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m Abstract

SuperLie is a Mathematica—based package designed for solutions of scientific and computa-
tional problems related to Lie algebras and Lie superalgebras, their g—deformations included. Using
SuperLie one can construct objects habitual for the mathematician (vector spaces and superspaces,
algebras and modules over these algebras) in a way (hopefully) accessible to the engineer. It can
solve various applied problems and theoretical problems of considerable importance to the physi-
cists. In particular, SuperLie allows one to perform calculations and symbolic transformations in
order to determine generators and relations, vacuum vectors (highest and lowest), compute homol-
ogy and cohomology; calculate the Shapovalov determinant, and so on. It is possible to output the
result in TeX format.

W Disclaimer
This software is provided "AS IS", without a warranty of any kind.

ALL EXPRESS OR IMPLIED CONDITIONS, REPRESENTATIONS AND WARRANTIES,
INCLUDING ANY IMPLIED WARRANTY OF MERCHANTABILITY, FITNESS FOR A PAR-
TICULAR PURPOSE OR NON-INFRINGEMENT, ARE HEREBY EXCLUDED. THE
AUTHOR SHALL NOT BE LIABLE FOR ANY DAMAGES SUFFERED BY THE USER AS A
RESULT OF USING, MODIFYING OR DISTRIBUTING THE SOFTWARE OR ITS DERIVA-
TIVES. IN NO EVENT WILL THE AUTHOR BE LIABLE FOR ANY LOST REVENUE,
PROFIT OR DATA, OR FOR DIRECT, INDIRECT, SPECIAL, CONSEQUENTIAL, INCIDEN-
TAL OR PUNITIVE DAMAGES, HOWEVER CAUSED AND REGARDLESS OF THE THE-
ORY OF LIABILITY, ARISING OUT OF THE USE OF OR INABILITY TO USE SOFTWARE,
EVEN IF THE AUTHOR HAS BEEN ADVISED OF THE POSSIBILITY OF SUCH DAMAGES.

B Download address

The documentation and the package can be downloaded from

www.equaonline.com/math/SuperLie/

For a concise background necessary to start programming and a list of problems both already
solved and to be solved with the help of SuperLie as well as a brief comparison with the existing
related packages known to us, see P.Grozman and D.Leites, SuperLie and problems (to be) solved
with it. Preprint MPI-2003-39 (www.mpim-bonn.mpg.de) referred to in what follows as [GL]. An
updated version of [GL] will be regularly put on www.equaonline.com/math/SuperLie/
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SuperLie: a Fast Introduction

m Purpose

The SuperLie Package is a tool for calculation of various data for Lie algebras and superalge-
bras. Using SuperLie Package you can

» make the numeric and symbolic calculations with vectors;

* build vector (super)spaces, algebras and modules over algebras;

« convert the results to TeX format.

m Principles

m Vectors and vector expressions

O Vectors and scalars

Vectors in SuperLie are:

» Symbols declared as vectors; such symbols with indices, as v; orv[i, J];
« Linear combinations of vectors with scalar coefficients;

* Vector expressions, like v; ® v ;

¢ The results of vector—valued functions and operators.

Scalars in SuperLie are:

» Symbols declared as scalars; such symbols with indices, as c; orc[i, J];
« Numbers and in—built Mathematica constants;

* Scalar expressions, like c; + ¢, * Sin[a];

* The results of scalar—valued functions and operators.

Declaring vectors and scalars

Vector Scalar VectorQ ScalarQ UnVector UnScalar

O Vector operations

The arithmetic operations +, —, *, / and * can be used with vectors as well as with scalars.

The multiplication u=v=... of vectors is usually interpreted as operation in an associative
algebra. It may be, e.g., (super)symmetric product, composition of differential operators, and so on.

There are also defined operations of tensor multiplications ¥ @ v® ... and u #x v % ... , exterior
multiplication u A v A ..., tensor power v®".

Other operators available in Mathematica may also be defined as vector operations.

Vector operations

CircleTimes Tp tPower VPlus VPower VTimes Wedge wedge
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O Functions and evaluation rules for vector expressions

SuperLie defines a list of rules and functions used to evaluate or simplify vector expressions.

* A rule may be applied manually, using Mathematica replacement operator expr /. rule or
expr // . rule

* A rule may be declared as an operation property; then it will be applied automatically when-
ever possible.

Functions

dNormal EnvNormal ExpandOp SymmetricNormal TCollect VCollect VExpand VNormal
VSort

Rules
AdditiveRule AntiSkewSymmetricRule AntiSymmetricRule dSortRule EnvSortRule Expand-
OpRule HomogenRule JacobiRule LeibnizRule LinearCollectRule LinearRule LogPower-

Rule SkewSymmetricRule SymmetricRule TestFirstRule ThreadGradedRule VExpandRule
ZeroArgRule

Property declarations

Additive AntiSkewSymmetric AntiSymmetric DegTimes Graded Homogen Jacobi Leibniz
Linear LogPower SkewSymmetric Symmetric TestFirst ThreadGraded ZeroArg

Testing properties

AntiSkewSymmetricQ AntiSymmetricQ GradedQ SkewSymmetricQ SymmetricQ

Cancelling properties
UnAdditive UnAntiSkewSymmetric UnAntiSymmetric UnDegTimes UnGraded UnHomogen

UnJacobi UnLeibniz UnLinear UnLogPower UnSkewSymmetric UnSymmetric UnTestFirst
UnThreadGraded UnZeroArg

Functions and evaluation rules for scalar coefficients

SimplifySign SimplifySignRule SVExpandRule SVFactorRule SVNormalRule SVSimplify-—
Rule $SNormal

m Algebras and modules

O Space constructors

Space constructors are commands to build (or declare) vector spaces, algebras and modules.
There are constructors of vector and tensor spaces; algebra constructors (of matrices, polynomials,
vector fields; free algebras; algebras with a Cartan matrix; subalgebras); module constructors (tensor
modules, free modules, submodules, comodules, and so on.). More constructors can be added.

General constructors

Algebra CommutativeLieAlgebra SpacePlus TensorSpace TrivialSpace VectorSpace

Matrix algebras

glAlgebra pslAlgebra psg2Algebra psgAlgebra g2Algebra gAlgebra slAlgebra
sgAlgebra
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Algebra structures on the space of polynomials and related structures

ButtinAlgebra ContactAlgebra DiffAlgebra ExteriorAlgebra MoebiusAlgebra OKAlge-
bra PoissonAlgebra RamondAlgebra VectorLieAlgebra

Algebras and modules from generators

CartanMatrixAlgebra FreelieAlgebra HWModule

Related modules

CoLeft CoRight DLeft DRight MRight NewRelative PiLeft PiRight

Sub- and quotientspaces

AlgebraDecomposition DefSubAlgebra QuotientModule GradedKerSpace Ideal KerSpace
RestrictModule SubAlgebra SubModule SubSpace

Modifications of vector spaces

ReGrade

O Constructor options

Space constructors allow you to give additional arguments that specify options with rules of the
form name —> value. Here are listed some common options used by different constructors.

