDpnEnTAL ELLIPnC ConPLEY

Elw) :
o ~ d:
¢
0 — Qi adfy ) — (M,adr ) Qi(rr,dg)-—» o
s | ..,
. S,

«w “w
wrere d, 15 d° roLowep By PROJECTION P, onTo THE

SELF - DLRL PART ,

wore : d%e d¥ = [£,,.) = d]edVs [£) ]

eOHICH 1S 2ERO IF w 1§ ASD.

ELLIPTIC THEORY =P COHonoLOGy oF £(w) 1S Firvire - DINENSIONA]

AND GIVEN BY

Hiw) = Ker(¢d*)

H'tw) = Ker (d} | Her(§*)
w L

H%w) = In (d, | Ker¢s*>)

HERE'S THE SIGNIFICANCE OF THIS :



| 2
F:AB) — Qcn,adfy)
Few) = ﬁ,
LET O = LOCHAL SLICE NEAR o

ProoFle,,: O, = Q uadf)

£
(Pr,oF O, ) () = Asdlf,970 O,
THE DERIVATIVE oF Fry o F | O, o 1S
o) [ Her (5% : Ker (8°) — Q (1, ad B )

wHICH 1S FREDHOLI) ( By FINITE DINENSIONALITY OF HZw) Anp

Hw) ) AvD 1T 15 SURJECTIVE IF And ONLY IF

H'ztw) = 0,

TN THIS CASE THE (BRPNVACKH NANIFOLD ) INPLICIT FUnNCTION THEOREI

CIVES P LoCAL NANIFOLD STRUCTURE Fop  Asd U, 9) o G, VAR

w OF DINENSION

om (Ker (d,” |Kert5*>)) = pin Hiw),



10.
JF, N BDDmoN,

Htw) = O

CIF,, W IS IRREDVCIBLE ), THEN THE PROJECTION INTO THE
nobuLI SPACE 15 wIECTIVE NEAR 0 w  Asd (By,9) 0 O, ,

-
so M h,5) HAS A LocAL NANIFOLD STRUCTURE NEAR L[w])

OF DINENSION

oI Huw) = - DINHwo) + DN Hew) - DIN Hiw )

[{]

- JINDEX OF THE CONPLEX Ecw)

+
SR - 3C14 b ¢nr) By THE ATIYAH - SINGER
INDEX THEOREI

NOTE | INDEPENDENT oF W
BUT " GENERICALLY ", H°lo) AnD H'w ) ARE ALAYS TRIVIAL :

CENERIC NETRICS THEOREN : LET G} BE THE SPACE OF ALL
RIENANIVIAN NETRICS o0 M,  THEN

. THEPE IS P DENSE Gg-SET v G Suck THWAT, FOR BVERY
§ v Ths SET, Any g ASD CornvNECTION O SATISFIES

Alew) = O,



/,

+
2, IF b (1) >0, THEN THERE 15 A DENSE Gy - SET
w O Svck THAT, FOR EVERY g v THIS SET, AnY
g- ASD compoECTON W SATISFIES (Hw)r=z0)

AnD o
Htw) = 0.

)

W SHORT, FoR "GEvERIC” g
"
7“?"3) B 7?”’-313)
1S (EITHER ENPTY OR ) A SNooTH MANIFOLD oF DINENSIoN

84 -3¢13b] i),



ADDENDUN 3 : “ETC.”

HAVING DELETED THE COPEN) Top HALF oF EACN ConE pvo THE LOPEN)
Botron MALF oF TWE CYLINDER wE ARE LEFT iy A NANIFoLD wiTH

BoumnDARY THAT 15 conpPAcr ( BEcALSE K 1s conPpcT ) AvD ORIENTED

WiITH BOUNDARY
Mup ert 176771

WHERE
Fi% = m

2 m——
THUS, I IS CoBORDANT T0 THE DISIoNT umion p EP° 1, 4 er’ sp

(M) = a-(prqu3¢7Pz)

bacn)-Llcn) = p-gq
b, (n) =¢4-p

”O"
ﬁ
3

A4
'

.%-P 5%+p = m



WE SHoOW NEXT THAT 64(1‘1) y m

SELECT X, € H(N;Z) wm Q,(x,x,)= -] (THERE NUST BE

AT LEAST ONE SuCH BECAUSE wE ASsune TAT b, (n) = O, Ror
b_lm) #0 )

THEN THMERE 15 A Q" - ORTHOGONAL DEconPoSonom»

Hon,Z2) 2 Zx, o6,

NOW COMSIDER Any X, € Hy (1 Z ) wiry Q,1x,,x,) = =1 Awo
X, # X (IF SucH A THING HAPPENS TO EXIST ).  THE SCHwARTZ
INEQUALITY GIVES

b A
(G (X, X0) ¢ Quex,,%,) @yix,,X,) = |,

Bui @, (x,,%X,) 1S AN INTEGER SO

AND THEREFORE
X, €6

NOwW REPEAT THE ARGUNENT INSIDE G, AND CONTINUE INDUCTIVELY

UNTIL You RUNV OVT oF X€ H,(M;Z ) FOR whicH Q, tx,%) = -1

LwHICH Yov wiLL BECAVSE Hy (N;"Z ) 1S FINITELY GENERATED ).



THE RESULT 1S AN ORTHOGONAL DEconposImon
Hitn; 2) s Zx,® & Zx, G

WHERE G 1S EITHER ENPTY OR THE ORTHOGONAL CONPLENENT OF

Zx, ® -~ @ Zx,, . Iv PARTNCULAR,
m ¢ bo(n).

SINCE WE SHOWED EARLIER ThaTr by (M) s m  wE comeLwvpe THAT
b‘t(.N) = m = prg .

THVS | v FACT, G nusT BE ENPTY Ao

Hy(n; Z) = Zx, & -0 Zx,

WHERE

o
3

‘x; ) "" ) 2"

Anvp THE NATRIX OF Qﬂ RELATIVE TO THE BASIS {X, .., X} s

-

mxm



ADDENDUN 4 : THE p.-nAP

THE DEFINITION OF THE DONALISON M- NAP REQUIRES THE ConSTRULTION
OF A CERTAIN AUXILIARY SOL3)- BUNDLE WHICH WE BRIEFLY
DESCRIBE AS FoLLOWS : 70 ECONONIZE o NOTATION WE tolLL

LET ” a . . )
f}‘ =P JO(?&):A) ﬂ(&):ﬂ) BLh):B 9;71&'3”7?

A
M acrs ow A x P gy

cw,p)'P : (f-'#w, f'\':.p:)

A

AND THE ACTION 1S FRee ( BECAUSE THE ELENENTS oF A PARE
IRREDVCIBLE ).

THE CRBIT SPACE

A

P
74"):

1S A HILBERT NANIFOLD Awo

»

/y"——bydxf’-—-?;? P

X
A
(w,p) —> Lw,P]

1s A PRINCIPAL - BUMDLE.

THERE 1S A NATURAL NAP

;ax)df’ —> B x M

[w,p]l —> ([w), M)



THE AcTIoN
Cw,p)g = (W, Py

. -
OF SUQ) owm .74 X P ConnuTES ewiTH THE ACTION oOF /:'foro

A
A xP Seo v DESCENDS To AN AcnoN OF SUR) ow A ”,er P
Ew:Pj'g s Ewa?'g]

THIS ACTION 1S NOT FREE |, BUT BECAUSE THE ELENENTS of A
ARE IRREDVCIBLE ONE FIvDS THAT

[w,p]-g:[w‘pj & 3: + 1

THVS, THERE IS N FREE

su@y)/+1 = Sot3)

A

Action on A Xy P Avo we Have n PRINCIPAL

Sot3) - BUNDLE

® : So(3) =——-»;4ng
l Lw, Pl —> ([u])'ﬂ‘tp))

éxﬂ

AS DOES ANY SO(3) - BUNDLE, s s A 15 pormTrynGiv Crbss

P(PYe H'(Bxn;T)



ONE CAN SHow THAT p (P ) 1s DIVISIBLE BY 4 v THE SENSE
THAT
-5 A (P)

IS STILL AN INTEGRAL CLASS .

NOTE : THE REASON FOR INTRODLCING THE - #
1§ AS FOLLOWS ; WHEN THE PRINCIPAL
Sot3)- BuvbLE @ LIFTS To A PRINCIPAL

SuUta)- BunpLe @ ( As 17 ALwAYS DoES

wren Kk = c, (P) 15 opp, FoR EXBAPLE ),

chG") = -7 pP(P)

Now , THERE IS A GENERAL OPERATION In ALEEBRAIC TOPOLOGY CALLED
" GLANT PRODUCT . IT 1S A NAP

HP”’(_xxY) X HP¢Y) —> H‘L(X)

(¥,«) —» ¥/«

P
FIXinG ¥ € H zl)(x)’) THIS GIVES A NARP
Ho t¥) — HEX)

K —> ¥/«



APPLY THIS CONSTRUCTION To
HY(Bxm;Z) x Hum;Z) — B(B;Z)
with ¥ FIXED AT - 4 p (P)¢ Hq(éxn; Z ) 1o oBMIv A nAP
Hn, Z) — 4 é:2)
X — -~ R(P)/x
A oA

ANVD FoLlow BY THE RESTRICTION Tp 77 S @B Tv oBTAIN

M H(n,Z) — H°’(7%;Z)

To GET A NORE IVTVIT\VE FEEL Fon THE M -NAP wE witL wow

DESCRIBE IT [10RE INFORNALLY Iv THE LANCUAGE oOF bE RHAD

CoHonolLocy :

KUNNETH FORAULA CIves

P A :
Wiciany = @ Wi e Hin)
p+$='l
.L )
so - Fp (@'7?,”1) RESOLVES INTO A sun oF CP,M-P)- CLASSES

LET [«,7] @ [«,] Be me " (2,2)- Papy EVERY ELENENT X oF

HytN') cAn BE REPRESENTED BY A SnooTHly ENBEDDED, ORIENVTED
SorFacE J |
Mexy = ( S E“zj) L, ]
z



ADDENDLN 5 : DONALOSON PoLYnOMALS

HERE WE wiLL ATTENPT To PRoVIDE P VERY BRIEF AP oF THE RoARD

ONE NUST Follew FRoN THE * NMAIve DEFINITION oF THE

OonALDSON IOVARIANTS

Td*m): Hyn;2) — ZtL%)

J,‘ -?.J‘
XE Hy(n;2) —> pexya ..~ A pMmix) € H l”[%,ﬁ’;ﬂ)
dg
XJ (M)ex) = & ,ux)/\...A,ux)
4
'71&,3)

TO AN HONEST DEFINIMGN .

FIRST STEP IS THE COomnSTRUCTION OF A CoOnNPACTIFICH TION
7? ll;, g)
OF 7? (f:! ,9 ).

RELIES O DEEP ANALYTICAL RESULTS OF KAREN ML ENBECK Arp 5

ESSENTIALLY A INTRICATE VARIATION on THE PHEMNONENGN) wE

o
WITNVESSED FoR THE BpPST INSTRNTDNS o S ¢



SEQUENCE OF POINTS 1v 75,9 AN FAIL TO HAVE B CONVERGENT
SURSEQUENCE oLy (F THE CORRESPONDING CURVATURES HAVE
POINSTWISE NoRNS THAT BECONE INCREASINGLY CONCENTRATED

AT A PoInT (oR FIWITE SET oF PoinTs) v 1.

24

FINTVITIVELY, THESE CONVERGE T0 " 8 - connECTIONS  whick,
BECAUSE oF THEIR SINGULAR WATVRE, Do NoT FAPPEAR IN

THE nedvl) SPACE,

CONSTRUCTION OF MLfy, 5 ) Occups iv LAYERS ( " STRAM" )
BY ADDING oON THESE " VIRTUAL " CormvmECTIONS , THEN

LINITS oF VIRTVAL conchwomSJ

+ +
No RESTRICTION on b, (1) Requipen. wwen b, ()= 0 snp
R=z1 THERE 15 ONLY ONE STRATVI? ANVD 7’?(:’,,3) s

OBTAINED FRon ouvR EARLIER PICTVRE OF TP!h,§) By

ATTACHING THE " Bortren " coPy Mx oy oF M.

DonALDSON SHowS THAT THE MNPP B (1) — //zt (%.92, Z )
EXTENDS TO

R HUmE ) — HOop,; 2 ).



dg
o™ prProYINATION : ‘6’* (x) = S HEXDA -o-n peX)

LETR

PROBLEN : TP (fy,5) 1S WOT CONPACT

. 9
! ST APPROXINATION Yd X)) = & M XA ~--4'E¢x)
4

Wk, 6)
PROBLEN : 9'? (%,4) 1S NoT A NANIFOLD

| g _ -
™ peeroxINANION : r‘# (X) = LX) o pMLX), E"?"':é’J e

7 00y, §) ADPITS A FUNDANENTAL CLASS

PROBLEN ©  Mif,
[7gy,g)] omeY IF R 15w e STHBLE

RANGE

b5 Ecnblun)

OR, EGUIVALENTLY,

+
dy > £ b, ()

AT LEAST FO6R INTEGERS

3 +
d z -3 ct+bam) oot

d s 2 cbem)

wE HAVE A
¥y Wyt 2) > Z



To RENOVE THE RESTRICTIONS on d :
EXTEND Y, (n) : H,(N; Z)—> B t6 A d-nuLTiuvese nap

d
G : H;Z2)x --xHn,g) - Z

UMK, Xy ) 2 LR oo p X)) | LU,

EXTEND THE DEFINITION To INCLUDE ARGUNENTS v H, (N; B ) wiTy

ANOTHER pL- AP

. |
o RULB) > H (i ,9:2)

( ANVALOCOVS DEFINITION ).
w,Z) 2

CENERATOR '2

PROBLEN : pMtY ) DoEs Mol EXTEND To THE ENTIRE UHLENBECK

CONPACTIFICATION

MUY ) DOES, HOWEVER, ADNIT AN EXTENSION ﬁ.ty ) T0 A LARGE
ENOLGH SUBSET oF Ty Lfy &) THAT, UNDER CERTHIV ADDITIOVAL

RESTRICTIONS onv d, oNE CAN PRODUCE THE DESIRED EXTENSIoN
OF ¥)(N) To MCLUDE THIS Y- DINENSIONAL CLASS :



+
consi0ep A o = -4 (b cn))noo 4 Amp

d= a+2b

whHERE b %o ano
, +
a > 2 atb )

THEN ONE CAN DEFIVE

b
$)tn) : Hun; g )« Sex B, Z)* B B)xxH ;) > 2

BY
x‘,(n) ‘x“..., x“ R 007’...' n.,? ) s

- - - b -
M0y KRXD G v A 0 (y) , Lmg,21 5

wWHEN MR G) # B awp Vyn) =z 0 wHEN MY §) = @

C HEPE 4 1S THE INTEGER FoR which Ad = 84 -3¢ lfcm) )

For vy INTEGER R > 0 sy ar p sequence
S = (X,‘..,,Xﬁ.,n,'?,,“,nb'r) )

wimy X; € B(N;B ), izi.,a, Aavo 0 7€ H(0;3),

-

3 +
3t b, b, 15 B-sTABLE FoR N 1F by o, a s b))

ANVD 'q'u.b = d = 44. f(HL:an)_



AT THIS POINT WE HAVE DEFINED ¥4(M)LS) y"ﬂ?ﬁvék S s

K- 516806 For 1. \ /

e

NEXT WE NEED A " BLOW -UP FORNLLA ~ OF DONALDSEN),
RECALL :

© BlLoW-UPOF M : M=»¢P

* _’¢ = 3 - ¥ Y& s
Her'. Z2)z 7 Qﬁ,-u),b_lcm)-o

» H(nwer':Z) ¢ H(nZ) e 'ﬂ(ﬁ?z;z )
T - .
- H,(eP',R) E 0
© H, (N2 GPR) F A 0w )

THUS

ORIENTING H,' (M R) oRiEnTS H (M2 €7 R)
AND

STPBLE RANGES oF 1 Avn 1M ® €I ARE THE SANE

FIX A GENERATOR C© FoR H (EP': 7 ) < H,(n=cr', 7).

THEN



i. S B-smpir For 1 ( ano so ALso For 1 * ¢PE) =

¥, (12 EP)(s) = Gy LAILS),
& 4

<. SUPPOSE l. H l‘l' OR 3 D S 1S N__q‘ k,smaw Faﬂ n’

Xy 1 P*)(s,e,.le) = O.

3. 5 b-smBleFor 1) (wD S0 MO FOR N ¥ CPE) =

(s eeeed (Bn)-sTRBLE FOR N # CP® AwD

I 2R I A |

¥, (MMs) = -3 %, (neCP'is,ecee),
d"‘ d&ﬂ

FRon THESE :
M#nCPY : eGP, ¥ ... CP
e; GEneRaTR For H, (€P; ;T )
s B-smaieror N > (s,e.8,8.8,....8,,6.¢ 6 )

¢8in)-smge Fon M 2 n EP? pup

| ¥, ()es) = (-2) Pt
[J‘( ) ) -2) )’JM.A(" *n € )cs;cueueuel:"')eﬂaq’acnlgl)




HERE'S THE PONT To THIS Blow-UP FORNULA :

EVEN WHEN S= (X,,..., Xk,n"ll yes My ) SATISFIES
aiab: °{d
Bur NoT ,
a > F(nb (m)
so eT S 1s NoT R smgue For 1 AND “o;hm)cg

Hes nor YET BEENS DEFINED THE RIGHT - HAND SIDE wilL

BE DEFINED PROVIDED ownLy THAT n 15 SUFFILIENTLY LBRSE

NOREOVER, THE RIGHT- HAND SIDE TRKES THE SANE VALUE
FOR ALL SUFFICIENTLY LARGE N (BY 3 ABOVE ) So

wWE NAY USE 1T T> DEFINE THE LEFT- HAND SIDE

FokR ANY S WiTH qub:J‘,

X, (N) Now THKES vaLves i Z L1 ]
4 .

STRTUS REPORT : LET d BE AN INTEGER SATISFYING
d

1y

+
-2 cibum)ncoy .

choose R so nmr
, ' 4
2d = 8b-3¢b cm)

AND CONSIDER



SUQ) &> l:{ —>

AND

AR
WHERE g IS GENERIC. THE FORNAL DINENSION oF M (P, ¢) 15 2d,

e d<o => r‘, (M ) 1S TAKEN TO BE IDENTICALLY 2ERD

e dz0 = wWE HAVE DESCRIBED ( PREVIOVS LECTURE) A
NUNERICA L INVARIONT
s,inye Z.

o dyo = wr HAVE, FoR ALL NON -NEGATNTVE INTEGERS
a Ao b wm a+2b = d, anununesr nee
a b
) Hn Box - x By Zox Bn; @oxx Hyn; ) - ZLE]
3 +
DEFIVED, 1F & > 3 (1+ b, (), 8y
v‘(n) ‘.x“u-,x‘.,no'?,.«, nb 7 ) =

n, .- ny <}z‘x|)u..-uﬁ(x“)uﬁ.(7)b, [5‘)!&,5’3 D,

AND BY THE BLOW-UP FORNULA wiTW N SUFFICIENTLY
LARGE OTHERWISE .

NEXT wE RELAX THE REQUIRENENT



10,

2 +
-2 (b ny)neo 4

Q
W

T0

d -.i(ub:m))noo.z.

w

IF o > 0 SANSFIES THE nop A CONGRVENCE , BuT NoT THE noD Y

CONGRUENCE |, THEN
2 +
dia z - Zbun)oonY
So

d
¥,.00) 0 By xx Ban; B un; 2) Ztij

1S DEFINED AND WE CAN DEFINE

d
WM B (B x -2 By, B)— ZLt)
V) X, e, Xg ) 7 Y, U0, L%, 7).
rvay , F d # - £0blin))neo 2, THEN we THKE

Ny : Hym; @)x-x Hun; @) — ZUE )

TO BE IDENTcALLY ZERD.

WRITINVE d
B Iex, .., X) = F(n)ex)



WE HAVE THE FULL CoroTINGENT OF DonALDSOMN INVARIANTS
W nd) : Hym;Z) - ZBLi]
d ® ’. 2, e

CTOGETIER wiTH \;m) € Z).

FRON THESE KRONKHEINER AND NROWKA BLILY THE DONBALDSON SERIES

L -]
YJtM)ux)
o) 2. ij;r—-'
" dao L]

d
VJ Ln)‘-x’..o, x ) v“a‘x"n.x ? ’
: Z d! A

(10D Y conGRVENCLE ) (nod 2, BVT NOT
nod Y coPGRUENCE )

M 1S oF D-SINPLE TYPE IF

Bgay (I OX, %, 9,9 ) = 4 Bndx, %y )

ForR ML d >0 AnD BLL %,,..., X4 € Hy(N;Z ).

FOR THESE ONE CAN

",



e  INDUCTIVELY EXTRACT ALL OF THE
VgeM ) ix, X, , 0,9 b7 )

casabed) Feon B, %),

*  PROVE THE KRONHEINER - NROWKRA STRUCTVRE THEOREDN
( STATED v THE PREVIOUS LECTURE ).

*  FORNULATE WITIEN'S CONIECTURE ( STILL TO CONE ).

12



ADDERDUIT &

THE EULER CLASS oF 7'5-1

CONSIDER._THE - SPHERE.

o
STy TS JSUAL ORIENTATION AND RIENAIINIAN DETR ¢

vD  LET

T

R
78 BE iT5 TANGENT BUNBLE | THE CORRESPONDING

RIENTED CRTHONORNDBL FRANE BONDLE IS

e,
$0(3) > F (78%) —= g°

SO

COMNECTION e o £ (TS Y 16 AN BT - VALUED 1~ FORD

W‘-L

4«,(.0‘;" D w' ) ; o ,
w = LW - ("-0' e i (“’ 0),,

lad,
€

1S
on F LTS ) simuce 802D 15 ABELIAN | THE CLRVATVRE is

o N

bk 3 §

“TETY ; &Y
o = “Q'u ﬂlu) = dw: C;w (" 0)

TWE LEVI- CIUITA CoromEcTIon o Fo (TS™) 15 chardcTEmZED gy

INSERT ¢

1 8 -~
wrERe {1 © 0 1 15 ™E BADIS OF I- FORAS puAL 1D A ORIERIED 0 RTHONORI

THE S80F EG0ATIoNS

TNSERT

2 - -
ErenE FiEvp  {€,€, 5 on 8~ (1.6, A SEcmon oF Fo TS 20 ) IF & prn ©

ARE CLEPALY ALSo

2
RE.THE QS0AL  SPHERICAL COORDIWAIES on & L THEN wWE NAY TRKE

~SAFISFED -BY - THE
PULLBACKS o THESE

)

{ Ao {00t = {da sopde ¢ sivce

FoRNS-TO S8y A
SEcTon oF £, (TS")

2 2
{e.,e. 4} = {,ggﬂ,, Sd 26

ANVD tF wnrt OSE ' H ) z ' 2
FHE SODE SYNRpLS 46’ = 0 = - WDy N0 -, 10 i “ip A ““"ﬁw’e)
o PENSTE THESE z d ', c/
= gl b d@aAadO
PoLianss. d® (SN GdE ) = cos P dB )
) K3
_ = - w;-A 9 - WQLA S _
13
_ B . P W g . e
¥
—_ — - = w"\ A a —
=S
— } Ty A de

- Cos B Jd8rdp /

[

el TY “j¢ S




e HOwE
LW, = ~cos IO

L3

ol eOnICh ALSO SATSFIES THE FIRST Conpimton ),  wos,

S _— 0,9 SR
« = (cosﬁde ) '“"“3‘/‘9 ( o )

D]

”
ci’

e
SN
|~
A
>
Q-v-.-.
@
M“""'h.

Cam PFBF{QD = L )’

o K"‘l\w‘. P—
Tes,

B 1 'fkiﬂ'z'ﬂ—ar}“égsz R

TTOYoLTY

3%3 wadinds

.. _L|THEN, AS EXPECTED,

i g smd(’%ﬂd@ Q " Lest) e
iy T S

= \ i Sh\) ¢{1‘¢A g‘f& “;35,. ./.;,-u_) e



ADDERDUM 77

 UMIVERSAL THoN FoRi) FeR RT

V= R LUSUAL GRIENTATION AND INVER PRODUCT )

HY' ¥ ;= spoDazp 8955 R
L9, 4, 5 = DOAL BASIS ( CooRDINATE. FUNETIONS D
Sow) = so(2y
1L IR TS Y GRS W8
i ? | S o
AX'Y = pupL BASIS
WE ConPUTE _
£ £ __lum:i + Y (/ *-_"-2' E*f"ﬁf\a“ lp'?
N T @M \ e - RY
- gnant = - Fealral )
iPTdn = ’4’%&{; z ch'c/u,,lw‘c{u&)
a o o oLt e oy o x'N
Kn, =, s X, = x'( ‘,)- (o) .
A n Yy = wxnw____; }_&Axnt?
£
R
= ( )( ) + lp x' 0 )( )
. ! ( w) R \
“ ‘* zxp(xu)vccoﬂ )
- - 7-\) x' q) y oWt x' ‘})
Cox' Wy ewiy)

- %x w w T IV VO




ﬁ ] ]
£

e L Lo o e e e JM +Pidapd +xlplpE
v oan S e e _.P"’
) iw' ‘““L ) »\ 4‘!. ’pw}“ l}!l 0‘744_ . ) xl lpllpl, . O
,,,,,, = am e < & Y

CEACH TERD 1N THE EXPONENT 1S EVEN

So THEY ConnuTE )

ey

i 2. r &
IR ST R

am e \ [J+4,up'c/4 fvmzzfaz_}‘*—t:‘}fo/a m)”q’%) ]L
p A A A Al
1 x'w'pt ] oY

L

i }J-Q -
(J.T') G_ Le ‘) [ I+.4L?PU'A fWJAL)- U;)’d;a {—!,P#.qz') +

"

Xyt “0130&4 HPJ«,,)X 35«”5’

e, i) 'yt Jw

w,_)"@_ 3 ) \ [ - lmfclq Hp‘c/»‘ ) +x lP ‘P _] @‘P
s o A

"

CALL OTHER TEPDS PPE ZEMD BR Do NoT

..... i — .wmm?az;m‘ 7.8_('9,_\ 1,77—),_ b s it omime S s et

T e
% = }(,1—,,—)") &- i) \ [XY Yy z. ‘_—,’f (‘Pt&/‘l‘ W.'C"Az + wLJﬂL 'P.'e{a, )3 RY

E ’QT)Z;-E:’;-_,’:(M'LMA;) B\ Lx“i“!) L drq 0’44 zptp 0,44 01,4 ,i“p ):)133

- L,u-)'e, oty 5 (X +o[uc/u,,)‘*"*’ By




ADDENDUN - 8 | -
— ¥
EQUIVBRIBNT cononoLo 6y AvD Hs' & ? )

HERE | VERY BRIEFLY 1S WHAT EQUIVARIANT CoHprioloGy 15 _ALL ABOUT ( iN

THE SNooTH CATEGORY ) : LET M BE A SNOOTH NARNIFOLD Avp G A conpacr,

CONNECTED LIE_GRoUP wWiTH LIE ALGEBRA A H_AND_SUPPOSE_G_ACTS SNOOTHLY

on M on THE LEFT__(BuT NOT NECESSARILY FREELY ).

M/G = ORBIT SPACE WiTH THE QUOTIENT ToPoLOGY

NOTE : IF TWE BCTION HAPPENS TO BE Fi?EE mau M/G _ADNITS A NATURAL snoom

STRUCTD}?E HND N Tms CASE THE G EQULUHEMUT CoHoneolLoGyY oF h’

. g

In GENERBL 77TE IDEA 1S To REPLACE M _RY A SPACE M THAT_1S_( HONOTOPICALLY )

S vs@y nuch UKE " 1, guT on WHICH_G_ACTS FREELY _AND THKE THE (G- EQUIVARIANT _
_.___wcojtoﬂ.o__l.czay oF_H_TJo BE THE ORDINARY CoHonoLoGY ofF_ 1 /G _(ANY_THEN

___SHow_mme_EaSULLDOESN T DEPE‘ND o:o mE CHOICE OF n AND_RREDUCES

T)TE COr\)STRuc_T(on) OF n 1S BBSED ON) THE FouownvG

THEOREI :  FOR_EVERY ConhﬁCT LIE GROUP G THERE EXISTS A CONTRACTIBLE

T0POLOGICAL SPACE_EG_oN_ wiich G ACTS FREELY . THE QUOTIENT
SIEQG,E_B.G : EG/ G S h UNIVERSAL CLASSIFYING SPACE _FoR PRINCIPAL
G- BQ&D_L_Ej OVER _CONPACT NANIFOLDS BND G &> EG —> BG 1S THE
UNWERSAL_BUNDLE _FpR PRINCIPAL G- BUNDLES GVER CONPACT

NANIFOLDS EG_1s5 UNIQUE VP TO EQUIVARIANT HonoToPy EQUIVALENCE.

THE_ORVIOUS DIAGONAL ACTION OF G ov EG X H 1S FREE (BECAUSE TE BCTION
OF G _onw EG 1s FREE ) _ang EG x N IS EQUIVARIANTLY HOROTOPY E@UIVALENT
7o N _( BECAUSE EG 1S CONTRACTIBLE ). WE TPKE NG T EGx N




*
_THVS | THE._ G -EQUIVARIANT. cotpnoroGy Mo (N) o I 1S DEFINED T©> BE

G
THE._ ORDINORY colonoloGY oF 1 [ G

e

’ "
ONE_WouLD LIKE T HAVE AN ALGERRAIC._SCHENE FOR CALCLLATING HG n)

FRON_H_COCHAIN CONPLEX ConSTRUCTED FROMN I ( THUS _FoR EXANPLE 1IN L

THE _CBASE_OF _N._FREE NCTION) _oRMYINING THE CoHONOLOGY oF THE @UOTIENT

1/G_Fron_cALcULATIONS i N coiicii is PRESUNABLY SINPLER ). THERE

ARE_A NUNBER OF Svuch ALGEBRMNMC NO6DELS WE. WiILL DESCRIBE THE .

CARTAN _NODEL OF EQUIVARIANT COHONOLOGY : . e

SnooTh _NANIFOLD
CoNPACT CONNECTED LIE GROUP (LIE ALGEBRA_Z_ ) wHich ACTS o

X
"

o
it

srcotmLy o oM THE LEFT @ g Gx N —> 1 _

o g,pP ) = g-p
=T 0T LP) = 9.(9)
g @

VARIODS OTHER ACTIONS : ' -

\. LEFT AcTion oF G on) THE (GRADED ) NLGEBRA ) (M) oF ConNPLEX - VALUED

. . 1
DIFFEREMTIAL_FoRnS oM N : FoR € € Q (M) AV g€ G DEFVE
9-€ = o%f €
an ELenent € e Q¥ (n) s G- IVARIINT |F g-€ =€ aw me

SURALGERBRA OF BLL. SUCH 1S DENOIED
, G
QX

2. LEFT ACTION oF G on a* ! _For O€ g% s g9€6 lDE'FwE_ g-eegkg,v
(g-6) (§): Scan-,ﬁ D) =_8(3'§g)

v €7




LET S,.L..Qt) DENOTE THE SYNNETRIC ALGEBRA OF 5* WE_THINK OF

THIS AS_THE GRADED ALGEBRA OF CONNUTATIVE POLYNOMiAL FUNICTIONS
on__Z N THE FortowwG wAY i LET {5, § § BE A BASIS

For_z_avo_ 1x| . x"} Twe poar 8asis For g* (x*(&,)=5% )

THEN _S¢ g\* ) = RIX,..., X" ] _\s TwE ALGEBRA OF POLYNOMIALS
wih REAL ¢ pEFFICIENTS v X . X" THESE ACTom € € 3 By

LETING EACH_ X ACT on €. So_ THE RESULT IS A_PoLynonidl IV

THE ConPonENTS §% = x*(& ) oF & PELATIVE To 4§ w85

X
THE AcTioN oF G o 3% EXTENDS TO A LEFT ACTION oF G o S,ég*) :

FoR_ . €.5(3") Avd g€ G_DEFINE g BY

69'5’DC§) =G’(a{§"§) =03Lg"§g).

NOTE

Av_ELENENT (@ oF S(3™) 15 G- INVARIANT IF - @ = (¢ FOR EVERY

PLg'89) =)  NgeG NEen

THE COLLECTION oF NLL SLCH 15 A SvBALGEBRA WHICH WE DENOTE

. \G
s5eg*)

TENSORING Wit & WE ORTRIN THE ALGEBRA @ Lz = SLg\k) ® C_oF CONPLEX -

G
JALUED PoLYNOMIAL FUNCTIONS on) Zy And THE SUBALGEBRA CL¥Y 1 oF

' G~ INVARIANT ELENENTS (THS 1S TIHE DoNAIN OF THE CLASSICAL. " CHERN - WEIL AR " )

y

. ¥
COWSIDER THE TENSOR PRoQUCT .€LZ1® Q (N) oF EXINPLES %1 A 3

¥
WE THINK OF THIS AS THE ALGEBRA OF 2 (M) -VRLUED PoLYNOMAL

FuncTions o 3 | E.6. 1F X=pP @ L 15 A HONOGENEQLS ELENENT, THEN

KAL)= (p@LIE) =P




o THE_ACTIONS | r\_)f__ij_n ND_3 CONBINE TO_GIVE_A LEFT_ACTION

of G on L3118 Q'n) _ ror Honoseneouvs eLenenTs
A =ROE_.

AvD_g € G__DEFRINE

(3 @@¢)d)

Cg-=)8)

(L9 @I ® <q-€1) (8D
((g-@)82)(q-€)
IS B R PLAR:

__AN_ELENENT A oF .CL3 3,_@.5&n,),,,_Js__,,._@-_rwV’mﬁf\)T IE g R = R FoR

—ENCH_g € G__AvD_THE SUBALGEBRA OF ALL SUCH IS DENDTED

[ Cigd) @ Qe ]

 1EmA ;%€ 031 ® Q) 15 G- INVARIANT IF AND oniy IF

L€ z . Ny ax d
Xlg &) 3 ETED) [oué§3)-c»ja-,(.ou§)‘_}

FOR_EACH GE G mvp § € g* .

PROOF i IT SUFFICES TO PROVE THIS FOR HONOGENEOVS ELENENTS =P ® ¢

FIRST_ASSONE THAT X 1S G- INVARINT, THEN

(g:§) = X¢384') = (g-2) (589")

- - ¥ *
: P09 'adg )g) T ¥ = )o@
A\¥] d N J A~ 4 L AV al

0%:.&0&&)‘6) = o;*, ccxce‘))‘

n

q-o(§)
g

CONVERSELY ) [F «(5-8§) = 9-X(§) Vg & THEN

% .
¢g: <)(§)= 03—95.—'5«?-)—9_9:——‘6 : 0-5: (%@gg"s‘g)‘e) = 0;:_, («<g"§3’ )

x o;_f (g™ §))= oéj:(g"-eugu = g-(g"-ws‘)) = (). I




e

____FORNS on _M__AND _WRITE

| G
¥
WE_WILL_CALL_THE_ELENENTS of [ £L51 ® Q«m ] EQUIVARIANT DIFFERENTIAL

* ¥ G
Q. = [eg1@Qm]

_ STRUCTURE oF Q1) _:

I.__GRADING _ : crgl: @®c’lyz)  Aw 9fm) = @*Qim) ARE

. *
TENSOR_PRODUCT_GRBDING on) .‘@_ﬁ,_L,g,_]_@ Q (1) we

d _ '
NATURALLY. W ~ GRADED BuT RATHER THAN THE USUAL .

" DOUBLE THE_DEGREES " €Lzl

crgle Q' = @ €'zl eQtn

e

THUS, FoR_HONOGENEQUS ELENENTS X = ®¢e ,

degd :ajeg (e Le)-_aaiegc: +c/:£§ © .,

Q;,m ) 1S _THEN THE GRADED SUBALGEBRS ANVD E/)_'_fcﬁl wITH
TS _MNATURAL 7, - GRADING 1S _A_SUPERALGEBRA

2 EQUIVARIANT EXTERIOR DIFFERENTIAL c/G :

- ,
WE_FIRST DEFINE AN OPERATOR d, om @©t31® Q'(N) Awd TWEW RESTRICT

T 70 THE G- INVARIANT ELENENTS .70 DO THIS WE RECALL A FEW BASIC

ConSTRUCTIONS FRoil DIFFERENTIAL_GEONEIRY.




__BECALL : GIVEN A § € 3 ONE HAS AN ASSOCIATED VECTDR

FiELD__ 4% on M peewvEd, AT EACH p€ N, BY
g epas d,t (exp(-££)- P)l

1.5, FoR EACH_@ e C7un),

z = — ¢ C* ('t Y-pP)
(§74) @) L (Beexp-t8)-p oo
(NOTE_THRT THE_INFINITESINAL_GENERATOR OF THE_ )- PARINETER

Grovp_t —> exp (£ &) vsualLy ASSOCIATED WITH § 1S Nivus
mms_ &% ). THE LIE DERIVATIVE

o Len s Q) = Q')
WITH _RESPECT To THIS_VECTOR FIELD 15 DEFINED BY

d
= = (o
°p ‘n‘r ) OQt""'('*exPrtg) )l/t %)
WHERE T, o gy LPI—=—CXPL 48) - p.  INTERIOR N
AuLTIPLICATION ’ .
L, . Q') —Q ) ~ |

-

8y &% s Just comnRACTION Wit &% v THE FiRST

VARIABLE . WE RECORD SonE SINNVDARD IDENTITIES

Lig (Wan) = (L, wWIAY + wa(L,,.7)
S t K [ get

(L) A7) + (1Y
S [&
g(‘fa = CJ" 6?‘ + (Lfg °._.J

Y. (‘_{:n L "a-ﬁ_t—(iya_?_(l,g-n = 0

2 (..g_ alnT )

[

5‘ OCé. 63‘“"——" ':s"’_ocfk_—“f.f” < L\
[A 0(12 ° ‘{‘:r - I‘_n o Rsp = O()
< S

K3 t¢*5%]
i 0/° 6:‘;11' + bép "d = OCAA-
- ) RY
e, Ja J‘bq—xbﬂ'aJ - O
< A
0(‘( S <R = o—.‘ro Sbkao-
38s"» J g,
. L, : ghol, o o
cg§9 )= § $ 3




T pwoescy $e g

_,_,,Naw‘p&_Et.m,é:_dg.____om__,_ﬁ_i5].@.ch M) _As_FoLlows. : Eo,,:e_,s/ac_,b_v_z(_e_,._.,(_f“;gil,®_wa)m__.~

(et ) (&) = deedy) - L, )
) hY

! S

. DLTERNATIVE_EXPRESSION_:

. THE_DUAL_BASIS FOR_. g)i.____.wE#w;,,L L .WRITE

LEX 18, .., 8, 5 BE A BAsis ForR F_amwo {x' . x4y

Vé,ét = °C°_ AND ¢ = { -

8 g2 " Ca

a

For_Epcy _a=1) ...n °

ez = §:=2xA8§ > §7-= x‘igs)..s:__ﬁm@_._,é?g._zwzgicg.)__,b

FOR_HONOGENEOQUS ELENENTS K= P & € ,

(*53‘“‘5’)

(A

XSed) b legr) = XAEIPEIL e = XpILEIL €

(XL p®@LYIE) = (XF®L I )CE)

SHVCE

Jxefr) = ped)de = '(c:t@J)qp@LeS)cg) N ((i&d)ceh)(g)

wE FiND  THAT

d. = 10d-x"@(_

G

WE CLAM THAT

HOollo GENEOVS_ELENENTS BY 1.

; .
de ! €Lz31®Q 1) — 3] ® Q") INCREASES THE (.- GRADED) DEGREE_OF i

G
J._PREsERvEs Qi(n) = [er31@Qm)

x
doody = 0 on Leen) so  (QFm dg ) is A coctpmm conpLEX

(RPN
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. LET d=p@e

mymdgg_45.2,_,3_-3_4_63.@.&_4_6’5 € ._TNORECVER

c/egm_(*cmi ®@d)Yet)) = Q,c/cg_(p 4 (cleg,__f +1)

deg (X @0 )Ie) = A(degp +1) + (deg e -1)

. Qdé‘vq@ + (des. @ +1 )
so_deg () = adegp + (dege 1) = degx_+)

- NCE) FOR ALL gE G
A _§ €3, THN

(d «)tg-8) = dieg§>)- Lt‘g"-‘f)"w(g.g))

- C/Lg-"“S’) -G

g8 oo (g-%§»)

K * *
. cv’ccé-,eu@)- (o-aﬁob§,oo§ ) o 4eg)

°;.* (destegn ) - O;;, (L§.,,(=(c§n)

<

= 0;_:( (ducgn-cgu(«(gn) 2 g (JGJ)

04

so c/Go< 1S G- INVARIANT

4
3. FoR_ANY X € (€L3] @ Q (11)  (NMOT NECESSARILY G- INVARIANT ) wWE HRVE

(cdpod-dedd )8y =

(dotdex)edy = dedxg)) - Lyal od ) (£))

"

Jd{( ducg»>-c§,wc§n)— e (deXe8) = 6,0 (1)) )

- d (Lga (4C§r)) - (.3&(& ~t§)))
- tdobga? benod)(wed))

- o[’g,, (= (§))

"
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S 7 4';:_
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d )
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EA xpttg).- €)
g (0t 8))]
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L« (eptr§ epeesn))],
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G e ¢ comnores wim e 1df)

o

00 PABTICULAR, o= d = O on QX (1) ps pEQuIRED.__ -

*
smwee (R em), do ) 15 cocmm consiex one can conpure. its cononoLocy.
THE_RESVLY S INTERESTING,

CARTAN'S THEORER) : IF THE ACTION OF G_an [ 1S LocALly FREE. (ALL ISOTROPY

SUBGROUPS ARE FINTE ) THEN THE G - EQUWARIANT ConoroLoGy HGt(_D) ofF [

————1S_ISONORPMC Tb THE COHONOLOGY OF THE COCIAIN CONPLEX_( Q¥ ch), d; )

: * _
To CONCLUDE wg Ll EXPLICITLY CALCOLATE H i LS 3),, MoRE PRECISELY
WE  COoNSIDER 3
2 $
n=5": {@'\zHeC : 129" +12y%=) }

3

mwo G=8' = {e'®. o€ R § wry E LEFT ACTipny Given 8y
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ie, _io
e’”. ety = (%2 ety

THE RCTION 1S CLEARLY FREE AND THE QUOMEWT SPACE 1S, BY DEFINITION

. 1
THE CoNPLEX PROJECTIVE LINE @IP  oMich 15 DIFFEQIORPHIC TO S

i H
H i
S S

INDTE . THE RESULT oF THE CALCULATION SHOULD THEREFORE AGREE wirl

L\THE USUBL _(ConPLEX ) DE RHAN Ca»onm‘aay_,gﬁ_s.f L &3;_,&»,'1? &)=€6_

niesherzo, wusher=€  wtsthercome £nz)

3

L FoR_THE CALCVLATION WE NOTE THAT S' 1S |- DINENSIONBL ArD ABELIAN

- LDEVOTE BY 5 THE SWGLE GENERATOR OF THE LIE ALGEGRA. Z = LR ,

| ] %
Avp By X €3 THE DUAL TO S, WE NLSO HAVE THE CORRESPsNDING

DPERATORS e

€ L3
on QL (S sivcE S",._I_S.__,ﬁBELmM, EVERY ELENEWT oF CLZ] is

INVIRIANT ( ConJUGBTING A VARIABLE DSES WOT CHANGE IT ) SO

Q. (s’) = LergleQfsh] = exloqhs®y”

ATHUS, RENENBERING THAT WE DOUBLE THE DEGREES m & Lx%'7] .