Action

Algebra

Dimension and grading options

Dim GList Grade GRange PList

Implementation details

CTimes Split

Naming options

Bracket bracket Div Mapping

Format options

Output Standard TeX Traditional

Relation options

CoLeft CoRight DLeft DRight MRight PiLeft PiRight

O Space properties

A space property is a function whose argument is the name of the space. The properties reflect
the results of the space constructor.
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Properties that reflect the definition of the space
Basis BasisPattern Bracket bracket BracketMode CartanTriade CompList Components

DecompositionList GRange InSpace NGen Rank Regular Tabular TheAlgebra TheModule
TheSpace

Properties that represent the results of calculations

DecompositionRule Dim FDim GenBasis GenRel GList Image PDim PList

Modules—relatives

CoLeft CoRight DLeft DRight MLeft MRight PiLeft PiRight

O Functions and operators on vector spaces

The following functions are defined by the space constructor. Their arguments should be either
even or odd vectors. The result of application of these functions to non—vector arguments is unpre-
dictable. A linear combination of vector—valued functions is also a vector—valued function of the
same arguments. A given polynomial in scalar—valued functions is also treated as a scalar—valued
function of the same arguments, if all the involved functions are defined as having scalar values and
scalar or vector arguments (see Vectors and Scalars).

Bracket and action on modules

Act act Bb bb Kb kb Lb 1b Mb mb Ob ob Pb pb Rb rb

Operators related to concrete algebras

ContactK A Der der Der(O Div EulerOp HamiltonianH Mapping RamondD RamondK ZRamondD

Scalar functions defined on vector spaces

Grade P Parity PolyGrade Weight

O Defining new operation on existing spaces

Sometimes, algebras are defined on already existing vector spaces. In this case no constructor
is required; it suffices just to define the algebra operation.

Enveloping algebra

EnvelopingOperation EnvelopingSymbol S$EnvLess

Algebra of differential operators

CleardSymbol dSymbol

m Tools

SuperLie package provides a number of functions for manipulation with vector expressions,
including

* Evaluating and simplifying vector expressions;

« Solving vector equations (with either scalar or vector unknowns);

» Working with expressions with indefinite coefficients;

* Preparing output in TgX format.



Principles 5

O Working with vector expressions

Normalization

The following functions and rules may be used to convert vector expressions to the normal
form, i.e., to linear combination of basis elements. These functions do not change the value of
vector expressions.

dNormal dSortRule EnvNormal EnvSortRule ExpandOp ExpandOpRule LinearCollectRule
SymmetricNormal TCollect VCollect VExpand VExpandRule VNormal VSort

Maps

These functions are used to map vectors to a different vector space or to change the basis in
vector expressions.

LinearChange Mapping MappingRule

Polynomials

These are functions for working with (super)symmetric polynomials.

Deg DegreeBasis FilterBasis GradeBasis LDer UpToDegreeBasis

Symbolic operators

The following functions return linear operators. These operators may be used in symbolic
calculations, because any linear combination of vector—valued functions is also treated as a function:
(f+aqg)[x] =f[x] +ag[x].

ZzId ZLDer ZRDer
Conditions and iterations
A number of rules of symbolic evaluation works with unexpanded conditions and iterations.

VIf VSum

Linear expressions with indefinite coefficients

A linear expression with indefinite scalar coefficients represents a subspace in a vector space,
e.g., a solution of a linear system.

GeneralPrelImage GeneralReduce GeneralSolve GeneralSum GeneralZero

Other functions

Delta MatchList VBasis VOrder VOrderQ VSameQ

Scalar functions

Plus2 SimplifySign SimplifySignRule SVExpandRule SVFactorRule SVNormalRule SVSim-—
plifyRule Times2 WeightMark $SNormal $Solve
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O Solving vector equations

SuperLie provides functions for solving vector equations with either vector or scalar
unknowns.

GeneralSolve GeneralZero ScalarEquation SVSolve VSolve $Solve

O Splitting vector lists and expressions

Splitting is used to divide large vector expressions into homogeneous parts (e.g., of the same
weight or degree).

A splitted sum is the list {key, -» expr,, key, -» expr,, ...}, where the keys are all
different and sorted in canonical order, and expr; are vector expressions.

A splitted list is an expression of the same form, where expr; are lists of vectors.

Splitting expressions

SkipVval SplitList SplitSum

Accessing members of splitted expressions

ForSplit PartSplit

Manipulations with splitted expressions

AddSplit ApplySplit JoinSplit MapSplit MergeSplit

O Preparing output
Defining output format

Output Standard TeX Traditional UnOutput UnStandard UnTeX UnTraditional

Formatting functions

ArgForm SegForm

m Programming

SuperLie provides tools that facilitate writing new functions.

O Domain definition

CondOp PlusOp PowerOp SumOp

O Notations

CTimes NewBracket NewBrace NewOverscript NewPower NewSuperscript Operator OpSym-
bol RemoveOverscript RemovePower RemoveSuperscript StopUseAsSymbol UseAsSymbol

O lterations

UniqueCounters WithUnique
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O Debug

DateString DPrint TimeString $DPrint $DPrintLabel

O Preprocessor

GPlus GPower GTimes Plus$ Power$ PreSL Times$ WithoutPreSL

m Derived packages

The following subpackages are included in the delivery:
SuperLie‘Cohom is a package for calculating cohomology;

SuperLie‘Sing is a package for calculating singular vectors.



SuperLie: Reference Manual

m Introduction

The SuperLie Package is a tool for calculation of various data for Lie algebras and superalge-
bras. Using Super Lie Package you can build vector (super)spaces, algebras and modules over
algebras; make the numeric and symbolic calculations with vectors (e.g., find homology and
cohomology, relations between generators in an algebra, vacuum vectors, and so on); convert the
results to TeX format.

m Packages used by SuperLie

SuperLie uses two other packages that are designed as part of SuperLie project, but can be
used separately. These packages are: Domain . m introducing the object—oriented style in Mathemat-
ica, Enum.m defining the generalized For loop.

Each of these packages is described in a separate document.

m Vectors and scalars. Domains.

O Vectors in Mathematica and in mathematics

In Mathematica, a vector is a list of coordinates {x;, x, ..., x,}. This represents an element
of the standard n—dimensional vector space over an arbitrary numerical field. The dimension n given
as an non—negative integer. The vector space as a whole is never used and has no name.

In mathematics, the vectors are elements of any vector space, not necessarily represented as
lists of coodrinates. There are also the spaces of polynomials, spaces of vector fields, spaces of
differential operators and many other spaces. Every space is used with some personal name, e.g.,
V=R",a=0%R"), g =gl(n). The vectors are denoted so that it is possible to determine the space

containing each vector: vi +2v, € V, g/ € gl(n), f(x)dx; Adx, € Q*(R").