1= o S Sl
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.
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008 = (@e Q1sD’ ) @ (e Qisht)

= Q*(SB)Q ry L@'%‘ @ rosg.)s )
.3 - 3 ‘ - »’ R -3 .3 Si ‘_tb-',' ‘ — 33, i
QS.LS D)oz (C°xX10Q(s’) )@ (eiw1® Qs> )

ot

SR

Qicsz)" fB A(ﬂ Q;x" @ QiLS‘“‘g)a )

Q. (8*) = (1@ QY ) & (ix1e0°s )

RiFE

(C:x @ 9" ) & (¢'ix1e QushH® )

AvD_S0 oN

— WLHQ Egumm?mm DIFFERENﬂﬁL o/ _IS_DEFIVED BY

_COMERE d s mE ORDINBRY. EXTERIOR DERIWATIEON S~

_FOR h’" (s? ) one consIpeRS
8 .

L= el aun

o — Q (s?) —> Q_s?)

AW H(S).KERL«:/.)' auroroofcsg)’-

-
QOLSB)S Jc' ;

— ;am.mgg WiTH cl AND |, SINCE S 1S CaNNE:CTED KER (d) CONSISTS OF,

THE CONSTANT. FONCTIONS S0

HLS)
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JEFORE PROCEEDING WITH AnY FURTHER EXADPLES WE._DPKE A GEMERAL

ossewa'nom : e |

IE M s 9 LEFT G- namrow THEN ANY % € Q) m)

CAN BE_ " G- 'iwum?mm}%ED , I.E. FOR gacn #

THERE_ IS A CHBIV NAP ' | e
o _
I Qaen) — Qa(n) | :
| 4 G &
() s Q)

_WHICH REDUCES To THE IDENTITY on ()

ONE DEFINES I AS FOLLOWS ! CHooSE A BI-IWVARIBNT VOLUNE FORM Vol
FOR ..., Ny € To(N) DEFINE

onv G wiTh UNIT VOLUNE m

a5y *
| (TCAdY ) Wy 4oy g ) = ﬂ (T o) Ly ooy T ) VOL
- .SG 43 o L% 2pp V), ()l Yy VoL,

BEING A CHPIN NAP

d(xendy = TdL)

AWD. WE CONCLLDE THBT IF Ay TNVARIANT FoRI) IS DE RHAN EXACT THEN
1T 1S, 1N FACT, COBOUNDED BY v INVARIANT FORN T.E. |

pe Qp‘lﬂm) AND {3:&0( FOR SONE o(enp"my:#

(& = d(Te)

I .
. Now, FoR H;. L83) WE ConSIDER
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o 3 le‘ 1 'ds‘ T 2
Q.(5) —Q, (§3) —> Qs

1 2 . : . . ~
v B (S = KERUID/T (L) aw penen §e Q.0S) caw

¢

.......... BE WRITTEN._1® M FoR SonE. 7 €. Qs> TmEN

) 4

- ds'f =.1'®J2 ,x’@b,“z

so d,7 =0 inpLies MAT. d7 =0 Awe 0,7 =0 . THUS, 7.1 d-ersseD

)

A SmcE KW (S3) =0 215 o-Exder, I.E., TWERELS A XL E Q°(S3)

wirh_dot = 7By THE RENARKS On THE PREVIOUS PAGE WE 11Ny ASSUNE THAT

. ) i
A 15 G-INVARIANT T E. ol € 0°s3)s THVS, 18 E.Q:.CSB). AND

do(18) = 16d<-x' @6+ = 1ods

-.zr i&?

I .

o3

WE HMNE Shown TIAT 1 d.. = CLOSED 7 € Q;_{SS) 15 d.- BXBCT 1K,

H;,tss ) =0,

Now . FoR H:.,CS }) we COSIDER

) s e L i 2 |

T 3 aS',‘ N ] usa . ; ;

Qut87) =2 Q . (s) = O (s?)
amp HCS’) = wer Ldn)/Ind, ). v Eenzur S € Q% (52D can
BE WRITTEN |
& 1@w + xXef
— }

L 3 S' - o 35'
where._we 07(s%)” avo P e QUS’) . THusS,




2~ x |
dgw = (10d -x'®0¢, (1w +x'@f )

= 1®dw + x'edf - x'®Lw - x @oP

18dw + x'@ (Jf - Lw)

2~ ‘ | : : _ o
s, d & =o mpues dw =0 o dF =6, we cLpin T THIS

INPLES THAT o 1S 0/5 = CoHONLLOGOLS TO A CONPLEX NULTIPLE OF

X' ® 1

I . Z_ . . . ) 2 , , . '“N
nore :  X'®2 15 d_, - crosen mEcavsE d . (x'®1)= x'@dct)- X 84, (1)
HOWEVER. _IT :s NoT EXACT. To SEE THIS SUPPOSE 187 €. .Q , cs’ )
SATISFIES d\ 1 ® n): x'@1 THEN

1&dy - % ) = x @1 o
@d7 &Lr.? _

S0

d?ga And L, 7 = -1,

BUT. cfvz O _AnD. H(S ) = O InPUES THAT 7 = JP FORSanE Pe O°s3)

uBicH WE DY ASSORE 15 1 ) csi‘“J (PJME-‘W) THUS
(7= b dF) = L de,Fr = 0-dio) =0 s w&cawmarmm WE -1

s, X'® 1 _DETERMINES A CONDNOLOGY CLASS in). H&,_ s*) AND , IF

WE _ESTPBLISH THE CLAIN ABCVE | IT WiLL FoLLow THBT

0, (5%

PIPDDF oF mcz.mn. WE. Show THAT. O = 0. AW dl-‘ =4 w 17pLy

THAT . FoR SonE_a. € € _pmy Song pe Q'cs? S

(tew+ X'®F) - a cx-’»a;fi. ) ds. (1@ 'g )

1@@ %x.‘@-( P-cd

W

1edy -x'e i




o IN_ORDER_FOR THIS 70 BE TROE WE DUST. BAVE ...

dy =
L

o AAND,

=

"C,’z___

wE_ SoLVE FOR. . 27 AN 4 .,

dw =0 and_ H(S2) =0 1apLy THRT THERE 15 BN, 9 € O.' ¢S ) sven
: &

. . . !
AT wzdp . BS LSUBL wh CON PSSUNE 7 € ') so e FIRST

CondDITION _RBOVE 1S SATISFLED FURﬁ?'EI?HOIPE}, s-:_'m_c.ﬁ ? 1S S- INVARIONT

o=L7 = dey)rl,Wy) =d,p) r6w = degpiP )

_SINCE ST 15 CONNECTED. TH1S INPLIES THAT (.7 +F 158 CONGIINIT. FONCTIOW 4,

) For_THIS._A_THE SECOND CoNDITION ABOVE 1< ALSD SHTI5FJED WD THE

cLmn_is P&@UE@

ANA LQ@pl) S ARGUNENTS SHow THAT THE RENAIVING S % -'E@’awm?;.lm??;s@%gﬁamsy .

GRGUPSDF S pReCTRVNIBL., - PLTERNATIVELY ONE.CAN APPEALTO THE CHRTAN
_ THEOREN AND THE FACT THAT #hes?) :0 FoR R >d.___ONE CAN PLSs |

GEWERPLIZE_AND CALEOLATE THE. S EQUIVARIBNT CoBpNalosy of

<N~} o Y,
S. & .@nl_ I.E., THE ORDINBRY ColfonoloGy oF cr”

NOTE : THERE ARE OF COURSE _SLICKER wWIRYS
To Do ALL oF THIS E.G., INAYER-VIETOR!S

BUT_THE OBIECTIVE HERE wis 0 GET Soi€.
FEEL_FOR_THE DEFINITIONS.,
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__UNIVERSAL THon CLiSS FeR IR

2
AS I _APPENDIA 2 V= IR CosvAl ORIENTRTION AND INWER FRoDuCT )

{¥' W' = smvoaro gosis

A, M ) 2 DUBL BASIS COPRDINATE. FuruCTIONS )

Sov) = Sf)(a!)

"

(- tetny

_4Ax'Y = pusL gasis

Wi DERIVED TWE OUNIVERSAL THON FORM N APPENDIX 2 @

Py g PRE TR TR B

Y= oan e 0/44 c/u 4 emy) *x’cf_

A

| R

L Iosc ))&.leil) @’iwuﬂ@ﬂ&c!fg})ﬁ e
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hen Fegpn 2
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Yoz d V20 s v pemmmEs porvIE K, (V)8

CsEtvy T Cepay 5 S5,
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%DEGI?SES i ELoo¢vd] ) EACH TER) HBS DEGREE 2. 6 SHOW Her Y 1S




S0 LA - INVATIANT WE _EXATNINE EACY TERN SEPBRATELY RECALY THOT

{SQI2 ) - INVBEBNCE NEANS

FOR__HONOGERNEOVS ELERENTS X = @ € of Cloctad)] @ Qfg ®'2

LN
: 7 R
o, du, € € Loz @ (R)

L, b
- L
(R7) &

S ¥
- AL,
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A4 AV - U

PLED> N & YV G, [OREGVER, THE ‘€-FART 1S A ROTANONBLLY

P L gIT = PLEre N o
i 35 Sota) ¥ §e€ 00ty  Fop
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¥
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UMt e o). LET
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ABDENDuN 10

2
1BTHAE - QUILLER THOI] FOEI] FOR TS

HERE WE ISE _THE UNIVERSAL THo) FORN

i

) 2., 3
| .,.z(fq, 7’Ma P

- . &
Ve Rr) e (x4 o, du, ) € QQ )

DL
M

\(Rz)

z
FOR R (SEE APPENDIX I_pwp PPPENDIX 8 D To ComnSTRUCT REPFESENTATIVES

-3
£ TUE. THOD CLASS. FOR._ TS Anp THE EULER CLALS FoR S

2
OR_THIS wE NEED T REGARD TS RS THE VECTOR BUNDLE ASSOCIRTED TD

SONE__PRINVCIPAL. BRMNRLE _BY A REPRESENTBTION OF 115 SIRUCTVRE GFRouP.

2. T:SQ 2
PRINCIPAL BUNDLE ! S0(Q) & Fw (75 ) —» S
REPRESENTATION. & = ,cfw) . S0U2) —» SOCd )

( s0 ('),k = iO/ )

AT L2

FoR_ANY _ConmwECTION ) = ' (

/ 2
9) on _ F (TS ) (SEE APPENDIX | J

=

Q = dw = OZW'(?;)=Q'/_§);)

X e, ) = x'(2) = Q
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L 2 z
€ Nt 22 J
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ALL FORNS PRE
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T TS* ) x R 8Y
PROJECTIONS,
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INEERT
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_ DROPPEDTHE.. 1’;0 TS x R” ). —» TS5 ) 15 BRSIC._ANVD. 9&::::&&5‘ TO P REPPESENTBTIVE
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SUPPRESSING ]
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-
_NCTE | FOR anY PRINCWAL BUNMDLE G &3 P —> X cors
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_CONPOTING THE HORIZOMNTHL FROJECT2r) OF A ForRN X
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_SIIPLE i HOR (o) = - WA b, % whyERE

w=w'g  aw G = fg CSFE APPENDIX 3 ).
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s Sac:rs“)ﬁ
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2
NPTHAL - QUILLEN) EULER FOKDS FOR TS

VIHERE wE  conTnIpE u2¥H THE FXANPLE InN_APPENOIX 5 T0 PEpPucE. SaiE REPPESENINTIU
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\ e 1 /@2 T A-A, =W,
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TS STILL 1S NOT_QUITE THE FORD OSED By ATIYAH AVD JEFFRY, HowEUER,

P * -
0. OBIPM TS WE L LTILEE THE DAPS _Cp  Co , AVD. Ry

.
_JTRODVCED EARLIER L Now FoR THE BUNDLE G &> @ —> X FOR_comCh e
Wow DAKE ALL of THE SANE ASSONPTIONS wE nIDE of G <> P —-—%~r“§
AT THE OTSET ). OUR OBJECTIVE 15 T EXPLAN. AVD JUSTIFY THE EQUALITY.
: o ) , s
L) Se. 7 ? cfez‘(&) B ? ﬁ}z Je.h&? w o
R INOTE_TWAT _FoR EAch FIXED 7€3., <. ,C9> s 0 lFoRnow Q.
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0 WE _CBON REGARD . S

AS_H_LIWENR FuNCTION oF 'g CONOSE VALUES NARE 1= FORDS 00 @ T.E.,

cc9) € ergleQad,

.E)gw AT LEAST NIKE SENSE |

e ) e )
s, € e BD S} e k2

JO_JUSTIFY (L) wE wWRITE THS ELENENT OUT 10 NORE DETAIL AS FoiledS,
ET A A,y By By senes By § BE LOCAL CoOORDINATES Or_ Q) cot7®
yymmer B VERTICAL  ( g,?: — }ﬁ; MINGENT 1D THE FIBERS. ). A
i Ponr sy Ppg HORIZORTIL .;2;! e gé,,,,-t»w_‘_g&w&a@ueae._ ™ THE
\FIBERS RELATVE 7o <, 5 ) THEW, SincE Cy 15 vERDEAL
i oR EPCH D E.F
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SEQUENTLY

*J; e -
\ e Voy u;"’ *J@}ca. }Jan -AJA

L™ _q#d_-__c RIdeFL3IIdA Aadl,

rxmwe;ﬁ

R R (5 o, 4R ) nn ( Lo da )

I
R e

o

{
I
i

L,mt) lde’;fg} --c/\bdn

P

,,,,,,,, e
R Cp‘f‘hﬁ) e :-’ I?ﬁii’iﬁ.?’ffﬁ }
< debR) wlaaw”

RS PROMISED 0 ().

fn/aw WE HAVE Ar EXPRESGIONS THAT wilh ALLOW ERTN N ) 1o 12 _INCORPORBTE

L]

EVPLUATED o0 BoRiZowTPL FARTS | DIRECTLY IvTD

LTHE FPRRENTHETLAL PHERS

LTHE TEGRAL. . THE IDEA 1S TS .,  THE NORIALIZED VERTLAL VOLLNE. FORM._ 1S

LVERDCAL " ) THE SENSE_THAT, 1. LocAL COORDINBTES By, B, B, A,

ﬁsamﬁaﬁa 17, LIS A AUDPLE OF dA, as=adB, (mE coowecnion conrowents.

e w', ey " cowmor coname df,, .. Ad;'ﬁ@,.‘_,ﬂ, SICE " HoRizowTAL | NEAWS

> > - ox’méc;oum. ™ TRE Ffsr&; _AVD THEREFoRE NEIHER €A w2 A Tl )

S T}ff.bj WEDGING ANY. _FoR) on Q with W KILS ANY TERQ wWiTH A VERTICSL PART .

e i N0 LEAVES ALY BEIDGINIG TJERAS wWITH  HeRi2om3nl CONFRrIENTS 00 H

B ETOR oF W IENORING THE FACTOR of W ( eR _TMeRE PRECISELY, PERFORMING
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FIBER WTEGRANIONY ) LEAVES A HORZONTBL FORD whoSE VALVE AT ANY
LBET oF THNGENT VECIZRE 15 THE SPIE BS THE ORIGINAL FOR) ~EvPLUBTED
oN_HORIZONTOL PARTS .
ALL OF WIS WE Pewr HIPLY To THE BuwDLE G S PxV —% PxaV wim
o ALTHE _ORIENTPTIOW , BETRIC AND CONNECTION PULLEDR BACK FRoN G <> P —» X
,,,,,,,,, LBY THE _PRoJECHON PRV —* P (hs mLwiaYs wE USE TYE SPNE SYNBoLS For
R _|LTHESE _PULLBACKS ). _ THE CORRESPONDING NORNALIZED VERTICAL voruvne.
; FOR(I._CAN BE eRIITEN .
-} [ ] ¥
] Cweocdetry | e Oy
o WEDGING WHE EAPRESSIoN FOR U i (5D wirh W cancsre me def R
] wo_AUDS THE TERN. (cY vy D m mE EXPonENT.
H -ty - = g ' T
‘ 1wy tamit et J) e (2% pd2¥ i e
- i 0dC, )+ 48, R) 4 (chy> YRy PYdgda
A FIBER INTEGRRAON OVER' THE FIBERS OF .G <> PxN ~» P*aV ys
LLNECESSARY T2 CBTAM) A _FOR on_ ProN . I.E. A THen FPRD  {UT wWE
L|cokr EITHER LERVE TMIS INPLICIT, OR BYPASS THE NEED 7D DESCEND 7o
UPxoV. AS FOLLOWS 1
e LOUR REAL OBIECTIVE 15 T FD. REPRESENTDIIVES OF THE EULER CLASS
oF_PxpV  pwp THESE ARE 6BYMINED BY PULLING BACK A THoN FORV) OF
P AN BY B SECHoN oF P2,V BUT EVERY SECTIOW OF THE PSSOCIRTED.
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VECTR BunDLE_Px, N 15 oF THE FORD B
. _
meTl —> (Awm)) Stam))) —s [atm), 5cotmr) ]
CWHERE .5 15 A SECTION OF G P31V Aavp 5 : P—> N S AN
EQUIVARIANT NoP_ ( SLP-g) = {ch’¥) CSLpr ) ) AwD 4 15 THE QUONENT
,,,,,,,,, P _PaNn_ — PraV,
Now, \F wE TENPRRARILY DEMOTE BY X _THE ForRN ornd PV _givEw By
. L7) _PRioR T2 THE FIBER (WTEGRSTIONS AND By 1T THE FORD on PasV
- LiTe wCl oY DESCENDS  (sp U = g" T ) mEw
4 - ¥
C %0 (A,528)) = (5, ,508) 04 _
2 (c1,8)en) 0 g”
¥ 4
z %o (1,8) 2" )
hd o
R So e - - -
¥ o I's 3
(4o(n822)) U = A (cls> U ) ,
; So OLR EULER FOR() CAN BE GolTEw PIRELILY FRen 1T comvour THE
~
EED FoR _UJ. R _ _
L EVEN NORE EXPLICITLY | WWE. OBIMIJS An EULER FORN FOR P3NV FRon
U o P3N By S
. G PULLING BACK THE N PARTS oF U BY THE EQUIVARINT 1P 5: P>V
; & '
b sy PULLING THE RESULIING FORN ov P Back w11 Gy A sechow b
. e @OF_ G P =0, S )
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_NOTE ;| THERE 15 AN EXPIPLE Ivy ADBENDLUN B,

N FACT , IF @& REFRMIW FRon PRLLING BBek T I By A wE BAvE

¥
A FoRn. (1,83 27 on P whosE INTEGEAL ovER P s Sk TwE

L\ EULER NUNBER oF PXa N, _ THE REASOM 1S AS FoLLowS [ FoR

VY (WWTECRABLE ). ToP FORN X _ow THE BRSE X _ oF A _PRWECiPPL BUNDLE

W'u
G S Q@ =B X . NORIALIZED VERTCAL VOLUDE Fora W,

&

S of s S T, wf AWt
x., A._mg,.,.._.ﬁx./ﬁ.. e o o S e e et s et

TN _OUR CRSE , N /s TVE DESCENT To X of A BASIC Fol o @ wury

R._FACIOR oF W v Epch TERD So ,,fii;,fe{ AW IS JusT THE FoR) ow @

COMICH _ DESCENDS 0 o,

LUTHE 15 JUST _ONE LBST BIT_oF COSNETIC SURGERY (wE NEED TD APPLY TO

U m. L) 70 ARRIVE AT THE ATIYAB - JEFEREY FORN.  TECHMICALLY

WHBT  WE D2 S VBLD ONLY FOR FISITE = DINENSIONAL VECT2R ,gﬁ@ﬁ‘fﬁﬁg., ~

SOF, 25 A NeIRIICRKBL DEVICE 1T 1S CONDNLY LSED 1) nuecH

\JTORE_GENERAL CONTEXIS i (SUPERSYDDETRIC ) PRYSIES,

_LET. P _DEWOTE 8 Fin)iTE - DINENSIONAL  oRENTED REAL

. VECTPR SPRCE wiTH A _PoSIMIVE DEFMITE WNER PRepucy

LTBOVERT 2F NS Ar ORIENTED RIEDDNMNIM) NANKFOLD Y

__LET X' X BE THE CoORDINATE. FUwcHows FoR P

. CORRESPONIDING T2 SONE _ORIENTED, ORTHOROLAL.