O Vectors in SuperLie

The vectors in SuperLie are represented in a symbolic form using the basis of the space. All
vectors are represented as linear combinations of the elements of the basis with scalar coefficients.
Each element of the basis of the vector space has a symbolic name. These names can be symbols (x,
6, dt), indexed symbols (x;, g;;), expressions involving vector operations (d[x;], prq”,
dx; Adx, ) or more sophisticated expressions. The only requirement is that the vectors must be
declared as vectors and there must exist a unique "normal” form of such expressions (two expres-
sions represent the same vector if and only if the operation of "normalization" transforms them to
the identical expressions).
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O Vectors and Scalars

All symbols representing vectors must be declared as members of vector domain. All symbols
representing scalar coefficients and indices must be declared as members of scalar domain. All
undeclared symbols are members of common domain.

The declaration of domain of the symbol is not necessary if a value was assigned to the symbol,
e.g., if x = c=*vy, the symbol v must be vector, ¢ must be scalar and x can be undeclared.

O Vectors and polynomials. The multiplication

The vectors in SuperLie look like the polynomials in Mathematica. There is only a difference
in the meaning of the multiplication. For vectors, multiplication is a generic name for several differ-
ent associative operations: the tensor product, the [skew—]symmetric product, the multiplication in
the enveloping algebra, the composition of the differential operators. Most of the multiplications
have the same traditional notation as ordinary multiplication (except tensor and skew—symmetric
product). The multiplication of vectors is, in general, noncommutative.

SuperLie allows one to use the traditional multiplication in the front end input. In the internal
format it uses three different operations: Times for multiplications of scalars, VTimes for vectors
and SVTimes to multiply vectors by scalars.

The operation VT imes is not commutative. This means that the factors are not ordered automat-
ically. Instead, special operations are provided to order the factors, for each type of multiplication.

The tensor product is denoted by #x or ® (CircleTimes). The skew—symmetric product is
denoted by A (Wedge).

m Vector operations.

The arithmetic operations +, —, *, / and * can be used with vectors as well as with scalars.
The multiplication u*v=... and power V" of vectors are usually interpreted as an associative
product and power, respectively. There are also defined operations of tensor multiplication
U®vVQ® ..., exterior multiplication u A v A ... and the tensor power v®" .

The term "operation" in Mathematica means the same as "function". We will use the term
"operation" for a certain function if

(a) the commonly used format of the function is symbolic, as a+ b+ c instead of
Plus[a, b, C].

(b) when one cannot calculate the result of the function, the unevaluated expression is treated
as the result. The expression can be simplified or modified according to the rules prescribed for
this operation.

Every operation in Mathematica has a full name, as p1us, and (optionally) a symbolic name,
as +.

m Linearity and other properties.

The linear functions and operators must first be defined on a basis and then expanded via
linearity. This expansion will be made automatically if you declare that the function is linear. In the
same way some other properties can be declared, e.g., homogeneity, additivity, (super)symmetry,
Leibniz rule. You can declare and cancel the properties of functions as you need.

Properties are defined using Domain package (see the corresponding document).
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= Space constructors

Space constructors are commands to build (or declare) vector spaces, algebras and modules.
There are constructors of vector and tensor spaces; algebra constructors (of matrices, polynomials,
vector fields; free algebras; algebras with Cartan matrix; subalgebras); module constructors (tensor
modules, free modules, submodules, comodules, and so on). More constructors can be added.

mTools

SuperLie package provides a number of tools for manipulation with vector expressions, such
as computing "normal" form of expressions, solving vector equations, etc.

m Vectors and scalars

m Vector, Scalar and Common domains.

Symbolic names can represent the vectors in two ways: either the symbol stands for a value or
it is the value itself. For example, if we assign x = c=v;, the symbol x stands for the value c = vy,
while v; does not stand for any value, it is a value itself.

All symbols representing vector values must be declared as members of vector domain. All
symbols representing scalar values (coefficients and indices) must be declared as members of sca-
lar domain. All numbers and constants are scalars by definition. All undeclared symbols are mem-
bers of common domain.

The declaration of domain is not necessary (and useless) for the symbols standing for any value
(as x in the example above).

If a symbol v is defined to be a vector or scalar, any expression v|[ ...] with header v and v_
with any indices will also be a vector (resp. scalar).

o Vector, UnVector, VectorQ

vector[obj, ...] defines objects (they must be symbols) as vectors. Another way to define a
vector (together with other properties of the objects) is pefine[obj, {vVector, property...}] or
SetProperties[obj, {vector, property...}], see Domain Package.

Vector—valued operations must also be declared as Vectors, e.g., Vector [Times].

SetProperties[op, Vector — i] tells that the i—th argument of the operation op must be a
vector. Here i can be an integer, First, Last Or All.

UnVector|obj, ...] or clearProperties|obj, {vector, ...}] clear the vector definition.

vectorQ[x] returns True if x is a vector (an object of vector domain) and ralse otherwise.
This definition shadows the system function with the same name, vectoro.
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O Scalar, UnScalar, ScalarQ

scalar[obj, ...] defines objects (they must be symbols) as scalars. Another way to define a
scalar (together with other properties of an object) is Definel[obj, {Scalar, property ...}] or
SetProperties[obj, {scalar, property ...}], see Domain Package.

Scalar—valued operations must also be declared as Scalars, e.g., Scalar [Times].

SetProperties[op, Scalar — i] tells that the i—th argument of the operation op must be a
scalar. Here i can be an integer, First, Last Or Al1.

UnScalar|obj, ...] or clearProperties|[obj, {scalar, ...}] clear the scalar definition.

ScalarQ[x] returns True if x is a scalar (an object of scalar domain) and False otherwise.

= Generic and specific operations

The front end preprocessor examines every input line obtained from the front end or terminal
and replaces the operations +, —, %, / and * in this line by the "generic" operations Gplus, GTimes
and crower. Further on, these operations will be replaced with the operations in specific domains,
vector and scalar. The operations in scalar domain are built—in Plus, Times and Power, the
operations in vector domain are named vplus, VTimes and vePower, the product s*v of a scalar s
by a vector v is named svTimes.

The generic operation will not be replaced by the specific operation, if
— the domains of the operands are not defined;
- the expression containing the operation is not evaluated (due to the Hold attribute).

The following functions are used internally by the Super Lie package (they can be used to
define new domains).

O STimesOp

sTimesoOp|[domain] gives the name of multiplication operation in the expression "scalar * (an
element of the domain)".

O PlusOp

plusOp[domain] gives the name of Plus operation (+) in the domain.

O PowerOp

powerOplop] gives the name of "power" operation associated with the "times" operation op or
None if the "power" operation is not defined.
PowerOp[op — name] defines this operation.
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The pw = powerop[op] operation is defined with the properties similar to the properties of the
scalar power:
pwlx, 0] = opl],
pwlx, 1] = x,
pwlpwlx, pl, q] := pwlx, p*q]l,
opl..., pwlx, pl, pwlx, ql, ..]=o0pl..., pwlx, p+4], ...l.
The last property also embraces the case of the implicit first power:
opl..., x, pwlx, ql, ...]=o0pl..., pwlx, 1+4], ..].

If you want to define the power operation associated with the (skew)symmetric operation op,
you must first cancel the symmetry, then define the power operation and restore the symmetry:
UnSymmetric[Op];
PowerOplop — pr];
Symmetriclop].
The reason is that the definition of the (skew)symmetry is different for operations with power
and for those without power. The same is valid for Jacobi and Leibniz properties.

O SumOp

sumop[op] gives the name of "Sum" function associated with the "plus" operation op or None if
the "Sum" operation is not defined.
sumop[op — name] defines this function.

The sum function in the scalar domain is the system sum function, the vector sum function is
named vsum. For both sum and vsum the alternative iterator {i, from — to} is defined. If the differ-
ence diff = to — from is a number, this iterator is replaced with

(a) {i, from, to — 1} it diff > 0;
(b) {i, to, from — 1} and the whole sum is multiplied by —1 if diff < 0.
(c) the whole sum is replaced with O if diff = 0;

O CondOp

condop[domain] gives the name of "If" operation with values in the domain or None if the "If"
operation is not defined.
condop[domain — name] defines this operation.

m Vector operations

The following vector operation are formally defined for any vector arguments, regardless of the
mathematical meaning. For example, we can write x + v even if x and v are elements of different
vector spaces. The meaning of the vector expressions in the user’s problem, not programer’s.

The result of applying of vector operation to non—vector operands in unpredictable.

O VPlus, VTimes, VPower

vPlusl[u, v, ...] or u+v+... is the sum of vectors. vp1us replaces the generic "+" if the oper-
ands are vectors. The operation is assotiative, i.e., the nested vpius will be flattened. Other rules for
vPlus are: operands equal to zero are replaced; vpius[x] = x; vp1ius[] = 0. For the efficiency
reasons, the sorting and collection of similar terms are not made automatically; use vNormal or
VCollect to this purpose.

VTimes[#, v, ..] Of u*v=.. or uv ... or uXvX... is the multiplication of vectors. vTimes
replaces the generic "+" if the operands are vectors. The operation is assotiative, but not commuta-
tive. The corresponding "power" operation is named vpower. Other rules are defined as properties
(and therefore can be cancelled): zeroarg, IdArg, Homogen.

The operation vTimes may be used for multiplication in the associative algebras in the three
cases: in the (super)commutative case, in the enveloping algebra, in the algebra of differential opera-

tors. (Though so far we never used this option, vTimes can also be used for multiplication in the free

N = =t ] 1 O~ 1 1 1 »
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VTimes[u, v, ...] or uxvs.. or uv ... or uXvx... is the multiplication of vectors. vTimes
replaces the generic "+" if the operands are vectors. The operation is assotiative, but not commuta-
tive. The corresponding "power" operation is named vpower. Other rules are defined as properties
(and therefore can be cancelled): zeroarg, IdArg, Homogen.

The operation vTimes may be used for multiplication in the associative algebras in the three
cases: in the (super)commutative case, in the enveloping algebra, in the algebra of differential opera-
tors. (Though so far we never used this option, vTimes can also be used for multiplication in the free
tensor algebra.) The difference only manifests itself when we have to sort the factors; this sorting is
performed by different functions symmetricNormal in the (Ssuper)commutative case, EnvNormal In

the enveloping algebra, and dNormal in the algebra of differential operators.

vpower[v, n] or v n or V' is the (super)symmetric power of a vector. vpower replaces the
generic "~" if the first operand is a vector.

Operations - and / are also available for vectors. The expression u —v is equivalent to
vPlus[u, svTimes[—1, v]] and u/v is equivalent to vTimes[u, vPower[v, —1]].
The operation u /v is always defined, though does not always have a mathematical sense.

o SVTimes

SvTimes[s, v] or s*v or sv or s Xv is the product of a scalar s by a vector v. svTimes replaces
the generic "+" if the first operand is a scalar and the second one is a vector. In case of several oper-
ands the expression GTimes|[sy, ..., Vi, ...] is replaced with svTimes[Times[s], ...], VTimes[vy, ...]].

The rules for evaluation of svTimes are: 1 ¥v=v,0xv=0,cx0=0,ax(b*v)=(ab)=*v.

o CircleTimes (tp), tPower

CircleTimes[u, v, ...] or tplu, v, ...] oru ® v ® ... 1is the tensor multiplication (the opera-
tion in the tensor algebra). The operation is associative. The corresponding "power" operation is
named tpower. The evaluation rules of circleTimes are Linear and IdArg.

tPower[v, n] orv A®n of v®" is the n—th tensor power of the vector v.

O Wedge, wedge

Wedge[u, v, ...] or uAva ... is the exterior multiplication (the operation in the exterior
algebra). The operation is assotiative. The "power" operation for wedge is not defined. The evalua-
tion rules of wedge are Linear, symmetric and Idarg. After sorting the operands, wedge is replaced
with wedge.

wedgeley, ..., e,] is the internal representation of the basis of exterior algebras. The external
representation is also ey A ... A e, .

O NonCommutativeMultiply (Tp)

NonCommutativeMultiply[u, v, ...] or Tplu, v, ...] or uxxv=x... denote the tensor product
not regarded as multiplication in the tensor algebra, e.g., the vector—valued differential form
fIx, y] #x (d[x] ~d[y]) is such a product. The single evaluation rule of NonCommutativeMultiply 1S
zeroArg. We have not declared the automatic linear expansion (property Linear) because we prefer
to see as an answer to a problem something like (4 x + y) = (d[x] A d[y]) rather than the expanded
formula 4 x = (d[x] Ad[y]) + y == (d[x] Ad[y]). You can declare the property Linear (or Linear—
First, Linear—Last) if your task requires it.
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m Active and passive forms of operators

Some operators used in SuperLie have two names: the active one and the passive one.

The active name is used when the operator should be evaluated. The passive name is used to
write expression without evaluating.

For example, Der[w] evaluates and returns the exterior derivative of w, while the passive form
der[w] only denotes the derivative without evaluating.

Though the passive forms of operators are not evaluated, some reduction is still made. For
example, the expression der[2 w; —w,] is usually expanded via linearity to 2 der[w, ] — der[w;].
The reduction rules are defined as operator properties and may be changed by the user.

O OpSymbol

If s denotes the active form of some operator, OpSymbol[s] returns the name of the passive
form of the same operator.

O Operator

If s denotes the passive form of some operator, Operator[s] returns the name of the active form
of the same operator.

= Properties of vector functions

In this section we describe the properties that any vector object or any function of the vector
arguments can possess. All these properties are defined using the Domain package. Every property
prop can manifest itself as

(a) value: the function proplobj] gives the value of the property on the object;

(b) transformation rule: to be applied to the expressions containing the object whenever
possible;

(c) an output Format: the property controls the appearance of the object in the text and TeX
output;

(d) pomain: vector and scalar are such properties;

(e) Flag: the function propQlobj] gives True if the object possesses the property and False
otherwise.

The same property can manifest itself in several ways, but actually we have only properties of
either of some of the types (a) - (e), or F1ag + one of (a) — (d).