Lo BAsis For P 16T s dkaadk” gE HE

__VOLLNE FORN FoR P THE INTEGRRL oF pmy

CPROPERLY DECAYING ) FuweTlowy € on P is 60

DEFINED BY
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{ o (Ju) i S

P

! n
TNTRODUCE OBD. GENERATORS ) ... 1 For NP

IF__ A 1S _Any (PROPERLY DECAYING) FoRr

on P LORMITEN 1 TERDS ofF X' And Jx’

(ot ex  dXP))  THEN THE FoRpAL _SuBSTiTuTon .

dx' —> 3} ; , e

(=1, GIVES AN ELENENT OF szP YR AP

,,,,,,, WHGSE FERTDIONIC lNTEG?&L o _
\ «oxi, 3 0¢
. 15 _PRECISELY THE FurdCTioN onNE (NTEGEATES .
(NEXT 10 oho AS PBVE ) 1o GET & %
S THOS | ~
S \ == { o, ghaegde
P P
) THE PoINT 1S THRT INTEGRALS OF FORNS CAN RE e
_THeuGHT oF B% 72 LEREZ WIELRAL Fertowéd
BY A VOLUNE NTEGLRAL,

L T0 ARRIVE AT 2UR _FivPL EXPRESSION FOR THE EULER NUNBER _FOR _PXa V.
wWE TWEREFORE PROCFED AS Followss @ LET S P—> N _RE A EQUIVARI AT
pAP. L Stp:gd = PegT’y (Sepad ). PULL THE V-PARTS oF U BACK
BY S ( I.E., SUBSTITUTE M =8 ). Tp iVTEGRATE THE RESOLIING

O8N oVER P mwTRODUCE A 0pD (" FERMiOMIC” ) vPRIPRIE _}  REGARD

ml OF THE JERDS 1w (7)) GING RISE T2 FORAS on P (I.E.

i |
L®ds  i¢det X)) pvn teX 7D ) A8 _FUNCTIONS OF T RATHER ThAwn

“Ens,,jm ovD _LET dm BE.__THE VOLUNE FeRi1 oN ,ﬁ,,,,.f):vn THEN_DO THE
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THE BERE2in \NTEGRAL wiTh RESPECT 10 R} FoLLoOED By THE \VOLLDE

\OF TWE INTEGRAL SIGNS

THOS | ONE ORTAWS FRON L7 | FINpLLY SUPPRESSING ALL BUT oVE
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ADDENDLN 13

THE WITTEN LAGRANGIAN

ORJECTIVE 1S TO FORMMLLY APPLY THE PAJIYRAR - JEFFREY INTEGRAL

EPRESENTATION FOR THE EULER NUNBER

o> camy”am® ( exp {-30usn* 4 39T e @Y +4¥Ts

-4 cdcf A)+4CB,RA) + LC’j'y) j 62/5713%/,\0’450)@

(ADDENDLN IX)  To A CERTBIN INFINITE- DINENSIO NBL VECTDR BUNDLE THAT

ARISES NATURALLY 1o PONALDSON THEORY To oBTRIN THE PARTITION FunCTion

7 = SexP (-8, L81/)e*) 0P

Dw

onp THEREBY THE ACTIow Sp L8] pvo so mE 1acranGon L[]

F_QONALDSON - WITTEN THEORY ( WITTEN'S 1988 TOFT znv whick Z

WwnRS IDENTIFIED wITl THE.  O-DINENSISNAL DorIRLDSON toVARANT AnD HICHER

PNALDSON INVARIANTS DPPEARED RS EXPECTRTION VALDES OF CERTAIN

RSERVABLES )

NOTE . _ THI5 DEPENDS ON NOKWG B VERY SPECIFIC

CHOICE FOR THE SFCTiop sp N THIS REGARD 1T

16 QUITE UNLIXE THE REPRESENTRTION (1) FoR

THE EULER (VWIIBER OF N FIWVITE - DINENSYOND L

VECTPR BUNDLE

FOR CLARITY wE BEGIN BY RELORINMNG u)J EXPLICITLY INDICATING 8Ll oF THE

DEPENDENCIES on> THE _THREE " Bosonic” (M 8, w ) pwo THREE




" FERDIoNIC T (3 7, W) VARIBLES (KEEP 1 MwD THAT dio

|REPRESENTS A volDOE FORD) on THE PRINCIPA)L BONDLE SPACE P

So W REPRESENTS A PoinT 1w P AvD _ALL _TERNS THAT GIVE BISE

T0_FoRrNS pov P ARE REGARDED, woT_AS FoRpS, Bul AL FUNCTONS

F_THE _FERMONIC VARIABRLE § )

- 1
@ any” amy g cxp {- 3N Sul) + 3 PTep, g +4 PTS (Rd

det ), a0y AL RAD + LCLD, ) § REDY OV dBdw

1HINOWw E DESCRIBE THWE RBULNDLE wE_HAVE 1w NIVD

M= ConPACT,_SINPLY CoNNECTED ORIENTER, SNOQTH Y~ NONIFOLD

+
CIITH b.2 () > 1 Avp opp

-
SUWR) = P —> N A FIXED PRINCIPAL. SU(L)~ BUNDLE. OVER I

GENERIC _RIEIANNIAN) NETRIC ond . [

o =
J

A

A = SPACE oF IRREDUCIBLE COonWECTIONS ond P (oPEN 1n THE

AFFnE sPaceE. A or PLi CONNECTONS o P )

2 = m; = _GAVGE_TRANSFORNATIONS 1IoDULO CENTER
”~ A o A i

QR = AL = A/

A
’732 = M = nobow SPACE oF g— ASD CommECTIoNS on P

LY pers rreery on A so

G A — 8

IS A SNopTH  CINFINITE - DINERSIONAL ) PRINCIPAL BuwILE




Qi (o, cw/ P) = UNFIMITE -DINENSIONAL ) VECTOR SPACE

OF SELF-DVAL 2- FORINIS wunTH VRLUES

i TE _ADJONT BUNDLE ad P

Y

2
AcTIS om K2, (ngaJP) o0 THE LEFT _(_mmwk oF A nS sEcnons of

THE_NONLINEAR  ADJEINT BUNDLE  Ad P AND ConTUEATE POINTWISE ).

TS, THERE 1S A VECTOR BUNDLE

A P Q) (1,ad P

<

A - A A
psgociaEp @ S = A —> @ .

A _SECTIoN 1S DETERMINED BY THE EQUIVARIIWT NNP

s = Ft ; A —» Qi(,n,m/l’)

+
Sue) = F 7= 2(F, +*%F,)

“d

3

2ERp SET oF ™15 SECTION

INTERSECTION) OF THIS SECTION) iTH THE

- 2
2ER0 - SECTION) OF A x5 Q,(n _adP)

NOLW WE ASSUNE THAT LOE_ARE 1N _THE SI1TUATION) Ind ONICH 7Y 1S NONENPTY

i + .
avo  8R-3cnb an):o0 » M 1S A FTE SET _OF SIGNED PoinTs,

THOS, THE O-DINENSIONAL DoNALDSON INVARIANT ¥ (11D cAN RE

VIEWED _AS AV " INTERSECTION NUNRBER 3 FoR THE TwpD SECT?ONS ofF

sl

2 “
X A Q+ (&1h R‘JP)J WHICH NeTIWAHTES Jo0xRINE FO® AN EULER

B




NUNBER . INTERPRETRTION _AND THIS 1S LOHERE _THE. DATHR - QULILLEN. FOPD

NTERS THE PICTURE THE ATIENPT TO_FPRODUCE Sucls AN INTERXRPRETPTION)

LLOHICH _PLSD HAPPENS. TD AGREE. ITH _IITEN'S PRATITION FUNCTION

S THE NeTNIRATOn) BEMND  (L2)

LWE APPLY (2D Tb THE VECIDR _BUNDLE

Ax Q) enadP)

a4

llpssocinrED 10 A > A > 8

] Py A
REQUIRES A RIEDANMNVIAN DETRIC ow A For wimicw A _ners gy

_JISonETRIES  ADDENDUR 12 )

A

i
A 15 0PEN X _wmen 15 AN AFFINE SPACE DPDELED ow 2.0, adP) so

7oA ) & Q'n adP)

v we A

BECALL GIVEN THE RIENBIVNIGA) m‘;fls’tc,vq VD OIRIENTRTZ.0n)

o M _TWERE 1S P MHongE STPR_ ¥ prvo. So D PowlTwISE

INNER PRADUCT <., >, __on ONY Qﬁcn_ K2 GIVEN BE

FOLOLOS | =, (3 c Qf n,m),

* -
< A {3 z 4g)ﬁ>onLg

LochLLy

T e

a ¢
THEN A _GLOBAL L ~ )MWER _PPoDuCT 4, $k on QL (0 R )




1S OBRTINED RBY INTJEGROTNION :

<°(’F>49< = Smd” *F -_S {../,[3>P voLg
£ 1

NEXT SVUPPDSE M, vV € Qg(ﬂ,,oue.u J. wE

SELECT TWE ao/—/wvﬂl?n?;uf INNER PRoDLCT

¢ , ) . on w2l GwEN By
BILEL )
]
s - r{AB
(A,B?M“Q) ] J
THEN
' [ o '
’: _3’\40': 3‘(:‘ )
N o
T,= 449 =-4(5,)
}
Té"' I"G:’s f(o—x

1S A0 ORTHONORIAL BPEIS FOR Bdaild D
3

AP THE STRUCTURE cowstwrs ARE LT, T, 1= 2 €

e

NOw WRITE

b 4
o TH p V€ L, M) awd DEANE

(=¥ ‘1 N 4
4#’V>P = 4[“- )V >p (Tﬁ,Tb )MLQ) = <'L*,v°>? Sﬁh

THS 1S AN ao’- IO VARIANT POINTWISE INNER

PROPUCT on Q&( N 4id) ) So

t\ 3N
THIS, =y Vv
1

1% A @elLoBAL ao)-wum?tﬁur INNE R PRoCT

an QQLM_Mtn) IF !/L/\*\) is

INTERPREIED As THE NATIIX PRoDULT oF -




pe_avo ¥V Caimm ¥ conroreg conPongNTWISE, T.E.,

ENTRYWISE ) TWEN 1T IS EASY To SEE upy THIS

1% GIVEN By

AR Xy
A e

Y]

SWCE aoz P- vervep Fos pie LocLLy ouid)~

VRLLED Fopns THE SANE  «oRKS FoR Q#‘cnl a,JP)

Q' adP) wAs An a,o/- INVARIONT

i

v PARTICLLAR _ Epch T, (A )

A

UONER PRoDUCT  AND TS DEFINES 3 NETRIC oy Jf LOICH 1S INVERIANT

UowDER THE pcTion oF. 2 ( PoINTWISE conduanTion) BY SECTIONS

O THE _NONUNEIR _ADJOINT BUNDLE ).

TS NETRIC _THEN DEFINES A ComnEenon on M =>4 — &

HDSE HoRpizonTr) SPRCES ARE THE oRRTHOoGoNAL CONPLENENTS 7 THE

CAVGE ORRITS..  INDEED € HOVE NLREADY SEEN ( ADDENDUN 2 )

TS ORTHOAOND )L DECONPASITION !

T,AD) 2 T (w- 4 ) @ KerR ($¥) = Intd™) @ KER(S™),

73}

[ LoHERE Jd=. Qpcn; adP) — Q' n, adP) s mE covprIOVT

ATERIGR DERIVANIVE oF «> _Anp S~ Q'(n _adP) — Q°(n _adP)

s 175 FORNAL ADJOINT. RELANVE TD _THE iwNER.. PROPLCTS DEFINED

ﬁBovE.

NOTE WE ALSC SALL 1IN _PADDENDLI] A THAT THE LIE

ALGEBRIA oF OLR _STRVCTVRE GRouP chAn _BE IDENTIFIED

Q.“cn, ad P)



WE BRE Now> READY TO BECIN THE FoRNAL 10ENTIACATION OF THE TERNS v (3)

2 2 ,
ity BPPROPRIATE oRJECTS IV A % 55 Q, (ﬂ'-ao/f) WE _toOULD DO wWELL _BOwWEYER,

7o STRESS THE wWoRD “FoRNAL” _ DESPITE AFPEAREWNCES. To THE ConTRARY twE

D0_NoT. " CHONFPUTE " mEse TERNNS . RATHER wE DETERRINE howd THEY rni6wT BE

Rsﬂﬁawﬂm—)"mmi’ﬁﬁfﬁa v _THIS ””5"), IWFINITE - INERNSIONAL CONTEXT ,

NOW WE wiLl SINPLY PITACK ALL OF THE TERNS v THE EXPONENT

bE  2), DECIDING BL wE GO whHAT SHoLLD RE. THE. DPPROPRINTE

FIELD THEORETIC ANPLOGVEL oF THE VARIABLES THBT PPPEAR THERE

z
TWE _EIRST - &N Stw)li” 15 SINPIE ENOVGH. _0UR S 1S _THE

+ o4 2
ELF-DUAL CORUPTURE pOP S= F' : o —> Qi en adP )

3 -
Swsd = F = FRL+ TR,)

]

ND __THE NORPN_wWiik BE ONPLTED FROV THE INNER _ FPRobucT- < . S

<2
Pay

<2 ;
o) Q,_(n_,a.d“i’) AT Epel o & A THVS

z 1 + 4t + -t
»;{- NSl = - 3 WF, N = S#‘FMA*,-M ) -

oW NOTNCE THHT

I (F n*F, +F AF, ) I CF a (XF, 3 F )0

R

: '}T‘LF')A €.2F+))

L5

:Q#LF&AFJ)
- +
= 2t (RS rF]IAF, )




+ - +
s A (FIAF ) +alr(F AF )
- @y wr (73]

+

s 2k (EJAED) vadkr (FIAFET)

S0 WTEGRATION GIVES

+ +
U e (FL*F +F A FD = -zS br (F,AF) )

_) L4 <~ 4 7 % L

] n

CTNE _LPST TERN RBEWE ZERC RBECHAUSE THE. HeDGE DEQNPOSITIoN

4 - 2
F = F +F 18 L -pRriBogonNgl) WE CoNCLVDE THAT

iay -Zhswon* - ;’5 fr (F_A*F,) +3f'5 HLF AF, )
M )

THE _FIRST TERN 1S OF THE TYPICRL YANG-[IILLS VPRIETY WPERENS THE

lSECOND  VWITTEN REFERS T pS. A ToPoloGIAL TERR . BECAVSE 1Y

] - D
A GREES (WP T2 A FACIPR of ggt ) _wimn THE -2” CHERN CLOSS oF

ST2) <> P —> N ( SEE ADPENDUD X, PAGE 12 ),

NOIE ! (ITTEN ENPLOYS THE NOTATION NORE Lonnon) ir) PHYSICS WHERERY

LHEVERYTHIWG 1S toRITTEXN Sp AS T0 APPEAR LocAL . THE TERNS 1w MIS

DERANGIAN CORRESPONDING TO THOSE 1n) (3D ARE (oRITTEN

(4) o)

i

4 g }O["x Vg T (R, FPy + ;} S d V5 Tr*v(/f,‘,'[3 F7f)
N n

WwILL NOT RITENPT A CONPLETE CONPARISON OF OVR NOTRTNION wifh  THAT

E__(ITTEN  BUT in) THIS CASE wE will wopk IT ouT, wity 4T, 7, T, §

THE__ORTHONMORNAL BASIS FOR AHul) GIEN ON PASE S5 wE (LOCALLY)

CSRITE

o A
F, = 5_“'5 JXAJX
I ’

oo

LWHERE




F, = F> T
U"B -(P a
THEN
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CINOTE ' SONE SOURCES CHoosE e,e,€;€, . WE HAVE OPTEQ FOR THE

L TTIvuS SIGN BECALSE WHEN tWE CONPLEXIFY SHoRTLY THE REQUIRED CHOICE
‘ b ;

N DINENSION M 15 4t ee,eze = -ee,68y .

Now, SIVCE  w = A | LEFT nULTIPLICATION BY ¢ on Cl 1)
CORCly M) hAs EIGENVALVES t 1 So WE HAVE DECORASITIONS

i

Clo (y4) C,:f,l{) @ (,':(,Ag) e

o+ ' -
Clen ® ) )

1%

clen

TRt 1 BIGEWSPACES (w15 ACTUALLY IV THE CENTER OF
Cl, (4), BUT ACTS ANTI-comuTATIVELY on Cl ¢4y ) THE
" EIGENSPACES ARE EASILY SEEN TO BE



| c:l:ul) RIG<EO N cl i) = JL-(:‘Zu) ¥

.
,,,,,C,l, ¢ = 4

i

et e

o TﬁERﬁ ARE OBVIOLS f)LGEBs?B :soﬂm‘msns

. THE PIN AND SPIN GROUPS :

6> ClT) = nuLTIPLCATIVE GROLP OF LNVITS
 CINVERTIBLE ELENENTS) oF Clu)

. T T y , e
potE Ay o= (%) e R clen) wimy Nl
s ey awe |

,,X_':,”x, o

C(BECAVSE <ZX, X7 = 1 And XX + XX = - QX x> 1
mpLy XX =-14)

PIN (4 ) = RULTIPLICATIVE SUBGROLP oF Cl’¢4)
GENERATED BY ALL X € R wirh
ixl = |,

(7))

=D G 1 G2



mo_TE-‘IimTU.X,.N:,(_;% 4 f) € qu cled) Has nxll = |

AF _AND

omey IF gl = 1 » % A5 IN THE GROLP Sp(l) of

R

I.E.
L UNIT _QURTERNIONS |

 UNDER INVERSION (X = -X =

R0 ) ), P (4) 15 THE
. SET oF ALL PRODUCIS OF ELErLf:INTSQ_F THEGET .

N SINCE

| THE ELENENTS OF PIN (4) ARE EITHER DIAGONAL ( I.E. EVEN) OR

. ANTI-DIAGOWAL (T.E. ODD ) AwD THEIR NONZERo ELENENTS ARE

SALw S a),

o saw) = v o clok)

{‘ ( 2. ‘43.) : .““:..;?‘,zﬁ S.p(n}"w

~r

= 5P1(;) X S_p_'l(i)

ToPOLOGY AwWD DIFFERENTIABLE STRUCTURE IWHERITEQ FRON

L
Cle¢d)=/H =M
' ARE THE USUAL ONES .

CONPACT, SINPLY CONNECTED LIE GRovP . THE LIE

_ SIVCE I/,u:__ser oF sucn ELENENTS 1§ CLOSED



_LALGEBRA S

, ‘M) —— LLI): . { o Q ) Q“Qle In /H } C u’) e

W

N p, (1 5 «of)_zti) .

" THEOREN :. SPIN C4) 15 THE UNIVERSAL DOUBLE COVER OF SOCH ). .

- BECAUSE OF THE INPORTNINCE OF THIS RESULT WE WiLL PAVSE TO GIVE
B PROOF . THE ARGUNENT GENERPIZES To GIVE THE UWNWERSAL .
. DOUBLE COVER SPIN (n) OF So¢n),

LENDA : THE CENTER Zclun) of cley is c C ) fre, ! xer?}w

_\PRooF :_SIvcE e, vﬂ. C, tH) < ’Z ccluu) 15 CLﬂ'ﬁﬁ 70 Canﬂmr |
:,,;THE PROOF IT WILL SUFFICE To SHOW THAT NO €7 = @ -~e;
et R e c-cip 2 s w BLCen), 1F y = rms
18 CLEPR SINCE e;€; =-¢€;€e; FoR i14d, IF Y = o THEW
€7 T C,€,€,6, hUd WE HAVE €,8p = (688,80 = - C,E8
WHEREAS Cr €, = (€666 )(€,) = &, (&,66,C, )= e,(-6,GC, ):
(68,316, €;6,) = €636, Now SupposE |« B <q THEN
ere; = c~u;c-‘ei AND, IF €4 15 NOT ATIONG € ..y )y
€re, = (-1 €y,€r  THUS, €, cAnNoT ConnuIE Wil
. BoTh ;e;', e €, - o R
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PROOF OF THE THEOREN :

. CONSIDER THE ADJOINT ACTION oF cl*y) on Cley), 1.€., FOR
...;..._L‘ﬁcH A4 € Cl*) pEFvE

ad, Clw)—-& C’u{)

Cwod o adpy= mpal

ALGEBRA I1SONORPHISTY, PRESERVES Gli’HDING clcv) c) X} c/ ).

J\)OTE THAT IF X € R C/ui) NS HXH = I _LT.E., :5 ONE OF THE

 GENERATORS OF PV ut)) THEN, FOR EVERY v € R'< cleyy,

aJ ) = R x| = Xarl-X) = - XX S0 THE IDENTITY

IR X b Xz mQemxX >N

XA X 4 XXAr = —QLAXIX

AKX = T —ALXYK xew)= L)
XX

o

NS = QLS X
X X

R

(V- XD ) - <f~r>6>x
,,,,, o e~ )
__PROJECTION OF (N~ 1T THE

R , |
HYPERPLANE X _oRTHOGOWMAL TO X

XX = REFLECTION OF ~ THRoUGH X

, Aar X = REF).i,,, tar) |
CTHUS

() | ac_jx (v) = - REFLX-L v) (X€ IRL‘) xl=1 )



H,

. IV PARTICLLAR ao/ ' R when xe R avo uxn= .
_..Bur ANy stEm:—'Nr OF PIV(Y) 1S A PROPUCT oF SUCH ELENENTS

 oF R so o

_ THIS IS TRVE, 1n PARTICULAR FOR M € SPIV (M), SINCE ANY
_PRODUCT OF REFLECTIONS IS AN ORTHOGONAL TRANSFORNATION

. AVD THE PRODUCT OF ANY EVEN NUMBER OF REFLECTIONS IS A
~_BoTATION

03 ad €50R'Y  cme sPwond).

| MOREOVER , Avy REFLECTION CAW BE WRITTEN AS od, FOR Song
" x e RY win wxll=) Awo pwy RoTATION CAN BE WRITTEN AS
__THE PRODPUCT oF AN EVEN WUIIBER oF REFLECTIONS S0 WE WAVE
,,/3 SURJECTIVE GRouP HononoRPHISN CTHE " SPiwoR AP " ) :

SPIN i SPIN(Y) —> SOCR') £ Sowd)

4 SPM () = "“‘:/a.

. TO SEE 'rrmr THE KERNEL OF THIS NAP IS Z { 3 1'L j NOTE
TR ac/ IR" IF AND ONLY IF X =X, LE, aX=Xan
 For EVERY X & R'. _BuT THEN ML nvsT CONDVTE WITH EVERYTHING
o Cleyy, 1.6, m € Z(Clcuy) By THE LENNO,
Mz X,e, = X L For SonE X € R, SimucE THE NONZERO
~ ENTRIES IV AN ELENENT OF SPIN (4) NUST BE v Sp (1) (PAGE 3) |
-1 so am = *+1 psREQUIRED.

 SINCE WE HAVE ALREADY NOTED THAT SPIN (H4) 1S A SINPLY CONNECTED LIE

6ROUP, THE PROOF 1S COnPLETE | | i
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. THUSFAR wE HAVE THIS nueW

SPiv Y ) ”

| bﬁ,:czuz?.,,,.,ﬁrﬁfév OBJECTIVE (PAGE 1) AvD Now WE JIVST CONPLEXIFY

FIRST LSE THE AP ¥ :IH =~ €

(PAGE 2 ) To IDENTIFY H
Yx4
_WITH P SUBSET oF C ' ' | I.E., WE DEFINE

T : H —>

(q’ e ) —y (X2 'BLOCKS )
N e ) gy s /T

BEAL _LINEAR , INJECTIVE AWD PRESERVES PRODUCTS SO, AS A

BEAL ALGEBRA , We CANIENTIFY

o
ccled = TR )

o L aa

BESTRICTION To R™ < Cled) = s

, ] o g (o) ”XVL]-‘())

uy) o X = (-Q o_) T T = (n—_i) o ) ‘

SWCE DET (Tex)) = DET(x) = nxnz“;,,l%i" WE CAN DEFINE AN INNVER
PRODUCT (Wi POLARIZATION ) on THIS COPY ox?lR‘1 gy N ‘Pmuzr DET(T(x) )
~ AnD 'T'lﬂi‘” BECONES AN 1SONETRY |
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____NEW IDENTIFICATIONS :

C

[
0. Q ©
(V- o

o*9 o O ~
1]

90 o .00 o -
soi.o 0o

=0 U O .

T :
i i
|

i Wm
T
B
I
s
o~
AL
Ol !
Q
N’
1"
|
¢ 0 g

\‘0'139 Q
‘ I
® 00 -

t

o e

0 0o o
o g &

o EE; +EgE; = mR<ELEST b3y
cle) : REAL SUBNLGEBRA oF € GENERATED BY IR
A BASIS 1S JUST NS DESCRIBED om PAGE M  BUT
. WITH EVERYTHING CAPITALIZED (AnD 1 CHAVGED
Cowvre L),
CosPv ) ;o )L (T2

o SU, () x 5U,(2)
X U, ()

2

) LU, UL ¢ sU@) -}-

HE

Jou'(.z)x,a«&(a)

) s P 7Y aesua |
A



3 YxH |
. Now WE REGARD € ' AS A CONPLEX ALGEBRA. THE
_ CONPLEXIFIED CLIFFORD ALGEBRA

o e
L OF R’ 1S THE CONPLEX SVBALGEBRA OF C  GENERATED
By clewd,  sane Basis As _Cley), BuT with conpLeX
COEFFICIENTS. THOS, .

ue)y . Clehe € =€

| LSINCE BOTH HAVE DINENSION Ie oveR € ),
C NOTE :  Cl(H)  CAwD THEREFORE R, SPIN(H) Awo apn (4) ) IS

. wow LET .

__BE THE CONPLEX NVECTOR SPACE & wWiTH ITs USUAL HERMITIAN IVNVER
 PRODUCT (K2 = Bar' v 2t v 2 420 ) puo ipENTIFY

oy dlebepC v,‘, END, CS. )

THUS, THE ELENENTS OF ClW4) ®p € (Avo THEREFORE NLSO
cclan, R, pwo SPIv ¢4 ) ALL ACT BS ENDONORPIHISAS On S, .
WIS ACTION) 1S OFTEN CALLED CLIFFORD NULTIPLICATION Awo
 WRITTEN WITH A DOT - .




v PARTICULAR | WE HAVE A REPRESENTATION OF (THE REAL ALGEBRA)
. Clet) »y EvDONORPHISNS oM S

| Clon — BN s
(" REPRESENTATIONS "OF PLGEBRAS NRE BY ENDONORPHISNS RATHER
. THAW ISONORPHISNS SINCE NOT ALL ELENENTS OF AN NLGEBA ARE umiTs
__.THIS REPRESENTATION 15 ENSILY SEEN To BE IRREDUCIBLE  (WRITE
;pur THE REAL LINEAR CONBINNTIONS OF THE BASIS E,,..., EE.EE,
pr cley s ) @, € ).

,.;A,;HESTI?JCT',NG THIS REPRESENTATION To SPn) < clew) Gives 4
. CGRouP) REPRESENTATION OF SPIN (4) By AUTONORPHISIIS OF
- S, DENOTED

oo AL Sewed) = AUT (S )

_AnD CALLED THE CONPLEX SPIN REPRESENTATION .

. NOTES

1. SPIV (4) 15 THE DOUBLE COVER OF S0H), BuT A, DoES NOT
DESCEND TO A REPRESENTATION oF SO(4) BECAUVSE

Bgt-ad = ~d # L = Ag(2)



1@ Q. 1S NoT IRREDUCIBLE . TNDEED, IF WE SPUT

_ THEN CLIFFORD NULTIPLICATION BY Any ELENENT oF Cl ¢y)

e | +
. {BECAVSE THEY NRE BLOCK DIAGONMAL ) PRESERVES Sy Awp S,

_NOTE :  Sqp ARE JUST THE SUBSPACES ofF S, oW .. . .

/6,

_ WHICH THE VOLUNE ELENENT ) = - EE,E;E,,

.pers As + b

 RESTRICTING THE ACTION OF SPIN(Y) < CI _(¥) TO S, THEREFORE

@y Be =18 ® A

 WHERE. e o S e
x t
) Q@,, TSPV (Y ) —> SU_.CSG D .

cnecatt Tt s 1) = {4 (g 0.) ¢ U, U, €S | )
- Ag ARE IVEQUIVALENT, IRREDUCIBLE REPRESENTATIONS OF
L SPIN (4D OF DINENSION X,
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- NEXT_NOTE THAT CLIFFORD MULTIPLICATION BY ELENENTS OF Cl ¢¥)
+ -

- CBECAVSE THEY ARE ANVT)-DIAGONAL ). INTERCHANGES S, AND Se
e e
. EN _PARTICLLAR, THIS IS TRUE FOR_ELENENTS oF IR < Cly) 16,
_For x eR'<scly),
@y ZesS = x-Z €S
I c €
LTS WILL BE CRUCINL WHEN WE DEFINE THE " DIRAC OPERATOR

\THAT PPPEARS IN THE SEIBERG- WITEN EQUATIONS, )

| NEXT WE_FIvD THE COTPLEX ANDLOGUE OF THE SPW GROUP. RECALL
_THAT SPIN_4) 1S THE SET oF ALL EVEN ELEHENTS IN THE SUBGROUP
. OF THE NULTNIPLICATIVE GROVP OF UNITS 1N Cl(H) GENERATED BY
e vMiT sPHERE R = cley),

v Cla) @, € GENERATED By SPIv Cf) AvD THE UNIT CIRCLE
U = {e 1 :0eR]
w c,u) @ € s clo) @y c.

L SINCE. U5 1 THE CENTER OF Cl() @ € wWE HAvE.
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@ sPnvey) = 1e®u s oe R mesPway

i

{2 (5 o) reem v mesum }

b e L e e g e
NOTE TINT U, U, € SUQ) = e U, e U, e UR)
. (AvD EVERY ELENENT OF U) CAN_BE WRITTEN_ 10 THIS way ) Anp
a4) DET (e U, )= DETLE U ) = e
» ;SO

o 9E) ‘S,P"\)C,L‘i) > { ( (: U ) C UL e UR) DETLU,_):DETLU_,)‘}‘

- SONE TRPRINGS !

l CSPIV ) x Uy —> Sﬂwc,w_),
' 1) - e2Pu

_THIS 1S A SURJECTIVE HOMNOMORPHISIY WITH KERVEL Z, = < - 1,-1) >
- CTHE KERNEL s THE SET OF PPIRS (4 ,c‘")é WHERE = € SPIV.(4) n U (V)
. BUT SPIV (4) INTERSECTS THE SCALARS owLy v + 1L ), THUS,

e

ey swfen) E oS ) x U0 f-1,- 1))

: 02

SU, QX SU U [< -2, -8,-1)Y
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R’ SiosewSad) - upoy

o B U+ ) T T ) i
_FoR =( o € SPIN (4) DEFINE
& ( )T o eeiy, )€ S peAnE

cm) - Sc§ )»- DET (U, )3 DET sz )

-?(94

1 THIS 15 A SURJECTIVE BoTlonoRPHISI) WHOSE KERWEL IS

R = { (2 5) mesoar} = semen)

3. o SPIN‘G) —>soH)

THE NDJOINT AcTIoN oF SPmv (i) on IR (Paces 10- 1) exTewps

70 AN ADJONT ACTIoN oF SPW°c) ow R Iwoeed, FoR
[ c
£:-e%uw e sPey

1S _GIVEN By

der= gxg”

(e® M)X (u ee P2

i

X

J-LX»CL
_ mc/ o)
SIVCE. oocl € Socm” ) WE HAVE

@ ade € SO(R") = sout)

AvD WE THKE

Qcac.). L) = m{? |



Q0.

4. 5PN i) 1S A DOLBLE COVER OF SO(H) x UL :

DEFINE  sPINS 1 SsPNC(Y) —> So(H)x UW) By

o semteg) = sPnce ) = (sPmca), Seud)
(sPv ), € )

H i i

. 7HS 159 SURIECTIVE HOMONORPHISN WifoSE KERNEL IS THE SET OF &

| 26 o
__soch THAT spw cud = L Awp € = 1 TE., M=t D Avo € =21

Cothos, *u =+ 4 s
; {
kER (sPwC Y= Z, = <-1)

: g c — »
L ppum (W) F o) @ ucl) E lpm ()@ In€

. CcAV BE IDENTIAED WITH THE SURSET
4 A 0N ./ oY | L, ' o, " '
o {(ea)rti (o 1) amemarter|

OF VC'(‘{) @m@ :
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L NOTE : SPINCGH) 1S NOT THE UNIVERSAL COVER OF SOWY)Xx UW) BECAUSE
M CsPweq)) = Z (REASON: SPIN (H) 15 NATURALLY 1DEWTIFIED WiTh

B SUBSPACE OF SPIN‘LH) AND 1S SINPLY CONMECTED . THE SEQUENCE

1 = SPNH) > spwH) — Ue) ~>» 4

. GIVES g
*

O > TW(sPW )= T —> O

CAwo S, 15 AV 1SONORPIIST) . )

‘

~INow, THE IDENTIFICATION Clei) ®p € = END, (S ) Ano THE FACT THAT
. [THE ELENENTS oF SPINCH) ARE ALL LVITS INPLIES THAT THE CONMPLEX
 SPIV REPRESENTATION A, : SPv (4) —> AUT, (S, ) ExTENDS TO

30 D, SPW(H) —> AUT, (Sp )

 NOREOVER | SINCE THE ELENENTS OF SPIVC1) ARE ALr EVEWN
By ALso SPLITS INTO

(31) A, = D

| WHERE . )
~ F C +
L (32)  Dg spw (4) —> U(SE )= Ui("l)

STILL IRREDOCIBLE AND AND INEQUIVALENT ,
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. BEFORE WE GLOBALIZE ALL OF THIS IACHINERY THERE /5 ONE MORE

. ALGEBRAIC PRELININARY REQUIRED.

_NOTE_THAT THERE 15 A NATURAL LINEAR 1ISONORPHIST) FRON THE

SPACE OF a-FoRNS_Q (R¥) on R w0 Cyend € clen)

(33D 7327.,4&"‘ ed and Z i i &y .

i<¢d P ¢d

BENARKS : wERE {e'ete’e’y is ThE puaL BNSS oF {ee. e et

. THIS_DAP IS NOT MULTIPLICATIVE (E.G., ere' = 0, BT €e,=-1)
. THERE 1S, OF COURSE | AN ANALOGOVS LINENR 1SONORPHIST) _FOR

o C2 Mo )T C e ) IT S 7,8

BEING EVEN (I.E, DIAGOMNAL ) THE SLBSPACES Sg  ARE INVARIANT UNDER
P(7) FoR EACH W So WE nAY SET
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e (: “Z) (’”l)) S'

Fo/? EXONPLE | SUPPRESSING THE Twp ZERO ENTRIES IV 5 (SEE(19) )

%7 B P47 ) Z Y kP I L 4 Y1 P T H (2P 0K

- CONPLEXIFY C(I.E., USE CONPLEX SCALARS ),,,ﬂ!!ll.,,(Q,;,‘,,EX,TENDS To. .

e (: ok m ¢ — z:wo cs y

,5* STILL IWVARIANT 50 WE HAVE

[

BZ7) B ,pi,: T )«» C — ENDCC p 'y

 PROPERTIES :

a) .,,72,6 Q' UR.'T')@,RE REAL-VALUED =¥ (_wp SKEW-HERMTIAN

Z 7[4.; E E == Z‘ 72:4 E E'

|
1ed 144

POOF : (3('72)

it

Z,Q (—E )cf) Zq EE

144 1 4d

- D CEED - e
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b) 7 InC-vALWED =P p(7) HERMMAN

) ol ere’reiae’) = -z(f, °
(3 v,(v.ép}\. 2.3. 3 "8”/”\ el)__‘_i . (i %

peeliche’) =2(0 0

R Tt S S AN °9)

peenet-eaey = -2 (1)
2

{o (G’,AC? - ,,Gl,f,/\e ) = T (0

(J(ene "oetaet) = '-.:L(

BECI)LL LET K QQUR") —> QQUR“) BE THE HODGE STAR
;opERﬁToR oN - FORNS on IR" <€ USUAL INVER P;?ouucf AND
_ORIENTATION ), SINCE ,{s:.,ﬁ,,,e;,fq,i IS AN ORIENVTED
CORTHONOR AL BASIS. F@R,IR‘,', _THE SELF-DUAL (8D) AND
ANTI-SELF-DUAL (ASD) Q- FORNS ARE GIVENBY

QQ*UR") = sPA {ehe e;/\el‘) ere’relre’, ene'tene’ |

:EVEI?)’ ze Q R cAN BE um;aua.\/ WRITTEN 72 z F 72 WHERE
yt 3 -Q R?). IMDEED, ,?,-,,: x(p+*p),

(FROM PROPERTY (C), " CARRIES Q,(R") TO END. (Sg )

. IN FACT wE CLAIN THAT



o) ,{Ji,.: | Qi (R') = e ,S; D

ns AN 1SCNORPHIST) OF Q (LR ) omTo THE _SKEW- HERmeN
. TRACE- FREE. ENDONORPHISNS OF S“

ingg’_ﬁe_gf .76__Q,:,_w?.‘..‘,) = 7 BEAL-VDLVED =%

~ PLY) SKEW- HERMNITION By PROPERTY (a) =% Ply) skEw-
: HE’?"‘Tlﬁl\)’Z SELF-DUAL  Avo I,J3 K TRACE-FREE =¥
- plup> TRACE-FREE By PROPERTY (c). P’ LmenR pwo
 INJECTWE BECf)USE P 1S LINEAR AND INTECTIVE , FiviLry,
| (a*, 15 ONTO QU(S, ) BECAUSE EVERY 2x2 ConPLEX,
 SKEw- HERMTIAW | TWQE:__ER;E.E__,f?ﬁ.fl?lz(.,. IS A REAL LWEAR
conBINATION OF T, T pno K (ewea) = IniH ),

, [CONPLEXIFY AN GET 1S0T1I0RPHISNS

FRon THE CONPLEX ~VALVED LH)SD - FORNS Omn R To THE
. TRACE - FREE Fn)DonoPPstns OF S

NOTE : EVERY X ConPLEX, TRACE-FREE NATRIX
IS A CONPLEX LINEAR conBvvATION oF I, T pvb K.

_ THE FIVAL ALGEBRAIC ITEN WE REQUIRE 1S THE INVERSE



¢,

@c,L/a ) ot ,;c,,(q" ),,’,', ! E!_UDaAL_S; ) Qicﬁ?")@.m@,
. THIS €AV BE EXPLICITLY DESCRIBED PS FOLLOV\).S i LET T BE
. A _TRACE - FREE EWDONORPHISN OF S L ThoUGHT OF AS A HxY
_‘;,,conPLEx MATRIX WHICH HAS ThE Foim (o o ) o _TERNS OF
2% BlcKS ). THEN O 7CT) 15 TO BE A CONPLEX-VALUED K
_sb a-Forn onv R we Dsscmaﬁ I1TS VALUE om A PAIR
w5 OF TPNGENT VECTORS T0 R’ BY LETTING (-3 ’”“”)= A,_"\, ,‘,’
EHND ( T Kw}) (-w a) BE THE WMAGES OF - AND M~ IV

Recdu)csclmy®, €. men

R (c,-+ -,— ) _ ) L e (C.’. V)( + O)(Ciw) I
a3y o LM e ) =y T - el\eol\wol

THE PROOF THAT o7 L{-’ mp) 7 v 9{ € Q (R )@ e Aaw
ety =T Vv TV,,G.;,,,,ENQC,L,.SE,,. 1S A _(NOT PARTICULARLY
 ENLIGHTENING ) CALCULATION wHICH WE SHALL ONMIT [V _FAVOR OF

. AV INPORTANT

L EXANPLE :

g

CLET Y= ( IPL) BE v S C TENPORARILY SVPPRESS THE Two Z2ERO
 CONPONENTS N Sa ). DEFH\)E AV ENDOTIORPHIST) on 3 By

lpy: iyt

port s (3) 13 (w e/

THE TRACE- FREE PART ©OF THIS ENDONORPHIS 1§
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ey weyt) = et - ImE (oY)l

i_,(l W’f}fl q}l‘ '7) S — q}lq'; [ A

10 CoNPUTE THE INAGE. OF THIS TRACE- FREE ENDOINORPHISTI OF Sg  UNWDER

: +
ot WE BEINSTATE THE SUPPRESSED 2ERO ConponeNTs IV S, Ay
_ConPuTE y THETRACEOF

| (-\‘; 0 )( )( ) " Lo -VweyHhw )
IHIS HAS THE SANE TRACE NS - \/ clP oOY* ) W WRITING ouT rms
L n,n TRIX PRODVUCT PD TAKING (TS TRACE GIVES

F OV PNY) (R vty pan )0+ 2 (g, 0 5 )4 )
+ (lplﬂ )((,M'M" /\rw—3)+L nrwhr,_m )+ ,,

(AT, M‘M’)’rww’ Arﬂi’“))& .

@) (e ) E ey ) 4
’ ~
(L b ) b (A ady AL )L

-4 ( W-1pht) (erely esAVCfér) v, a0 )

i

Fo(Y'Y?- q) q) Ye'acdrehe )t'\fw) o

LWty )Lc/\ﬁ renc )c«rm‘)
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o[- awit ottt ) e crene) + aIn LY Ph) (e Erenet)

CLaRe (wpt) ceneliete’y [ ey

LTS,

Lws) o ’L(t%‘*’*))

L e

- aRe (¥’ ‘f’)(c/\e te 483) ]

. whicH 1S, INDEED , Av Tn € - VALUED | SELF- Dum., ,J - FOEO..,.,

 ATUSING QBSERVATION : EXCEPT FOR THE FACTOR OF - F4 e

. CONPONENTS OF gt (UV@ 4’*) ) Com)aDE w:m THE CooRDINATE
. f,,:FUNCTlDNS OF THE ConPLEX HoPF NNP. ' s

_OVE CAN CHECK THAT (45) CANV ALSO BE WRITEN

ey cr(wew® ) = -F [WiIw)ehetidae’) v

[ uw' -1pht )Lene +646 )

W IY) erdrelaer) v

(WKW ) (ere'+etne’) )



ADDENDUN /_5' : SEIBERG - WITTEN INVARIANTS ( MoRE DETAILS )

HERE WE CoLLECT A FEW MISC. OBSERVATIONS AND ARCUVNENTS FoR

WHICH THERE wWAS MO TINE IN LECTURE |

I. $PIv AwO SPIN STRUCTURES VIA TRANSITION NAPS

"so

So) > F;om) — M

{U,} vy P TRVIALIZING CoVER oF M wiTH TRIVIALIZATIONS
]

€, : M, LU, ) — U, x Sot4)

‘Cp) = LT ), 9. P )
CORRESPONDING TRANSITION NAPS

gdcp) = gdpc‘rr;,cp)gp‘?)