Certain properties can be parametrized to more precisely describe the action of the property.
For example, reibniz[f — op] tells that the function f acts via Leibniz rule on the expression
oplx, ...]. Here op is a parameter of the property.

A Rrule property can occur in several copies for the same object (with different parameters). For
example, the same function f may possess Leibniz property with respect to several operation:
VTimes, Tp, tp, wedge.

With every property prop several functions are associated:

proplobj, ...] ) )
If prop is a value type property, proplobj] gives the value of the property. Otherwise
proplobj, ...] declares the property of one or more objects.
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proplobj - parm, ...]
declares the property of the objects (for properties depending on a parameter);

unproplobj, ...]
unproplobj —» parm, ...|
clears the property of one or more objects. The rule type properties must be cleared
exactly with the same parameter as they were declared. For other types of properties, the parameter
can be omitted;

propolobj, ...]
for properties of type Flag, it returns True (or the value of parameter) when the object
possesses the property.

proprulelobj]
proprule|obj, parm]
gives the replacement rule, equivalent to the rule type property. The rule can be used
with the object which does not have this property. For example, the result of the transformation
flarg, ...]/. zeroargrule[f] is zero if one of the arguments of f is equal to o. If f possesses the
property zeroarg, this rule is useless, because f[arg, ...] is already equal to zero. To save the time
of computation, such useless rules are suppressed.

In the following list, only the name, type and meaning of the properties are indicated; the
associated functions are omitted.

O ZeroArg (Rule)

zeroargl f] defines that f[ ...] = O if the argument (or one of arguments) of f is equal to 0.

O IdArg (Rule)

1darg[f] tells that if an expression like f[...] have arguments equal to vrimes[] (the vector
unit), they must be removed: f[ ..., x, vTimes[], ¥y, ...] = f[..., x, y, ...].

O Homogen (Rule)

Homogen[ f — deg] tells that the scalar coefficients must be extracted from the arguments of f:
fle=v] = c?e8 « f[v].

Homogen[ f] 1s equivalent to Homogen[f — 1].

Homogen[f — First] and Homogen[f — Last] sets that the function f is only homogeneous in
the first (last) argument (with degree 1).

The function f must be declared as vector— or scalar—valued and having a11 (resp. First,
Last) vector arguments.

O Symmetric, SkewSymmetric, AntiSymmetric, AntiSkewSymmetric (Rule and
Flag)

The (skew) symmetry implies two rules of evaluations. The first rule tells that the arguments of
(skew)symmetric functions of vector arguments must be sorted in the standard order:

symmetriclop]: op[ ..., x, vy, ..]=(=DWED opl oy x, ]

| | .  _(_1\PIPD]
AntiSymmetriclop]:op[..., x, y, ...] -1 opl..,y, x, ..]
skewsymmetriclop] op[ .., x,y, ..]=(=DEMFDENED 50 Sy x, L]

=—(- 1)(P[XJ+1) PhyI+D

AntiskewSymmetriclop] op[..., x,y, ...] opl..,y, x, ..]
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antisymmetriclop] op[...x, v, ..]=—=(=DFMEMopl .y x, ..]
skewsymmetriclop]: op[ ..., x, y, ..] = (=DEFFDENED o5y x L]
AntiskewSymmetric[op]: op[ ..., x, v, ..] = =(=D)EREDEND 650 0y L]

The second rule tells that the value of a (skew)symmetric function is equal to O if it contains
two neighboring odd (even, in case of a skew—symmetric function) equal arguments.

If the "power" operation pw = powerop|op] is defined, both rules are modified. In the first rule
the arguments are sorted in the same order as the bases of pw. The second rule tells that
pwlx, n] =0 if x is odd (even, in case of a skew—symmetric function) and |[n| > 1.

The function op must be declared as vector— or scalar—valued.

These rules may be used only when all operands are homogeneous with respect to the parity.

O Leibniz, Jacobi (Rule)
Leibniz[f — g] tells that the function f acts on g[ ...] as a derivation with parity »[f]:
flglxr, x2, - J1=glf[x1 ] %2, ] £ glxr, flxal, ]+
Leibniz[f — {g1, ...}] tells that f actsonall g¢, ....

Jacobilf — g] tells that f[x, g[ ...]] acts as the bracket in the Lie superalgebra g:

f[-xo g[)’b Y2, ]] = g[f[x’ yl]a Y2, ] ig[y15 f[-x7 yZ]’ ] *..
Jacobil[f — {g1, ...}] tells that f actson all g1, ....

The functions f and g must be vector—valued functions of vector arguments. All arguments
must be homogeneous with respect to the parity.

o Graded (Flag)

If the vector operation op is graded, Grade[a~op~b] = Gradela] + Grade[b]

O ThreadGraded (Rule)
The function with property ThreadGraded acts as Grade on the graded operation:
ThreadGraded[f]: fla~op~b] = fla] + f[b] for any graded operation
op;
ThreadGraded[f — sm]: fla~op~b] = fla]l~sm~ f[b].
O TestFirst (Rule)
The property TestFirst[f] tells that the value of f[x; + ...] is equal to the value of f[x]

(here "+" is a vector operation vP1lus).

O LogPower (Rule)

Logpower[ f] tells that f[x”] = p= f[x] (here "~" denotes svTimes)
LogPower[f — op] tells that f[x”] = op[p, flx]].
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O Additive (Rule)
additivelf]: fl.w x+y, ..l = flos x, A+ f1o s 0]

Additive[f — First] and additive[f — Last] sets that the function f is only additive in the
first (last) argument.

This property can be assigned to functions that are declared having a11 (resp. First, Last)
scalar or vector arguments and scalar or vector values.

O Linear (Flag and Rule)

Linear[f] is the (multi)linearity of f . This property is equivalent to the union of properties
Additive[f], ZeroArg[f] and Homogen[f - 1].

Linear[f — First] and Linear[f — rast] sets that the function f is only linear in the first
(last) argument.

The function f must be declared as vector— or scalar—valued and having a11 (resp. First,
Last) vector arguments.

O Output, TeX, Standard, Traditional (Format)

outputlop = form] defines the output format of the object as
Format[oplargs]] := form[oplargs]].

Tex[op = form] defines the output TeX  format of the  objects as
Format[oplargs], Tex] := form|oplargs]].

Standard[op = form] defines the output format of the object in the Standard form as
Format[oplargs], standard] := form|oplargs]].

Traditionallop — form] defines the output format of the object in the Traditional form as
Format[oplargs], Traditional] := form|oplargs]].

The value of form must be a function of one argument. This function is applied to every expres-
sion with header op when it is formatted for the output. For example, the function Subscripted
will print the arguments of the expression as subscripts. In Domain and SuperLie packages, three
formatting functions are defined: TnfixFormat, ArgForm and SegForm.
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m Vector spaces, Algebras and Modules

= Introduction

To declare (or define, or build) a vector space, an algebra or a module means to declare the
name of the space, to set the properfies of the space and to define the funcfions (operators) on the
space (or with values in the space).

The properties of the space are functions whose argument is the name of the space, e.g., Dim[v]
is the dimension of the space v, TheAlgebra[m] is the name of the algebra that acts on the module
m. Some properties can have the second argument, e.g., pim[g, n] is the dimension of the n—th
component of the algebra g.

The arguments of the functions defined on the space are vectors — the elements of the space.
The examples of such functions are the parity, the grading, the weight, the bracket in an algebra, the
action of an algebra on a module, the scalar product, the homomorphisms, and so on.

You can easily build many vector spaces using the commands named space constructors. They
define the properties of the space and the functions on the space; your task is only to choose the
name of the space and to specify some parameters (e.g., dimension). Notice, however, that there is
no space constructor for every kind of space, in some cases you must make all definitions manually
(or to write a new space constructor).

= The properties of vector spaces

The properties of the space are the functions whose argument is the name of the space. The
complete list of properties of vector spaces defined in the package consists of:

O Dimension

pim[V] returns the dimension of the space V.

ppim[V] returns the list containing the dimensions of the even and odd components.

Fpim[V] returns the (super)dimension of v formatted for output.

pim[V, d], ppin[V, d] and Fpin[V, d] return the (super)dimension of the component of degree

O Basis

The description of the basis of the vector space may contain:

1. An algorithm that determines whether any given vector expression represents an element of
the basis of the space;

2. A method of enumerating all the elements of the basis (or all elements of the given degree);

3. An explicit description of the basis as expressions V[i, ..., k] with given number and ranges
of subscripts;

4. Reference to one or several subspaces, each having the described basis.

The following functions correspond to the above four methods to describe the basis. The first
one is mandatory for every vector space. The remaining are optional.

BasisPattern[V] returns the pattern matching all elements of the basis of the space v. This
property is used to recognize the basis vectors in the expressions. You can read about patterns in the
section Patterns of Mathematica book.
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Enum[V] , Enun[V, n] and EnumrRange[V, n] defines the method of enumerating of the basis of
the space V' (see the description of the package Enum). The property Enum is used to obtain the
basis of the polynomials on the space and of the enveloping algebra.

components[V] gives the list of descriptions of the regular components of the space V. The
regular component is a subspace in which all elements of the basis have the same format A[i, ..., k]
with the same header 4 and the same number of subscripts. The action of the algebras must be
defined by a single formula on each pair of regular components (see subsection Action below).

The description of each component is a list of 4 entries:

(1) the header & of the element of the basis;

(2) the number n of subscripts in the elements of the basis;

(3) the function of n arguments which being applied to the set of counters i, ..., k returns the
list of iterators {{i, ip, i1}, ... {k, ko, k1 }} for the loop embracing the whole basis of the component,
and

(4) the test function of n arguments that being applied to the set of subscripts i, ..., k which
belong to the above loop, returns True if v[i, ..., k] is an element of the basis of the component, and
False otherwise. For example, the set g[i,j], 1<i<j<n, is described as
{g, 2, Function[{i, ]}, {{i, 1, n-— 1}, {], i+ 1, n}}], True &}

The function components is used in the constructors of spaces—relatives.

DecompositionList[g, name] returns the list of subspaces {h;, h;, ...} in the named decomposi-
tion of g in the direct sum g = @h;. The decomposition g = g, @ go @ g- named CartanTriade 1S
defined by the constructor cartanMatrixAlgebra. An arbitrary decomposition may be defined using
the function—constructor Algebrabecomposition. The decomposition is used in the constructors of
irreducible modules.

Vv /. DecompositionRule[g, name] decomposes the vector v € g in the sum of elements of 4; .

O Parity, grading and weight

The following properties can be defined only if the basis of the space has the form
{x[1], ..., x[dim]}. They are used in the definition of the functions p (parity), Grade and weight.

pList[V] returns the list of parities of the elements of the fixed basis.

cList[V] returns the list of degrees of the elements of the fixed basis.

wList[V] returns the list of weight of the elements of the fixed basis.

O Parent relations

Image[ V] returns the list of the images of the elements of the basis of V when V is a subspace
of any other space.

Inspace[V] returns the name of the space that hosts the subspace V.

TheAlgebra[ V] returns the name of the algebra that acts on the module V.

TheSpace| V] returns the name of the space from which V' is derived.

O Tensor properties

Rank[V] returns the tensor rank of V;
compList[V] returns the list of tensor components of V.

O Generators and relations

The following properties can be defined if the algebra or the module is built from generators.

GRange[V] returns deg < infinity if the algebra or the module V is evaluated from the genera-
tors only up to elements of degree deg (the degrees of the generators are given explicitly or by
default; if the relations are not homogeneous, the algebra or module obtained is actually filtered
rather than graded and deg determines the filtration). In this case the functions pim, PDim, FDim
return the dimension of the evaluated part of the space V.

GenBasis[V] returns the basis of V in terms of generators.

- I s Y T T e Y o .
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GRange[V] returns deg < infinity if the algebra or the module V is evaluated from the genera-
tors only up to elements of degree deg (the degrees of the generators are given explicitly or by
default; if the relations are not homogeneous, the algebra or module obtained is actually filtered
rather than graded and deg determines the filtration). In this case the functions pim, PDim, FDim
return the dimension of the evaluated part of the space V.

GenBasis[V] returns the basis of V in terms of generators.

GenRel[V] returns the list of relations between the generators.

NGen[V] returns the number of generators.

O Action

Bracket[g] returns the name of the bracket operation in the Lie (super)algebra g or the action
of the algebra on the module g.

bracket[g] returns the name of the unevaluated form of the bracket or the action of the algebra
on the module (it is used when no evaluation is required).

BracketMode[V] may return Tabular if the basis of V has the form {x[1], ..., x[dim]} and the
bracket is defined using the table of values. It may return regular if the regular components are
defined on V (and on the algebra acting on V') and the bracket is a regular expression on each pair of
regular components.

O Spaces-relatives

For any (super)space V, there are defined 8 spaces, the relatives of V. If V is a module over a
(super)algebra, the relatives are also modules. The list of relatives is (here II is the (0I1)—dimen-
sional space or the trivial odd module):

MLeft[V] isthe space V itself

coLeft[V] isthe space of left even linear forms on V

MRight[V] isthe space [1® V @11

coright[V] isthe space of right even linear forms on V

PiRight[V] isthe space V®II

prRight[V] isthe space of right odd linear forms on V

piteft[V] isthe space [I® V

preft[V] isthe space of left odd linear forms on V (differential forms on V).

The order of relatives in the above list is not accidental. The functors of relation form a group
isomorphic to the group of motion of the square. This group is generated by the dualization functor
(coreft) and that of the right multiplication by II (piright). The relatives are listed in accordance
with our choice of generators.

Relatives[V] returns the list of the names of 8 spaces (modules) — the relatives of V (or None
when the relative space in not built).
See also constructors PiLeft, PiRight, MRight, CoLeft, DLeft in the next section.

O Changing properties of vector spaces

Most properties may be changed directly by assigning new values, e.g.,
Bracket[g] "= MyBracket. In this way one can construct algebraic structures similar to ones defined
in SuperLie.