Now, A SPIN STRUCTURE onN [) ConvsISTS oF A PRINCIPAL

SPIN (4 ) - BUNDLE
s

SPIN(Y) &= S(M) — N

OVER N ToGETHER wiTW A SNooTh NAP



A S(M) — F (n)
So

sSveH THAT N
Sm) —> Fs"cﬂ )
AL

M

ConnNuTES A
)‘(p-g ) = Mp)- SPMHg)

YV pé€ Stn) v g€ SPOY ) wHERE SPIN : SPINW ) —> Souy)

1S THE DOUBLE CoVER ( ADDENDUN 1M )

THEOREN : LET 1 BE Av omé'tvrfo, RIENANIAN Y - NANIFOLD wITH

ORIENTED ORTHONORNAL FRANE BUNDLE -

Fn)y —»n.

Socy) <> F¢,

A SPIN STRUCTURE EXISTS 1F AND ONLY IF 3 TRiVIALIZING CoVER

of M Fon F _(n) Fer u)mcu T™ME TRANSIMON NAPS

' TO SP\N (Y )
3_,0 . l&nvp —% So(4 ) LIFT To A FANILY of NAPS

~ SPIN (4)
sdp '.,01
l SPIN

LAY —  SOY)

™
s .l

SATISFYING THE CoCYCLE CONDITION 3.y v 3y,



PROOF :  SUPPOSE FIRST THAT A SPIN STRUCTORE EXISTS, LET 104, 4

8E A TRIVIALIZING CovER oF N FoR BoTH S(M) aAmo F;ocn ). SELEcT

LecAL SECTIONS

- -l -

Ay -
AND LET THF CORRESPONDING TRANSITION NAPS BE

U, nU, —> SPIN(Y),

3 P

( THESE NECESSARILY SATISFY THE COCYCLE ConDImmonN SINCE THE)Y

ARE TRANSITION NAPS ),

DEFINE ;
Ay DU, = T U
A“ = Ao .A_‘
W g A THESE ARE SECTIONS oF F n ) sIvCE

T, ° A, = (T eX)ep, = e, = o, THUS, THEY

DETERNINE TRIVIALIZATIONS OF ’i'o‘" ) AvD wE CLAIN THAT THE
CORRESPONDING TRANSITION NAPS 9“!’ ARE CIVEN BY

q p : SPIV o g “p - THIS FoLLowS FRON

Aﬁﬂ‘) : )\(2(, X)) = X (/..\'_‘zx). 5*(‘“))

= A (3“1\0) - SPiv (5.&‘)"”)

: A% - (sPtM-ip )x)



FOR THE CONVERSE, SUPPosE F (1) hAs A TRIVIALIZING CovBR { U, ], .

FOR wHICH THE TRANSITION FONCTIONS g g LIFT

SPIv (M)
Jnpe R l SPIN

U:cﬂUp -;:: Sowd)
To NAPS 5_([3 WHICH SANSFY THE COCYCLE conDINoN ., THIS CoNDITION

INSURES THAT 3 UOMIQUE (vp TO EQUIVALENCE ) BUNDLE
R
SPIvV (§) &> Stn) —» N

TRviaLizep ovER  { U, ’-«e « i1ty TRANSITION NAPS 3“6‘ .

! ~ -l

LET A, PV, T T (Y, ) A b, U, Y 7{5‘11.{‘)3577:9

SECTIONS ASSoCIATED Wity TYE TRIVIALIZATIoNS oF K cn) Avo

Stn), RESPECMVELY. THUS, THE TRIVIALIZATIONS ARE GIVEN BY
Yiw, ) = Y, xs04)

VulB0-h) = «xh)

L4 ]

P T, ) > U, xsPmd)

{l:',,_ (z“zx).q)-‘- Lxlg)



Now DEFINE ' ' '
gt T — T (U )

] -
).‘ . zp_'( 0 (w)v"xspw)oqi

THEN
) IS ! J
o _‘41).5) = y{‘ »(.U_‘xspm)(x‘g)
- . -1
Y, (x, srveg )
= Aytx). SPINV ta')
So

ﬂ.‘fo’)-t : 15'

avD Dy tp-g) z p-SPNCG) . MEREVER, A, pwp dg AcREE 20 Y0 Y,
LWHENEER THIS 1S NONENPTY So  THESE NAPS DETERMINE A : Sth ) —> ke tnJ

]

wiTH THE REQUIRED PROPEPTIES.

TRANSLATED INTY THE LANGVAGE oF CECH QoOHONOLOGY wiTH '12_1 COEFFICIENTS

THIS BECONES

AN ORIENTED RIENANNIAN Y- nAnIFoLD ) ADMITS
A SPIV STRUCTURE IF AND omwLy 1F 1TS Q"
v

STIEFEL- WHITIVEY CLASS M (M) € HQ(n; 2,)

1S TRWIAL.

( SEE PAGES 388 - 4o OF REFERENCE [41) FoR THE DETAILS )



IN EXACILY THE SANE wAy oNE SHowsS TAT M ADniTS A SPI € STRUCTURE
Tee
c ¢ S
SPIN (Y) c—yp stn) — M

N: SN —=F (n)
So

IF AND ONLY IF THE TRANSITION NAPS G, P FOR SONE TRIVIALIZING

COoVER FOR F; ,(M) LIFT

= sPInCiy)
3.;(; .,?f

"' l w

Upy, — s0L4)
92

TO NAPS SATISFYING THE CocCyc LE ConDITION

SUCH A LIFTING, TOGETHER wiTH THE NNP

S: shnH) — UG)

o}
e U, o

U, o R ( .
s(ov_ =S o es‘U,_)

dd v, = debv. = &

$LE)

CIVES THE PRINCIPAL U¢1)- BUNOLE , AVD CORRESPONDING HERMITIAN

COoNPLEX LINE BUNDLE, WiITH TRANSINoN NAPS

» Uon Up —> Uw)



NOTE : IF THE SPN® STRUCTURE 15 DENOTED of
™EN THESE ARE L1 ) avp LX),

AN SHOW THRT 4y (M) 1S THE nod 2 REDUCTION of THE 1* chern

CLASS OF THIS U w1)- BUNDLE, MNOREOVER,

SPIV STRUCTURE + HERNIMAN LINE BUNDLE wHSSE 15 chepn

CLASS REDUCES Nod &4 a}';(,ﬂ)

—— sPin® STRVCTVRE

SPIOLYH)
3-?:_,.,-" J SPIN + Yol -;—-9 Uu)
Ypny, —> sou) A
[
=> Yy, — 5PNy )

S™ e 3y

Now LET'S SEE WHAT HAPPENS IF

SPIW STRUCTVRE ¢
+ = SPIN STRUCTURE =% LIVE BUNDLE

LIVE BUNDLE



~F

Jdp
+ =7 3*92"‘?3-‘9 = Sog*" : 50(5‘95‘9)=h

¥
p
hs

WHICH RRE THE TRANSINON
nAPS FOR THE ( TENSOR D
SQUARE OF THE ORIGIVAL
LINE BUNOLE .

IN THIS CASE THE DETERNDINANT LINE BUNDLE L FoR TWE RESOLTING
SPInvG STRUCTURE MAS A (TENSOR) SQUARE RoOOT ( THE HERMTIAN

LinvE BUNDLE SELECTED To SUPPLENENT THE SPIN STRUCTURE )
A
<

WHICH ONE CANV wrITE L

s

NOTE : THE SPY STRUCTURE SPIn(H ) e Stn) —> 1

1
AND TWE REPRESENTBTION S AG

GIWE ASSOCIATED PoSINVE ANo NEGANIVE (REAL ) SPINGR

| +
SPv () —» SULS, )

BUNDLES wHIcH ONE OF TEN SEES DENOTED W ’. ™E

CORRESPONDING  ( conPLEX ) SPIrooR BonDLE S ASSOCIATED
4L
wim THE sPin € STRUCTVRE ConvSTRucTED FRon L 2 Ano

THE SPN STRUCTURE ARE THEN
¥ 3

+
w oLt
PEGRETmBLy, ONE OFTEN SEES S g WRITTEN THIS wAYy

EVEN wHEN THE SPINC STRUCTURE DOES NoT conE FRon A
A
sPIv STROCTORE (S0 TAT W', w™ Ao L * po wor EXIST ),



Q2. DIRAC OPERATOR INDEPENDENT oF ORIENTED, ORTHOMORNAL FRANE FIELD

RECALL o TE shine- BUNVDLE sm»‘w) -y s"m> ~y M WwE WVE A

sPinS- comnECTION wa whckh GIvES A CoVvARIANT DERIVATIVE

V=V, @ TS —» 0'im) @ TISKH)
onv SPINOR FIELDS.  CHOOSE A LoCAL ORIENTED, ORTHONORNAL FRANE

rieeo  1E,,F, F E, § ov M. DEFINE
Y

M)

vow LET 1 &,,F, E E } 8E ANOTHER ORIENTED, oRTHOMORNAL

FRANE FIELD L W.L.0-G., on THE SANE OPEN SET v 1 AS

{€, € E,E §). PowTwisE,

q
E, = 2 BuE;

. .
NS

wHERE ( B;;) € SO(4), THEN, For ANVY SECTION A€ T( S(L))

Yy

f=1

SINCE VA Y. ) 1S LINEAR

4
"

(1)

SPLARALGRIZY

ey
o .
‘ AS REQUIRED ,

o E; VU, WLE Ita)

FRY

14

n . 4
Z B (EE s J (L8, ).((*Z By V76 )t



3. SEIBERC-WITTEN GAUGE GROUP

10,

1 = ConPACT, CONNECTED, SINPLY CONNECTED, BRIENTED, SNoOTH M - NBNIFoLD

3 t RIENANNIAN NETRIC ov N

o
sow) e £ n) — N

T e
¢ ¢ S
spin€ sTRocTURE of @ SPN ) > Sn) —> N
In
S0 (4) C— i.-’sp(_n) — 1
Tso

A : CONNECTION ON DETERNINANT LINE BUNDLE Ut s LUL) —» 1

Yye Tt s’ ) A POSIMVE SPInok FIELD

RECALL : SStM) DOUBLE COVERS THE FIBER PRODUCT f_;ocm:i Lo )

VIR TWE NAP SPmc , GIVEN LocALLy BY

tx,8) = (x,esfu) iy (""x), ('rr(g‘),hfn)

A8
: Lex,X), (SPVIM) e ) )

LET P"F avo Pr, BE THE PROJECTIONS OF F(n)x L°UWL) onte

§°£n) AnND L’L.C), RESPECTIVELY.

THEN wWE HAVE



c c
SPIN (M) &> S(M) —> M Schw) ey scin) — 1

¢
1 PI'F o SPIv 1 PI'L, o SPm ¢

Soty) c—sp Fm) —» N U —» L) — p

¢ ¢
AN AUTONORPMIS O : S(N) —» SN ) COIFFEONORPH 1S 1) SATISFYIG

Tge e & = T AW G (p-§) = (p)-§ ) 15 SAIp T CoVER

TE 10ENTITY oV Fo ) iF

c
Pl‘FoSan oG = ﬁ‘;.oSﬂN('

/27 tf ) = GROUP (UNDER ConPoOSITION ) ofF ALL SucH

EXANPLES :  FOR Awy SNoOTHneP ¥ € C (1, U )
oF N To UL > SPAn (4) DEFIVE

a : s — s

Q';’(P) = P'X(‘T’;‘(P))

Ty 1S A DIFFEONORPHISN AND (SwcE UL) e 7 csPnviyy ) )

TP §) (P-§). ¥ peg)

tp- £+ T LW tpr)
P (§¥(Tcep)

114

1)

P - (rl'ﬂ;‘(p))f)

(p- "(‘";ccpt)).g > G;(P).g

l.



12.

So T 1S AN AUTONORPHISN . IT COVERS THE IDENTITY
on F, () 8EcAUSE, LocaLy, Pr o o sPin® 1s

CloEN By
o/
P (X, 8§): (X, & M) —> (X, SPlu) )

@i
se p Ao p-e ALWAYS WAVE THE SANE INAGE

€K
v PACT, EVERY ELENENT oF K (L) 1s O FoR SonE Y€ C (M, UL )

PROOF :  FIRST OBSERVE THAT Two ELENENTS oF SN ) wirh THE SANE
INAGE LMDER Pr_o SIS can pIFFER omLy BY THE ACTION oF
Soné‘ﬂan W UG)  CaF Pz (%, 4,) Avp p e ox, £, HWVE
THE SRNE INAGE, THEN X = X, ANVO SPIN (M, ) = SPID (XK, ) SO

M, = tHM, ANVO

e, 8,
g' e M4, = (- )Mz
(6,6,)i . 5
T (t e 2 )e a“z
(9.-0‘_);'
= §, (e )
(8,- 6, (8,-6, +T ),
So P‘epz.(e. > OoR P, = pz_.(e ) )

THUS, IF AN ALTONERPHISN 9= : SS(N) —s SUM ) COVERS THE IDENTITY
on ?ocn ), THEN

TUP) = P LSONETHING 1D U )

V¥ p€ Sccn). WE CLAIN THAT THIS " SoNETHING * NoST BE TWE



13,

SANE FOR ALL POINTS 1IN THE SANE FIBER OF TS‘ ,  JNDEED,

-4
Te (P> = TPy ) INPLIES p = p. § FoR SoNE §€SPNcy)

¢.
AVD IF O (p, )z P .e THEN

TP Y + Tep. ) TP, §
- @i @i
= tp.e )-8 =tp- 5 )-8
&

T PL.G

As WELL, THUS, O(p) = P - ¥ (T P> ) FOR SONE ¥ € CQLn‘Um)
- 0
So T =9
T™HYS,, -
ML)y =2 ¢ nuw)

WHERF THE GROUVP OPERATION ON CQ( n,uUwd 1s POINTWISE

NOLTIPLICATION I U¢h),

WE wWILL USE WHICHEVER VIEw oF THE GAPUGE GRovP (L)

IS NOST CONVENIENT IV ANY GIVEN SITUATION ,

Now wE DESCRIBE THE aCTon o (L) on (A, W) :

THE SPINOR FIELD Y € T'lS”L-(') ):

+
FOR THIS WE 1DENTIFY ¥ wiTh AN EQUIVARIONT S¢ - VALVED



4.

¢ .l
naPon S(M) (Wp-§) = & . wpr ) amn
DEFINE THE ACTIon oF T3 ow Y gy PuLLBACK :

¥
IP.U;,:\P.Y:G;LP:S()OQ—Y
e
THUS, AT EACH pE S (M),
(lP.O’;,)Lp) = lp(O"tLP)): I.P(P. Utﬂs"cps))
i

: c’o’m;‘cpn)' « Wip)

THEN IF wE THINK of Y AGAIN AS A SECTIoN
4
of S (L),

P¥ = ¥ 'Y

THE CommECTION A onv Ul & L2L) —> N

NOTE THAT THE AUTONORPHISH O of S'(n)

INOUCES AN AVTONORPHISH Oy  OF LotL):

¥

(o
Sctﬂ ) » Sn)
<
P“Lo o SAN 1 Pﬁ_o ° SPMOC
L’L&) csccssnssseordy L".{ )
‘
%

[ c [
, N = o~
d'." -3 10 o SP) PI‘LD o SPIV © ¥



( WE wikL wWRITE oVT AN EXPLICIT LocAL EXPRESSION

For @' 15 A NONENT)
Now DEFIVE THE ACToN oF Ty oW A By

Ao, = A-¥ = W:")*A

W€ wiLL NEED A LocAL EXPRESSION FoR CONPLUNING THIS ACTION

So LET A BE A LocAL SECTMON OF LU L) Anvp RITE
4 -=a'A
FOR THE CORRESPoNDING LOCAL GAVLGE POTENTIAL , ALSO DEFINE
Lt Ax) e A (e A) = (5 estA
.ﬂ_-’( = A (1 = ( ¥ = ¥

smce Pro spin® 1S LoCALLY GIVEN By

o SY-H
LX,§)= (X, © & ) —» (x,é<§>)=(x,e ')

1T SATISFIES

(P, o sen)ep-£) = (ifr, o sPn)epd ). §LE D

C
0';' CLPr, o spw Yepr) = (Pr;‘,oSPtNC (O epd )
= (Prv,o PN )(p- ’{L'n;‘npn)

= ("FFL"’ S’Pmc)tp))- g(.tL‘ll;‘tpn)

15,



6.

C
siocg fr, o SN nops ov L2(L) we can wrirE ™S AS
z
O;'(x) DX S(B(Ty0) = X+ (¥ (T, x)))

Vv xe L°L).

IN PARTICULAR,

’ <
0",‘ e AN = A4.F
AT EVERY PoinvT of M |
NOTE : A 15 A SEcnon oF L°(L) AvD So 1s 0 ‘04, THE LBHST

4
EQUALITY IDENTIFIES THE TRANSITION NAP THAT RELATES THE Two

SECTons Bs ¥

SINCE "
4 - 2h = 4-x - (O;oA)/)

WE CONCLUVDE THAT

-l -
A-X = LAY + ¥y doedy

A + v awdY)

11

4% A + ax dy

WHICH IS OUR LoCAL EXPRESSION FoR THE ACTNION oF THE GAUVGE

GROUP onN THE CONNECTION .



.
- .
APPLYING 771,, T0 BOTH SIDES GIVES

A-¥ = A+ vLa*(,w"JX)

Now WE HMAVE THE ACTION OF /y (L) on SEIBERG- wITTEN CONFIGLRATIONS :

A¥) o, = (AVY)Y = (w',_')"ﬁ), 0';.*!# )

OR, LocCALLY on M ,

(&, ¥). ¥ = (A+vdr W)

BEFORE PROVING OVR NAJOR RESVLT o Sorvmows (AW ) w (Sw)
( THAT THE AcTiony of Y (L) cARRIES SoLuTioms TO SoLumons ) wE

NEED T0 OBSERVE THRT THE SPINC CONNECTION CORRESPONDING T

A-X s THE PuLLBAcK BY O of TMT CORRESPonDING TP A :

w = 9., w

HERE 'S THE PRooF : By DEFINITION ,

* c « * *
o, Wy = LSP o Ty ) LP:'F w,_c*PrL, A),

NoREOVER



¥ ” & p
CSPIN®) (PrF w‘_c + Pr'! (.(o"r )*A))

&

A¥

* *
CPr 0 sAN) W + (o Pr o5PNC)Y" A
F Le ¥ L®

¢

¢ \d c «
= Pr P Qo
C F° SPIv ’G;.) H)L‘ + ( t'LooSPﬂ\)o ")[9

— _— < i
e 2 {
Gy COVERS DEFINITION oF
™”E 1DERTITY .
4
ov F M)
So

[ 1)

& * *
(somod ) (Prow b P, A )

q
&

AS REQUIRED,

* -t
ANOTHER CONPUTATION OF Wy o (USING A-¥ = A+ T, ax dr))

CIVES

- c & * & 4 -
Wo o = (SPINT) ( PrF W, * PrLO (A+ m, (¥ dr)))

ey (P ¥ (mrcardevr)
wy ¢ sPve ) (Prf ( 1o ¢ ¥ )

11

%* -l
Wy + (T oPr osPnvc) (¥ dv )
L° L°

* -1
)
wy + 'n'sC (ay d¥

Now FOR OUR NAJOR RESULT :

18,



".

THEOREN :  THE AcNonw of M (L) on (A W ) cARRIES SoLunows

T0 (Sw) ONTDP OoTHER SoluTions To (Sw)  INORE PRECISELY,

IF (A ¥Y) sATsFies

pov =0
+ + *
Flos ctivew®) )

THEN, FoR ANY o ¢ L) (AW)Y = (AY, V¥ sansFies

ﬂa‘vw’-r) = 0

+ + .
Fl = o (Ctpep¥) )

PROOF : THE CURVATURE EQUATION 1S EASY., (E MAY PRovE THE EQUALITY
LocALLY So LET A BE A SECTIonv oF L°(.(') Aavo 4 = 4*/), wE
HAvE SEEN AT LY = (9 on) g o 4 awo 4. ¥ ARE

GRUGE POTENTIALS For THE SANE CONNEC TIoNY OoN L°t-€ ). wé hhve
AlSo SEEN TMMT THE TRANSINON NAP RELADNEG THE Two SECTIONS

2
IS ¥ . CONSEQUENTLY, THE (SELF-DULAL PARTS oF THE )

CORVATVRES ARE RELATED BY

(BECAVSE ULl) 1S ABELIAN). SINLARLY  CONNUTATIVITY oF Uw1)

GIVES



X - -
(W) ® () = (Fw)e (xe)”
: xv)e (vy®)

vy ve p?t

[ 4]

yoy'

+ ; ' - + N ,
mus, Fp = O ((YOYT) ) inpLES F;..‘ MY TN Y

70 VERIFY THE PANALOGOVLS STRATENENT FoR THE DIRAC EQUATION 1T will
SURELY BF ENOVGH TO SHew TMAT

P t¥-¥d> = (B¥I.Y

' +
FOR THIS WE IDENTIFY W with AV EQUIVARIBNT S ¢ - VALUED nAP on
C
SLn) Aw> ConPARE THE CovARIAMT EXTERIOR DERIVANVES ¥

avo o, (W.¥). STANDARD FORNULAS FoR SOCH DERIVATIVES
(F.G., THEOREN 3.1.5 OF REFERENCE [4] ) GWE
d¥ = dY + Fw, ¥

Anp !
I-)-x( ) ( Y A%y ‘ )

+ €
WHERE | E.G., W, TAKES VALLES v 4pim (M ), IDENTIFIED Wi A

SvBSET of Clt4)® €, AW So w, Y s A NATRIX PRODUCT .