Note that any such change may invalidate the vector space (except, perhaps, the changes in the
output format), so the result should be carefully tested.
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For some properties, modification are implemented as separate functions.

O Regrading

ReGrade[V, grading] changes the grading on the space V and all known relatives of V.

The parameter grading may be either a list of new degrees for the elements of the basis (or for
generators only if an algebra or a module is built using generators), or the name (a symbol or a
number) of a particular grading predefined by the space constructor of V.

= The properties and optional arguments of the space constructors

When a vector space (algebra, module) is defined by the space constructors, some of the proper-
ties can be modified using optional arguments of a space constructor, e.g.,

VectorSpace[x, Dim - 10, Output - Subscripted].

The complete list of optional arguments defined in the package consists of:

O Dimension and parity

pim —» d sets the dimension of the even vector space. In this case d can be a non—negative
integer, Infinity or a symbolic expression.

pim — (dy | dy) sets the dimension of the created superspace. Both dy and d; can be non—nega-
tive integers, Infinity, or symbolic expressions. The parity of the elements of the basis are not
defined (except for the case when dy =0 ord; =0).

pim = {dy, dy, d», ..., dy,} sets that the first dy elements of the basis of the created space are
even, the next d; elements odd, the further d, elements even, etc. All the d; must be non—negative
integers, except that the dy and d,, (and also d; if dy =0) can be 1nfinity. The last index may be
also a symbolic expression.

pList = {p1, p2, ...}, where the p;’s are 0 or 1, sets explicitly the parity of all element of the
basis (or all generators) of the created space.

If, for some space V, no dimension is specified, the expression pim[V] is used everywhere as
the dimension of V.

o Grading

GList — {g1, &2, ...} sets the values of degree for the elements of the basis (or for generators
only if an algebra or a module is built using generators). The default degree of generators is 1 for an
algebra and 0O for a module.

O Weight

wList = {wy, wp, ...} sets the values of weight for the elements of the basis (or for the genera-
tors only if an algebra or a module is built from generators). The default weights are defined in some
space constructors.

O Parent relations

ThesSpace — V declares that the created space (algebra, module) is derived from the original
space V. Most space constructors assign the default value of this property.
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O Generators

GRange — deg restricts the evaluation to vectors of degree (or filtration) up to deg (see Genera-
tors and relations in the previous section).

o Action

Bracket — op declares the name of the bracket operation in the Lie (super)algebra g or the
action of the algebra on the module V. The default name of Bracket is Act. Some constructors use
other defaults names, such as 1o for vector fields, pb for the Poisson algebra, ko for the Contact
algebra, Mo for the superalgebra with the odd contact bracket.

obracket — op declares the name of the unevaluated form of the bracket or the action of the
algebra on the module (it is used when no evaluation is required). The default value is the value of
Bracket’s argument with the lower—case first letter.

O Output format

output — f assigns the function that must be applied to an element of the basis to obtain its
output format (or None if the output format is not defined or is defined separately). The default
function is subscripted. In the constructors of relatives, the default value is auto, which means "the
same format as for the original space".

Tex — f assignes the function that must be applied to an element of the basis to obtain its TgX
format (or none if TeX format is not defined or is defined separately). The default value is None. In
the constructors of relatives, the default value is auto which means "the same format as for the
original space".

Standard = f and Traditional —» f define in the same way the standard and the traditional
output format.

O Relative spaces

relation — name where relation is the name of the relation, see the list in the beginning of the
section (except MLeft), tells that the corresponding relative space must be generated and sets its
name.

O Other options

Enum — False suppresses the enumeration of the basis.

Clear — False allows to save the old definitions of the space that is redefining by the construc-
tor. Only the properties not assigned by the constructor can be saved. This option may be used to
define the action of several algebras on the same module.

Algebra — g tells that the submodule or a module—relative of the module m must be defined as
modules over the algebra g rather than the algebra Thealgebra[m]. This option is useful when
several algebras act on the module m.
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m List of space constructors

The space constructors are commands to build (or declare) vector spaces, algebras and mod-
ules. Every constructor fixes a basis of the space, defines the properties of the space and functions
on it. The following list embraces all constructors defined in the Super Lie package. More construc-
tors can be added.

O VectorSpace

vectorspace[V, options ...] defines a new vector space V with the basis V[i], where i is an
integer and 1 <i<pin[V]. The exception is the case where the list in the optional argument
pDim — {dy, dy, ...} starts with oo or with 0, co. In this case, the lower limit of i is —oco.

The optional arguments are the following ones:

Dim oOr PList specifies the dimension of and the parity function on the space V;

Output, TeX, Standard, Traditional specifies the output format of the elements of the basis;

cList sets the degrees of the elements of the basis;

Thespace tells that the created space is not the original space and sets the name of the original
space.

ColLeft, ..., DLeft (the relatives) define the names of the spaces—relatives.

Enum — False suppresses the enumeration of the basis of V.

Clear — False preserves old definitions of V.

O SubSpace

subspace[U, V, basis, options ...] defines a subspace U c V with the given basis. The optional
arguments are the same as for vectorspace, except that bim or pList are not supported. The basis of
the space U will be named U[i].

O TensorSpace

TensorSpacelT, V, {comp, ...}, options ...] defines the space T as the tensor product of the
components listed. The repeated components may be written as comp™. All components must be
relatives of the space V. Only format options are supported. The basis of T is T'[iy, i, ...].

Example:
VectorSpace [V, Dim— 5, CoLeft - LV, DRight - DV];
TensorSpace[Tn, V, {V, LV?, DV, V}]

O CommutativeLieAlgebra

CommutativeLieAlgebralV, options...] defines the Lie bracket [x[...], x[...]] = 0 on V.
Options: Bracket and format options.

O MatrixLieAlgebra

MatrixLieAlgebralg, V, options...] defines g as the matrix Lie (super)algebra on the space
V and the action of g on the space V and its relatives. Options: Bracket, bracket and format
options. The basis elements of the matrix algebra are g[i, j].

MatrixLieAlgebralg, options ...] defines g as the Lie (super)algebra of matrices (the dimen-
sion is an optional argument).
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O SubAlgebra

SubAlgebralh, g, {gen ...}, options ...] defines the subalgebra h C g generated by the elements
gen ... . The basis elements of the subalgebra are denoted A[i], 1 <i <pin[h].

O AlgebraDecomposition

AlgebraDecomposition[D, g, {hy, hy, ...}, options...] defines a decomposition D of the
algebra g = hy @ h, @ .... Each component h; is either a subalgebra in g (defined using
SubAlgebra) or a list {name;, {g;, , ...}, options ...} of arguments that generate the subalgebra 4; .

o0 HWModule

HWModule[m, g, wt] builds the irreducible module m over the algebra g with highest weight
wt. A decomposition g = g, @ go ® g- with name cartanTriade should be defined on g.

Optional arguments:

p — p is the parity of the highest vector (default is 0)

Grade — r: all calculations are restricted to the elements of degree = —|r| (the degree of the
highest weight vector is 0).

order = {y1, ..., ym} 18 the order in which the elements of g_ should appear in the expressions
of the basis of v in terms of generators of U(g-). The default order is given by Basis[g_].