<1,
Now WE CoNPUTE

|
dﬁ'fcw-r) d AL S ¥)

A

"

.l
d((to'ﬂ;‘)"l}l) + ;z"wa.r(tifo""s‘) Y )

[ 1

| -2
(Yo ) dy - warrs,,) J¥e T Y

-t -l

-! Lwy)- (Yo T, ).ZJH'oT Yy
L""";c.) (dw t 3 Wy S s<

(14

-
+ (.T"rsc) dL¥e WS" Wy

i

(Yo, Y (dp¥ )

THUS

da"_("p"\’) s (b‘o‘ll'st.)- (Ja‘p)

AnD So

-
VM,UP-T) s ("'o'ﬂ'sc) VA‘P _

Now, FoR THE DIRAC OPERATDRS WE MAVE

J

A

"

y
)
Z E, .%‘wcﬁ,

Y}

r(‘P-T)

“ .l
z Z: E:* Ll’oTl;‘_) VA‘PlE; )
159

u'.w;n" gy = (B¥) ¥
AS REQUINED, 1

(1



<2,

BEFORE LEAVIVG THE SOBJECT oF THE GAVGE Actiony onv (A W)

LET US DETERMNVE THE REDUCIBLES .

THEOREN : (A,¥ ) 1s LEFT FIXED BY SONE NON-IDENTITY ELENENT

T, oF ML) 1F Avo onLy 1IF W = O AND, N TS CHSE,

¥: M = ULl) nuST BE A ConsTANT AP,

PROOF :  SuPPOSE CH,tP)-G';, = (A Y ). THEN,

cd+awdr v'Y )= AW

So
-l -l
Q¥ d¥=0 hAvo ¥ ¥ = Y

siwce ¥ # 1 T™E SECOND ofF THESE INPLIES ¥ = 0. ™E FIRST

Glves d¥ = 0 AND, SINCE N 1S CONNECTED, ¥ 15 ConSTANT.

cowvERSELY, IF W T 0, TEN (A, ¥ ) s LEFT FIXED By Any

Ty T ¥ o STANT , 0



3,

4. A PRIOR) BOUNDS (AWD CoNPACTMESS )

HERE WE wiLL SXETCH THE PROOF THAT PNY SoLuTon (A, %) ®

AR
(Sw) ‘ N
Y = T (tvew), )

EITHER HAS W = 0  ( (AW ) REDUCIBLE ) op

<
NWeoll ¢ M) iz max {-3 X xen f

WHERE X'tx) 15 THE SCALAR CORVATURE ofF M ar X .

NOTE : IN PARTICULAR, IF THE NETRIC HAS PoSINVE
SCALAR CURVATVRE, THEN ALL SoLLTONS (AW )
HoVE Y = o,

WE WRITE THE SECOND (SW ) EQRQUANON AS
+ . ®
F (,1-79 ) = (POY )o

¢ ADDENOUN 14 | PAGE 25 ),

LOE WILL ALSe PPPEAL T TVE FANOLS WEITZENBOCR FORNVLA FRoN

DIFFERENTIAL GEONETRY wHICH , 10 OUR PRESENT CIRCUNSTANCES |

ASSERTS THAT



2,

: 4
SRR A AR S L A 2L

wieRE THE ¥ INDICATES FORNAL ADJIOINT AND X 15 THE SCALAR

CURVATURE ofF M,

BECAVSE (A W) sANSFIES (SW ) Tins REDUCES To

Q) o = V:o V¥ + y Xy + L*P@W*)‘P,

TAKE THE POINTWISE INNER PRODUCT OF BoTH SIDES oF () wiH Y

To GET
& 2 2
(3) 0z VeV, ¥x) Wes S + & Xo0) Wl + 3 1o
2
(For THE LAST TERD USE (44) oF ADDENDUN 1 T0 ConpoTE (WO W) Y )

t
Now, NWI 15 A CONINVOLS FUNCTION ON THE ConPRCT SPACE M so THSeE

15 AN xo € M AT wnicH 1T ACHIEVES AN ABSOLLTE NAXINLY VALLE.

WE CLAIN AT, AT TS PoinT

¢
tq) LYo ¥ix), wex ) H % 0

L 4
L NOTE THAT (3) 1nPLIES TMT <& VoV Wix) Wix) ) 1s REAL FOR ALL X )

THE PRooF oF (4 ) DEPENDS o0 THE FOLLOWING IDENTITY



s,

: 2 ¥
t5) Agutpn 2SRUV RN 4 2L 0V Y 9
WHERE A, = & od s THE SCALAR HODGE LAPLACIAN OF g. TS AV

3
BE VERIFIED By WRITING ouT THE LAPLACIAN IV A LOCAL ORTHONORNAL

FRANE FIELD E, E, Ey E, ov M :

y
AJ lllPH" z - Z ¢ 3;a;uwu"+ dwté‘;aa; nwn®

s
RECALL : THE (COVARIANT ) DIVERGENCE
diw V oF A VECTOR FIELD V 15 DEFINED

To BE TWE TRACE OF THE ENDONORPHISH
X Vx" : T —» TN Av, FOoR

A LOCAL ORM™oNORNAL FRANE
dw lE:) s - d T'jj

o

WHERE T'f‘, . QLVE;EJ:E‘k)'

11}

-2 038l 9wy + dwiE; )Re W T YD)

- Z_,'uv,q)nz -2 Z: Re <Y, U, V. ¥ +dwiE )V ¥ S

"

-2l qn.pn" + 2 Re ¢y, V;ov,, Y >
pecause V.Y « - U, - dwiE;)

2 —angunt +2<w, 5V, v

FoR SoLvmens To (SW) BY (3) .



Now, 0 PROVE (4) wE APPLY (5) AT X To OBTAIN

v 2
ALY, 0 VA Pix,y » s Agull’u tx,) +2Uv, 'Pl)zcxo).

L
THE SECOND TERN 1S OBVIOLSLY NONNEGATIVE . SINCE 1Y)
ACHIEVES A nAxInUD AT Xo (AND SINCE THE HoDSEE LAPLACIAN HAS
TWT ANVNOYING EXTRA Mmvs SIGN ) THE SANE 1S TRUE oF THE

FIRST TERN So (4 ) 1S PROoVED,

Now EVALUATE (3) A7 Xa AND USE (4 ) W CONCLVDE TWRT

1 4
fj )ﬂxo)ll!ch')H P ¥ 0 ¢ o0,

THS,

lv‘
¥,y ¢ - z Xex,) ¥ ex,) 't .

THERE ARE Two PoSSIBILIMES . EITHER NIWx, 1) = 0 v whICH
CASE Y =z 0, oR

z L
Wk & = 3 Xex,)

AND CONSE QUENTLY

() Wyt & - Fux,

Y x€ M.



NOTE : WE ARE LooKINnG FOR A LNIFoRN BovnD on i wcxmz FoR

ALL SoLoTioms (AW ) To (SW) AND (&) witl NoT Do SINCE

X, GEMERALLY DEPENDS on ¥,

"
Mow X)) 1S A conTInLpLS FUNCTION on THE CondhcT

SPAhce M So wE nPy LET

¥em) = 08x {3 Xex) :x€ M

AND CONCLUDE THAT
2
nwexd)ll & X)) vx€ M,

THOS, FOR ANY NETRIC AWD ANY sPinC STRUCTURE AND ANY SoLLTION

(A, W) ™ LSW), THE SPINOR PART ¥ 1S UNIFORNLY BounwDED
By (o ifF THE SoLuNoN 1S REDUCIBLE AND, OTHERWISE ) THE

GEONETRICAL CONSTANT X)),

THE SECOND (SW) EQUATION NOW GIVES B UNIFoRN BovND onv THE

27.

SELF-DOAL PART oF THE CURVATURE FOR ANY SoLuTony, A BiT Noke

WoRK THE GIVES A BovwD on THE BANTI-SELF-DURAL PART oF vE

CURVATUVRE, ANVD THULS on THE CURVATVRE ITSELF
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THESE UNIFORN BownDS oo W AND F,  ARE , BY THENSELVES, NoT

SUFPFICIENT To PROovE TME ConPACTNESS OF THE Nodull SPACE .

NOTE : THEY ARE, HowEVER, SUFFICIENT T

PRovVE THAT, FOR A GIVEN g, THERE ARE AT

NEST FINITELY NANY EQUIVALENCE CLASSES OF
SPINC STRUCTURES FoR wicH THE NoDUL)
SPACE 1S NOMENPTY AND HAS NONNEGATIVE
FORNAL DINENSION,

FoR TNS ONE NVST ALSo BovND THE COMNECTION PART A oF A

SolvTiond (AW ) ™ uvp 10 6AVGE ",

AT THIS POINT, HOWEVER, THE " Sncomi ARGULNENTS WE HAVE RELIED
UPON THUS FAR FAIL US ANVD ONE NUST PROCEED By wAY oF A

" BooTSTRAPING —~ ARGUNENT THRouGH SOBOLEV SPACES OF
VARYING INDEX . SIVCE TmS usEs TME ENTIRE ARSENBL oF
SoBoLsy ENBEDDING AND NULTIPLICATION THEORENS THE

RELLICH THEoREN , ETC. I wiLlL NoT ATIENPT A QUICK SYNoPSIS,

A RENASONABLY ConCISE DIScussSion oFf THE ARGVNENT 1S

AVAILABLE on PAGES 80 - 85 oF REFERENCE [3¢],
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Ceswid)  B¥ =0

"

L OWE WILL. WRITE _THEDN QLT _EXPLICITLY o IR;'HNDJ’BOVE A _THECREN oF
‘ : . .. e}
CWITTEN WHICH ASSERTS THAT Ay SOLLTION (A W) with Y E L ¢ I,Rf’f )
_NUST AcTuALLY HAVE ¥ =0,

__THUS, WE LET = W‘fwmf ITS USOAL RIENAVNIAN NETRIC ANVD ORIEWTATION,
H

GIVCE IR 1S CONTRACTIBLE ALY oF THE RELEVANT BUWDLES ARE TRIVIAL

- AVD WE WILL woRls WITH EXPLICIT TRIVIALIZATIONS,  THUS | THE ORIENTED

oRTHDI\)ofs’m)L FRANE _BUNDLE 15
. Sso) > fi;’"x‘.,()m) — ﬂ?

AVD THERE 1S AN ESSENTIALLY UVIQUE SPINC STRUCTURE o(’_
N
R x sPvCy) > R'xs009)

N
R

 WHERE N, §) = (x ,wg)), THE SPWOR BUNOLES ARE THEREFORE
RS0 TRWIAL So THEIR SECTIONS (L.E, THE SPINOR FIELDS ) CAV BE
IDEWTIFIED WiTH GLOBALLY DEFINED FOWCTIONS O R .

g




!
o e +

6

ijz
)
e

| )
AR Il B

#)v

h
=

__FOR CONVENIENCE WE Wil). OFTEN ABUSE THE NOTATION AND WRITE

e ——

W owil VSE X, % X3 X" For THE sTAw0ARY CoORDINATES oM R

. Avo Wkiye. . S — o I
3. T S ) § o= l 2,,3)"/

_ LTHESE RBEING APPLIED CONPONENTWISE TO SPWOR FIELDS ).

___ THE DETERMNANT LIVE BUMDLE OF L 15 LIkewiSE TRIVIAL DS 1S THE
 CORRESPONDING PRINCIPAL (1) - BUNDLE UW) <> I —> B .

U e qu uu) —» R

A U connECTION A on THIS BUNDLE 1S THEN UNIQUELY DETERIWNED
RY A GLOBLLY DEFINED (1) = InC -vALUED I-FoRn on R :

A=A
A, 0 R'—> In€ | iz1,2,3,4



THE_LEVI-C)VITA CO',VNECHO‘,\):!,,S,,,,Ju&v,_lv..,Q!?DlM?R,)’,,_L,CQQQPANENILQ'SEV) o

_EATERIOR QIFFERENTIOTION ( CHRISTOFFEL SYNBoLs ARE ZERo ) so

THE CovARANT DERWATIVE X7 = N5 INDUCED BY IT OND THE

|

_UQ) - CONNECTION A TAXES THE Forn. 7 = d + A, I1E.

Vo= v dx' = o #A N

)

1 ,'
SO THAT _ (., w“m;w’)dx

o pwhx
&7 w3 ﬁ.,;,l’)u‘)dxvi
ot A phds /o

1l

Y = (3, ¥ +A,® )X’

with {e; § = 19,1 THE STANDARD ORIENTED, ORTHOMNORNAL FRANE FIELD

L en T?" wWE THEREFORE HAVE Vc’f)(c) O + AW Awp

FOR CONVENIENCE WE WILL LORITE .mm_ o

Ny = (AW = |

' 3,“ W" + 'i:); ‘19)%

_ THE DIRAC OPERATOR By W - Z e; V W REQUIRES THAT WE CLIFFORD
_i__nm.-rmu BY THE. BﬁSIS ELENENTS € , LE. DATRIX NULTIPLY BY
. = Tee;) € Cl) @€ FoR TS wE oL |
iwmrﬁ we (%) m,‘ (1) S0 THAT

a, W'y A, !
Capweawt |
Cacwiymwr



~ L 4
, ‘1259 ¥y o= Z: ;- V¥ = 2, TeHV¥y

171 ;=

(e ee ) Gse) s

\-V% +I9¥ +IVW +KI Y

_ NoTE THAT, AS EXPECTED, J, SEWDS POSITIVE SPNoRS W= (0 ) To
_ NEGATIVE SPINORS AD WEGATIVE SPINORS W = (4 ) 70 PoSITIVE
CSPINORS

~

SIVCE (SW1) INVOLVES onLy THE RESTRICTION OF B, To POSITIVE SPIVOR
FIELDS 1T wiLlL BE CONVENIET T0 _DROP THE EXTRANEOUS ZERO PvD WRITE

FCOL S R A S A A S AR R AR N
(BUT KEEP 1™V ThivD THAT THIS 1S A NEGATIVE SPINOR FIELD ).

_BEDARK : I THE NATHENATICS (AS OPPRSED To THE PHYSICS ) LITERATURE

T IS Conon T0 REFER TO TS RESTRICTED OPERPTOR RS ME " DIRDC
 OPERATOR . |

70 WRITE OUT (SW1) onp R WE NEED OnLY SET THE EXPRESSION IN ()
_EQUAL To ZERD, FOR (SWA) WE WILL USE EXPRESSION (4L) ADDENDUI 4 FOR



: +
Lot v ow®) ) pvp THE FOLLOWING LOCAL DESCRIPTION OF Fg

WRITE A= A;dx' . THEn Fy =dh = 5 Fydxiadx’,
VLl

WHERE _Fip = ;0 -8;8;  i,d.=0,8,3,4. N BASIS

FOR THE SELF - DUAL. 2A-FORNS 1S

fdendet sddndn? | diadirax'sd, chnchydtid |

A F}_, L *)
AvD. = a (Fy + 7y ) 15 GIVEN BY
R s (Rt By diddadxHdiadk ) +

B GRIARIT VIR W P I

THUS , WE OBTHIN

cswt) V¥ = VY A% LA SR

\
1

swQ) . Fat F, o= T

70 CONVEY SOINE SENSE OF WHAT KIND of EQGUATIOMS THESE ACTUALLY
- ARE WE WiLL. WRITE THEN 00T EXPLICITLY N TERNS OF THE

. -
UNKNOWNS By, By, By, Ay v ¥y

(R, R X adXT k)
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N\ - @rariana)  Cena-ieun) )
O, AN ) (3 A-2:0,)

L 4',(,'1!"'"-,?#,’*! o o
- iIn(¥'yyy

"

_NOTICE THAT THE EQUATIONS PRE oMLY RATHER NILDLY NONLINEAR (on
CTHE RIGHT-HOND SIDE OF (SW) ). |

 RENARM : _IT IS PERNHAPS WORTH OBSERVING THAT THESE EQUATIONS DO hiWE

_NOVTRIVIAL SOLDTIONS :  LETULS TAKE Y = O ( FoR BEPSONS WE WILL DISCUSS
CLATER , A _SolwTionN (A Y ) To _(SW) wiTh P = O IS $AID 70 BE
REDUCIBLE ). THEN (SW1) IS, OF COURSE, IDENTICALLY SATISFIED AVD
(SWA) BEDUCES To THE STATENEWT THAT A 1S AN ANT)-SELF-DUAL
UL - COVNECTION , _ONE CAN CONSTRUCT SuCH THINGS AS FOLLOWS @
LeT Fim s ﬂgj,BELﬁSnoorH VECTOR FIELD on IR ,3,,, F - (F,R,R D,
LET A 7 T Zl: ,cic:,; BE THE USLAL LAPLACION Or R pvo whiTE
A F FOR COF L AOF AF ). VECTOR IRENVTITIES GIVE

 CURL (CoRLF) = - AF + GRAD(DWVF ),

.. Now CHoOSE. F 1o BE (ConPoNENTWISE D HARNONIC WiTH NONCONSTINT
CGRADCOWF ) (E.G., FuCKx?) = (&Xcog k'), 0,0 ) AM SET
= (6,,6,,6;,) = CORL (CORL F ) = GRAD (DWF ),

S WA R A

s o e . . ~3 .
~THEN G ! R —> IR~ 15 nonConsSTANT And SATISFIES

3 . DNG=0 gD CcuRL G = O
_NoLO THINK OF G ps p FoNCILOW ov R THAT 1S INDEPEPDENT OF ! A

w O




. DEFINE ANV _ANTI-SELF ~ DUAL -FORN O oN ,fR,,' By

= Gudkadxtdadi®) 4 6, (iadi-dxhdx )+ 6, iadkLdktadi?)

... IT FOLLOWS FROI) (3 ) THAT dw = O So, By THE

. _POINCARE_LENNA | THERE IS A 1-FoR 7 on ' with dp=w,
_THUS, IF WE LET A 47 wE WAVE A UL - CONNECTION FORN) wHiCH

1§ BNTI-SELF-DUAL BECAVSE F, = dA = idy =iw,

. OUR_OBJECTIVE NOW IS TO PROVE THAT Nvy SoLwmion) (A ¥y T1o
Y
L€SW) on IR FoR WHICH THE SPINOR FIELD Y 1S SQUNRE INTEGRABLE
__on RY_nusT, m FACT, BE REDUCIBLE,

|

g

. THEOREN (wiTIEN} ) :  SUPPOSE A 15 v Q'c 'ﬁ?‘i In€) nwd ¥= ( )

s CTOR” €)oo THRT THE PAIR (A, W) SATISFIES

) AL o

IVY I IGY 4K, Y (pY =0)

{4

‘ ¥
RTE-79 T ) AT R . O . 4
- L p*
cusby . F tf :ca¥d¥

2 -
TnEn._ Y € L Lm”,) nPLIES ¥ = O

NOTE : We LR medns qu ool dver < o uyere W N" 15

_THE SQUARED NORIT OF Wex) DETERMNED By THE LDSUAL HERMTIAN (NNVER



..PRODLCT oM .@2“,, 1.E., _Hp%w)l)f_;_,,_mf”m)ll"t_fl&!’;'}x)l?') o oL s
_THE_USVAL VOLUNE _FORN on IR l'
THEN e D | |
) . anPi- = -2 Z ,,a,‘:,,,ﬁ,ﬁ <Y, ,Vi,.q) >
! 1=

™-

u

_Jo SEE THIS CONPUTE

2wt 2@y
| = PuW Yy 2, wan"" w_'ta.sii',‘f
AV
AP Y

44) 9; er u)> )
‘!’ca'-i’w‘)%’)fn’ww‘fﬂu"') |
VoW F W+ A (it pht)

‘il

. THEN

KRB LYW, V¥ D = 44’ A2 *P» + 497 EATR B
= oW WP 4+ W Pt pr

 BEeAVSE A, UWITHIYHY) € TIn €, THUS,

S PN = 3B LR BNy

+ S0 -1 5 5 o R
- G WY R -2 RE LW,V WD

: jva SURMIVG OVER 1= L1,3Y GIVES (¢ ). A SIMNLAR (BuUT SONEwhAT

LONGER ) CALCVLATION GIVES

(ax}at  BE THE USONAL LAPLACIAN on IR " o



REDIE=- 1 4 /A STl DA TREY =PV L ATE G

- AT THIS PoINT WE REQUIRE A SPECIAL CASE OF THE FANOUS W§!7’25’V_BOCK
-FORDULA.. LORICH | 1IN OUR PRESENT CIRCONSTANCES , READS

S e
8. ,E;DH P+ Z‘. NAVE ST 75 DL .

_AVD CAN BE PROVED BY DIRECT CALCULATION. NOW, USING THE FACT
THAT (A W) SATISFIES P, = O, ™IS BECONES I

AR PP

1= '

A0, wRiIIvG PTUR ) As v (37), Amewoun M, wE ogmw

Vo ¥ 2 (Rt B)IIP + (Fa bR VT + (FybRIKY

£9)

. L\ﬂi

t =

. THLS, SUBSTITUTING (7) WTO  (4) AND USING (9) GIVES
Qo) ANPNT = - R NPT - ARe LY, (R b EIIWS
HEY]

- 2RE W, (Fa HF ) TWD - R LV, (B, +EOKY)

. Now WE EXAMIVE THE LPST THREE TERNS iy (16). By (5a )
<P, (R IRIIP D> = <P -1 (Wira)zy

B k e
_AND, BY 57 Avp C46) AopEwpon 14, ~ 3 (WRI®) = - L (Wit ) so



10.

KW, LR R, IYY 2 P S W waIyy

”., ,;(m” W’A‘)éw I’-P)
-t LWJJ" Pyt) £ (,,ﬂ- _,.( )>

e

(lll“'ll P )

llP*IlPl
SINILARLY, (5b) WD (5c) GIVE.
LY, LR HF );er ) IQ’*J"WJ,L
LY, (R rEOKY Y = T IWY )T

_ OUR FINAL EXPRESSION FOR A NlPH FoLLOWS FRoN THESE AvD (o),

)y 0 ,"FPI),Q, = -2 Z:, v, ‘l’” —l‘l’ '-1‘! - M’ Jw ~w' xw

. | ,

IV PARTICOLAR 4‘.),“,.??!.'.7_',,? © oN ALL OF IR So THE FuveTion. . . .
xX —> npooh™ {RH-«-’-» R

1S SUBHARTIONIC ON ALL OF,,,,IT?"'.

RENARK : FOR BASIC PROPERTIES OF SUBHARMONIC FONCTIONS SEE

. FounpATIoNS gF TIODERW POTENTINL TREQRY = N.S. LANVDKOF, SPRINGER-VERLAG,

NEw YoRK RFRLIN . 15972




| CONSEQUENTLY | THI5 FUNCTION SATISFIES A NEAN VALUE PROPERTY
_on R speciFicaLLy, For Ay T >0 Ao Avy xe BT

R hPoollT ¢ Ty 5 S voontdve.

Brx)

S WHERE B tx) )s THE CLOSED BNLL OF RADIS  PBouT X

T - o
 Noew, pssumivg ¥ e LTGR™) _y 1PooNdve < peyorvg
; _ | ;
- THE VALVE oF THISINTEGRAL BY W _WE FIVD FRoN (1R ) THAT
Y
. For Avy X € IR

R
|t n

Yoo u® <

_FOR ANy £ >0, THUS nw¥ix)ll =0 FORANY XE€E M 1.6,
¥ =0 »ps REQUIREO. D

RENARKS ;' WE BRIEFLY DESCRIBE N FEW EXTENSIONS ANO GENERALIZATIONS

FOR coppAcy I, NOTE THAT THE SOLVTIONS (A W) To THE

 SEIBERG - WITTEN EQUATIONS GBVIOUSLY GIVE THE ABSOLUVTE iwhima oF
- THE FUNCTIONAL |

- | e
3 | o cugunt v adE - cttwewh ) day,

" |
LTHE R 15 FOR CONVEMIENCE ),  USING _Ttl;Ev,,_,Q.ﬁ_‘NE!ML‘,WE!T«?.EEN&Z;GK‘ B
CFORNVLA ONE CAN SHOW THAT THIS FUNCTIONAL CAN BE WRITTEW (N
TERNS OF THE SEIBERG - WITTENV ENERGY FUNVCTIOVAL




Q.

). EwWYP) ,,Ej,,,,.,N.L;...:yﬂy,J) )T_t‘_.;ls‘-_fj,y’_’) "’u"ﬂ’i’l" + JT;:HQ"V) dver
n n \

._:.fc.5,,=,,.,,sc:twil?;;gaﬁuﬂ:,rg;j{ﬁ_gﬁ,_U‘?_, 9)). AS FoLLOWS :

EDY) = S ( u_tzf,,w,’% g,.lﬁ;:ﬁgf{u?@lﬁ*)o n‘)dﬁvm.& -mrsc,w ) iy,
M ' ‘

SINCE THL ¢,y uf’) £M3> S Hlf;’fi 171 )ehm3 WE FIvD THAT

CUF (AW SATISFIES (SW), wew

b “VM" *’sw’l + */w‘*ut A )alwg =0,

CTHVS | IF 8 % O WE NUST f_jiﬂﬂimﬁﬂ;iﬁ v} .I;‘)ﬁak_,, ,; E 0. WE CONCLUDE THAT

LE 1M DDITS A RIENANNIAN, NETRIC WITH. Now-NEGATIVE SCALAR CURVATURE,
_THEN FOR .ﬂﬁ’f 59)“’*_ST&'Q‘JFVQE@)TﬁﬁCOR’RESPONDING GRIENTER, ORTHONORDAL
FRODE BUNDLE ANY SpLOTION (A¥) To (SW) SATISFIES ¥ 20 avo Fy 20,

e NOW  THE INTEGRALS IN_(13)_AND (M) _HRE_GENERALLY WoT

MEANWGFOL (FRITE ) on THE ivcbnnﬁQJIM}ﬁT NAVIFOLO. ﬂ?"’ INDEEQD,

.JF_WE DEFWE THE ENERGY E(A Y ) OF A PAIR (A, W) SOTISFYING
M) Aw_ (5a ) - (5c) ow RBy( 14) _(WITH § =0 ) onE CAN.
SHowW THAT _FINITE ENERGY INPLIES NOT onLy THAT ¥ Z 0., BUT ALsO
CTHAT. A s FLAT (1B, Fy20)
3THEOPEI‘7 (WITTEI\)) _suppose A s Q' UR InC ) Avo Y = (q,.,) |
s cTer’ ) pvD_ THAT THE PR CA, W) SNATISFIES (SW) oN
R IE, (Y .Aw (Sa)-(S5c) LET -
sy EL/LLP) : jm” C Z: NV LPH T+ »»L”zpu " Z |1)o/vo:..

Thew  E(AY) < inPLES WEO awp FyzO
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. PROOF : WE USE THE SANE NOTPTION AS IN THE PROOF OF THE PREVIOLS
_THEOREN. SmcE THE ASSuneTIon THAT ¥ € 1*CRY) wps NoT usED

. ONTIL_THE LAST PARAGRAPY OF THAT PROOF WE NPy USE THE IDENTITY
.01l DERIWVED PRR TO THWIS,

A_SWIPLE_CALCULATION SHows THAT

Tt et ) i)t = g
" So (}\V) BECORES

Ce)  anwnt = -2 N wnt -yt
HEY '

_NOw wE NPPEAL TO AN IDENTITY FRON VECTOR CALcuLvs  ( nifg) =
Pag-avh-vgrgaf) w osmw

aoewntawt)

~anyn’ S
~2 (T uwnt)- (VRYnt) ranyntanynt

¥

Lt

wWHICH wWaTH (k) GIES

RN S TR A nzp:lf" = o—acvnyput)-cvnynt) -y nq’n_fz:." v, lt?.lf-_,%«!',,‘i’il _

.
1T 4

 Zv PARTICOLAR | n¥W 15 SUBHARAONIC ow IR . SvCE E(AY) <
~anpues § ., 0" dver < 0 e SIDE NRGUNENT WE USED FOR NYIIT
1N THE PREVIOUS PROOF SHows ONCE AGANY THAT

118) o ¥ =0,



_ I.E

4,

.70 SHOW THAT _Fp 5O AS WELL wE OBSERVE THAT ¥ = 0 Awd

f
LF = st e wn,) weener pty That F,' = 0 1.E.,

P2 Py s AVTI-SEYF-DUAL. THYS,
- WE CLAM THAT 1T _Fellows FRON THIS THAT F 1S A HARIIONIC o - FORI]

&) o F =0

L WHERE A, 1S THE HODGE LAPLACIIN ON ~FORNS .

. FORNS 15 DEFINVED B)’

REHBRK ;. FOR. _p-FoRNS oN NN ORIENTED, RBIENANNIAN 1) - NANIFOLD
n( )+l
onE DEFNES S = - T xd X gwp THEN THE LOALACIAN on

0/05 1’5 J

FoR Q- FoRNS om RT S = *cl* S0 f, = - (J*J* *chl)
RELATIVE. TQ.Smﬁ!ﬂﬂﬁﬂ,.,.CQQRDWMES, Fo: Z Fpdx dx? meues

nLU

o aF s DR ddad

|Ld

~TO PROVE THAT (19) INPLIES (0) WE JUST CONPUTE -

"no

B,F = - (J'9% W )F - - (4T R )W)
_d*dt W) - *d *‘Jéd:‘))wJ*d (- gm)mc (dedhr)
d*d (FRAY 4 R gy < 4Pty R W)

z O NS“\)CE CJL: Q

)1}



~FRoM (3)) WE THEN CONCLUDE THAT EACK F,; 1s HARNoWIC @

o AFR rO0 id=2,3,4 ) i<d

tvow, _Sicg F, o R In€, IF 1 =-F. So

A C Z IF.0Y) = - 5 B F)T

izd 1 ¢d

it

- Zf,[ JVF VF +.zF A 4]

'|¢.J

Ln e 2 (L UEY)

bed b ed

aFm ))

Xl

.‘)x"
' i..l

=--7~Z: Z’la

Ny

in
o

THUS L 1F; ) s sogHaRnomIC om IR, BUT E(AY) < = nPLIES
04’-4.\ y
S CBaR e <o
CRY W

S0 ONCE _AGHIN THE NTEAN VﬂLUE PﬂoPﬁﬂ)’ NPLIES 2,,,, \F,
L e
_FRon TWIS, EncH F; =0 so Fzo, "” 0

‘ua
o
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5.2.1 The Physics way: S-duality

The physicists’ approach to the equivalence of Seiberg-Witten and Don-
aldson theory is based on Witten’s interpretation of Donaldson’s theory
as a twisted supersymmetric Quantum Field Theory [64] and on the con-
cept of electro-magnetic duality. We attempt here a very rough overview
of some of these topics. From the mathematician’s point of view this
concept of “duality” is rather mysterious; however, we’ll try to present
the basic ideas, mainly based on [2], [63], and on the exposition [8]. We-

e espe(iially, recommend the very nice introduction to S-duality given in
[18].

Maxwell equations

The first appearance of electromagnetic duality. is in Maxwell equations.
It is well known that the Maxwell equations in vacuum can be written

as » :
dFF =0 d*F =0,

where F' = dA is an imaginary 2-form, the curvature of a U (1) bundle
with connection 4. In Physics notation one would write

Ey = —iFyy
. for the electric field, and

1
B* = —igek”quq
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for the magnetic field. The symbol *P9 is 41 acbording to the sign-of the
permutation {k,p,q} of {1,2,3} and zero if any two indices are equal.
It is clear that there is a symmetry given by the Hodge *-operator

F 5 xF

that preserves the equations and mterchanges electric and magnetlc
fields.

The Maxwell equations are no longer invariant under the *-operator
if one considers the presence of electric charges and electromagnetic cur-
rents, unless one postulates the existence of isolated ma,gnetlc charges,
namely magnetic monopoles.

Magnetic monopoles satisfy a quantisation condition which states
that the magnetic and electric charges are related by

2w
e
There is an elegant topological motivation for this quantisation condition
which is beautifully explained by Raoul Bott in [11].

There is an analogue of electromagnetic duality for monopoles in non-
abelian field theory, where again one can see that electric and magnetic
charges live in dual lattices and the magnetic charge can be given a
topological meaning. :

The electric charge enters the Lagrangian as a coupling constant (as
we are going to discuss in a moment). Thus, one can see how electromag-
netic duality interchanges weak and strong coupling (a small with a large
coupling constant). Interchanging a weak with a strong coupling means
to exchange the range in which perturbative theory can be applied with
one in which it cannot. This will be discussed in the following.

Modular forms

In the abelian context, that is, with structure group U(1), we can write
the Lagrangian density on a four—manifold X as

L= 87(/(4”1?/\ «F + eF/\F)

The second part of the Lagrangian density is a topological term,

6 9
2 T Cl (L) H
where L is the chosen line bundle on which the Maxwell equations are

considered. The angle 6 is the U(1)-symmetry of the vacuum state.
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Upon setting

one can rewrite £ in terms of T,
1 = )2 -2
L=—[| (F(FT)* - 7(F~)*)dv.
8w b'd .
The partition function, formally written as an infinite dimensional inte-
Z~ / e DA,
is invariant under the transformation

T T+ 2.

Under the transformation
T=T+1

we have

Z s Z-emerD)
In the case of a Spin-manifold c;(L)? is an even integer, hence there is
an invariance under 7 ~ 7+ 1. A more complicated computation with
the formal rules of infinite dimensional integrals “shows” that there is
also-an invariance under ‘

1
TH ——. -
T

This can be viewed as a consequence of a Poisson summation formula
applied formally to the infinite dimensional integrals, which leads to the

result
2(-1) = PAxO-e) 2 X Ho ) 5(7).
-

This implies that Z{r) behaves like a modular form under the action
of SL(2,Z). This fact is an appearance of the phenomenon known as
Montonen-Olive duality. It is related to electromagnetic duality, since
the transformation i '

T -
pu

corresponds to
' F = xF,

in the sense that all the expectation values are preserved under the com-
bined action of the transformations together. Thus, the modularity can
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be thought of as a refined version of the Hodge duality which mamfests
itself at the quantum level.

We should remark, however, that the picture presented here is quite
incomplete. In fact it ignores the essential role of supersymmetry.

In the case of non-abelian monopoles the analogous phenomenon hap-
pens if one considers the Lagrangian density

=l2/ Tr(F/\*F)Jr%/ Tr(F A F).

The presence of the coefficient % depends on the fact that the Killing
form on the compact Lie group g? is only defined up to a scalar multiple
which is'usually set equal to one in the mathematical literature, while it
appears in Physics as a-coupling constant. The second term represents
the second Chern class of the vector bundle E on X on which the con-
nection and curvature F' = dA + A A A are considered. The fact that
this topological term appears explicitly in the Lagrangian is already an

~ effect of the presence of N = 1 supersymmetry. In fact also other terms

appear in the partition function that contain the “auxiliary fields” in-
troduced by the supersymmetry. These are the analogue of the elements
of the algebra A[w] in our definition of the fermionic integral in relation
to the Mathai-Quillen formalism. The fact that the vacuum state (that
is, the minimum of the classical potential) has a U(1)-symmetry which
explains the presence of the angle ¢ is also an effect of the presence of
the “unbroken” supersymmetry.

Thus the partition function can be formally written as

/_['DA_ Z zrb‘/ _‘C"DA
r=c3(F)

where £, = - [ Tr(F A +F) on the fixed bundle E.
Again one can mtroduce the variable
Y ’

The modularity in this context can be formulated in a different way,
which leads to an interesting conjecture [61].

Conjecture 5.2.5 consider the eTpression

oo
‘ S Ze(n) =6 xed",
r=0 o
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where ¢ = €™ and X, is some suitable regularised Euler character-
istic of the moduli space of G instantons on the four-manifold X with

‘instanton number r = co(E). There is an action of SL(2, Z) and Zg

transforms like
Zc;(——) ~ Zg(r ol

where G is the Langlands ‘dual of G.

We do not discuss this statement any further, but just mention that
the Langlands dual interchanges the torus lattice with its dual. It is thus
related to electromagnetic duality for non-abelian monopoles.

Weak and strong coupling

As we have seen in the example of Maxwell theory, the interchanging
of electric and magnetic charges due to Hodge duality also interchanges
weak and strong coupling in the action. When the coupling constant
is small, one can formally compute the infinite dimensional integral by
means of a stationary phase approximation [11}, [63]. The model is the
finite dimensional situation in which one has a function F(z) with an
isolated minimum at z = 0. We can write F(z) = F(0) + 1Q(z) +
and for a small coupling constant we can approximate the integral

7= / jr@ B din / FFO)+3Q() 921 -~ dTn

(2m)n/2 (2m)n/2
The latter can be computed exa.ctly and it gives
. 2
P

The finite dlmensmnal computation can be easily related to the compu-
tation of the Pfaffian that we presented in relation to the Mathai-Quillen
formalism, with the only difference that the matrix @ is symmetric in-
stead of antisymmetric. This explains why one gets det(Q)~!/? instead
of det(@)"/? = Pf(Q).

In order to generalise this argument to the infinite dimensional con-
text, the problem is reformulated in terms of a functional F with non-
degenerate minima. The approximation of the partition function in this
case can be taken to be the well defined mathematical object det(Q)~1/2,
where Q is a positive elliptic operator (the Hessian of the functional F
at a minimum) and the determinant is the Ray-Singer determinant [55],
[56]. If the coupling constant is large this approximation method no
longer works and the partition function is in general no longer com-
putable.
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The u-plane

In the case of N = 2 supersymmetry, the auxiliary fields that are intro-
duced can be described as two independent variables of the type of the
Afw] used in the definition of the fermionic integral, and a field ¢ which
is a section of the adjoint bundle of E. The classical potential can be
written as a function V(¢) and as mentioned before the supersymmetry
imposes that in the vacuum state V(¢) = 0. This allows for certain
symmetries of the vacuum. This means that the vacuum state is not
an isolated point but there is some parametrisation of a certain mani-
fold of possible vacuum states. In our case the parameter that classifies
inequivalent vacua is T'r(¢?).

This is better said by introducing a variable u = (T'r(¢?)) which
is the expectation value (with respect to the partition function Z) of
Tr(4?). The expectation value of the field ¢ is proportional to a variable
a, (¢) ~ a. In the classical limit, that is, when the coupling is weak, one
has the relation u ~ -1—a2 In the strong coupling range the relation is
more complicated. :

In terms of the parameter a one has the corresponding modulus

@)= 2 + .

The symmetry of the action under the transformation 7 :1—} can be

formally described in terms of a Legendre transformation over a potential

(called prepotential in the Physics literature) F. In fa,ct a dual variable
ap is introduced by the relation

_ 8F (a)

o (5.13)

and a dual field ¢p is defined by {¢p) ~ ap. Here “dual” is intended
in analogy to coordinates and moments in classical mechanics that are
related by a Legendre transform similar to (5.13). The transformation
7+ =L exchanges the action Z with a dual action Zp where the field
¢ is replaced with ¢p and a with ap. This exchanges weak and strong
coupling.

The reason why this can be still thought of as electromagnetic duality
is that one thinks of the purely -electric or purely magnetic charge as
quantltxes ge = Nea and ¢ = nmap, for a pair of integers (ne,ny). One
can'also consider states (which are called dyons in the literature) that
have both electric and magnetic charge ¢ = n.a + nyap. The group

e DR Y L T e A i
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SL(2; Z) acts by mixing the electric and the magnetic charge

()= () ()
= .
Nm ¢ d Tom

If one wants to express the variables a and ap as functions of the pa-
rameter that determines the vacuum state, a(u) and ap(u), one gets two
multivalued functions, defined for u € € with branch cuts. In particular
one can compute the monodromy at the branch points [8]. One point is
certainly the one at infinity, where the weak coupling range is attained.
In this case the prepotential takes the form F(a) ~ %az In %: and as
1~ €2™y one has a — —a and ap —.—ap + 2a. Thus the monodromy

at u = o0 is
-1 2
o= () 2),

An argument depending on the factorisation of the matrix
' My, € SL(2; Z)

shows that there are other two branching points. Up to the choice of a
normalising constant these can be taken to be u = +1. As u — %1 the
strong coupling range is attained. The corresponding monodromies (8]
are ’

and .
' -1:2
o me(T)

The physical interpretation of the eigenvalues of the monodromy ma-
trices leads to interpreting these branch points as the vacua at which a
magnetic monopole (when u = 1) or a (1,~1)-dyon (when u = -1)
become massless.

Elliptic curves

Given the data obtained above by physical arguments, namely the punc-
tured sphere CP! — {c0,1,—1} (or u-plane) and the prescribed mon-
odromies at the punctures, it is possible to proceed with a rigorous con-
struction. The monodromies obtained above span a subgroup I'(2) in
SL(2;Z). The u-plane is equivalent to the quotient of the upper half
plane with respect to the group I'(2). This gives the moduli of the family

of elliptic curves
Y= -1)(z-u)



188 - CHAPTER 5. SEIBERG-WITTEN AND PHYSICS

that becomes singular at the points u = =+1. 4
The functions a(u) and ap(u) can be interpreted within this geomet-
ric picture as the periods '

a:f‘h/\ aD:f')‘z}\’

with

Ao V2w
2rvzZ —1

The relation of all this with the Witten conjecture comes when one
reads the weak coupling limit of Z as Donaldson theory (that is twisted
N = 2 supersymmetric Yang-Mills theory) and the strong coupling
limit of Z as the Seiberg—Witten theory. Then the idea that leads to
the equivalence of the two theories is that the geometric data encoded in
this family of elliptic curves should provide “the gluing instructions” of
. how to interpolate for all values of © knowing the asymptotic behaviour

at the singular points. The relation obtained would then be in the form
given by Kronheimer and Mrowka, as in theorem 5.2.2.

- More recently, the conjecture 5.2.3 has been extended by Moore and
Witten [50] to the case of manifolds with b} (X) = 1. In this case a
correction term to the relation 5.2.3 comes from integration over the

u-plane.
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