See also vectorspace for general options.

o LWModule

LwModule[m, g, wt] builds the irreducible module m over the algebra g with lowest weight wr.
A decomposition g = g, @ go b g- with name cartanTriade should be defined on g. The options
are the same as for HWModule.

O SubModule

SubModule([n, m, {gen...}, options...] defines the g—submodule n of the g—module m
generated by the elements gen... , where g is either the algebra indicated by the optional argument
Algebra — g or (as default) Thealgebra[m]. For other options see subspace.

The basis elements of the submodule are denoted n[i], 1 <i < pim[n].

O RestrictModule

RestrictModule[m, g], where m is a subspace of any G—module M and g is a subalgebra of
G, tests if the space m is g—invariant and, if it is, defines a g—module structure on m.

O ldeal

Ideallh, g, {gen ...}, options ...] defines the ideal & of the algebra g generated by the elements
gen ... . For options, see subspace.
The basis elements of the ideal are denoted A[i], 1 < i < pinm[h].
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O PiLeft, PiRight, MRight

PiLeft[m — mm, options ...] builds the module mm as [1 ® m, where I1 is the (0l1)—dimensional
trivial module.

PiRight[m — mm, options ...] builds the module mmr as m Q I1.

MRight[m — m’, options ...] builds the module m’ as [I@ m QI1.

O Coleft

CoLeft[m — m’, options ...] builds the module m’ on the space of left even linear forms on m.
The function is implemented only for finite dimensional modules with one—index bases. The option
Algebra — g tells that m’ must be defined as a g—module. The option clear — False allows us to
define the action of several algebras on m’.

O DLeft

DLeft[m — dm, options ...] builds the module dm on the space of left odd (i.e., exterior or
differential) linear forms on m. The function is implemented only for finite dimensional modules
with one—index bases. If m is an algebra, then preft defines the coaction coact : dm — dm A dm.
This allows one to use the derivative per on the exterior forms on m, both with trivial coefficients
and with coefficients in any m—module.

The option a1gebra — g tells that the dm must be defined as g—module.

The option clear - False allows one to define the action of several algebras on dm.

O VectorLieAlgebra

VectorLieAlgebralg, x] defines the Lie (super)algebra g as the Lie (super)algebra of vector
fields on the space x together with its action on the (super)space of polynomials in x. The basis of g
is {p;[x] == v[j]}, where {p;[x]} is the basis of polynomials in x and {v[/j]} is the basis of coreft[x]
(the space of left even linear forms on x). The name of the Lie bracket and the action is b, the
unevaluated form is 1b.

Unless the space x is already graded, the standard grading is defined on x by assuming
Deg[x;] = 1. The grading is extended to g.

The algebra g may be regraded by calling recrade[g, grading]. The predefined gradings are
numbered from —k to k there k is odd dimension of x. In the i—th grading, the first i odd elements
of the basis of x have degree 0, all the other x; have degree 1. In the (—i)—th grading, the last i odd
elements of the basis of x have degree 0, all the other x; have degree 1.
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O PoissonAlgebra

PoissonAlgebralg, x] defines the Lie (super)algebra g as the Poisson algebra of the polynomi-

alsin x , ..., xp, (the vector space x should be already defined) with the Poisson bracket
— (PN (of 08  _ (_1\Plx] _O0f  Og
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PoissonAlgebralg, {p, q}] defines the Lie (super)algebra g as the Poisson algebra of the
polynomials in py, ..., py, g1, ..., gn (the vector spaces p and g should be already defined and have
the same superdimension) with the Poisson bracket
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PoissonAlgebralg, {f}] defines the Lie (super)algebra g as the Poisson algebra of the polynomi-
als in odd indeterminates 6, ..., 6, (the vector space 6 should be already defined) with the Poisson

bracket
_ P[f] § f 5_
{f’ g}P ( 1) 6 a . .

PoissonAlgebra[g, {pl, e Pns qns ---(q1 }] and PoissonAlgebra[g, {pl, we Puns 0, qn, ---q1 }],
where all p;, ¢; and 6 are (super)spaces, define the Lie (super)algebra g as the Poisson algebra of
the polynomials on the direct sum of vector spaces with Poisson bracket equal to the sum of the
Poisson brackets on the pairs p;, g; and on 6.

PoissonAlgebralg, X, {{c1, i1, j1}s s {Cms Ims jm}}] defines the Poisson algebra g of the
polynomials in x;, ..., x,, (the vector space x should be already defined) with the Poisson bracket
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O ContactAlgebra

ContactAlgebralg, X, t] and contactAlgebralg, x, t, {{c1, i1, j1}, > {Cm>» im> jm}}] define the
Lie (super)algebra g as the contact algebra of the polynomials in ¢ and the space x (or the direct sum
of spaces if x is a list). The Poisson bracket on x is also defined. Here x should be either a space
name or a list of space names (as for PoissonAlgebra).

O FreeLieAlgebra

FreeLieAlgebralg, {gen ...}, {rel...}, range, options...] defines the (super)algebra g gener-
ated (as a free algebra) by elements gen, ... with relations rel, ... . Options Grade — {d;, ...} and
PList = {p, ...} define the degrees and parities of generators. All computations are made for
elements with degree < range. The basis of the new algebra will be g[i], where ] <i <pim[g].

O CartanMatrixAlgebra

CartanMatrixAlgebralg, {x, h, y}, matr, range, options ...] defines the Lie (super)algebra with
a given Cartan matrix matr. Its elements are named A[i] (Cartan subalgebra), x[i] (positive weight
vectors), y[i] (negative weight vectors). Computations go up to terms of degree range. Options
Grade = {d;, ...} and prist = {p;, ...} define the degrees and parities of generators.
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O Classical Lie superalgebras

glAlgebra, S€€ MatrixLieAlgebra.

s1algebra builds the subalgebra of traceless matrices. For arguments see MatrixLieAlgebra.

pslAlgebra builds the quotient of s1a1gebra modulo the algebra of scalar matrices. The ps1a1-
gebra is defined if the dimension of the even and odd components of the original space are the
same. For arguments see MatrixLieAlgebra.

For more examples, see the chapter Classical Lie Superalgebras.

= Functions on vector spaces

The following functions are defined separately on each vector space (by the space constructor
or manually). There are, however, some predefined, common for all spaces, properties of these
functions. Notice that the result of application of these functions to non—vector arguments is unpre-
dictable.

The functions p, Grade, PolyGrade, Weight are defined only for homogeneous vectors. This
means that they are defined on a basis and the linear combination of the basis elements of the same
parity (resp. degree, weight). The application of these functions to non—homogeneous vectors may
produce an error in the calculations.

oP

p[x] is the parity of x. The function p is defined on the homogeneous (odd or even) vectors
only. The properties of p are scalar (i.e., the value of p is scalar), Homogen->0, TestFirst, Thread-
Graded—>(PolynomialMod[Plus[##],2]&)and,LogPower—>(SVTimes[PolynomialMod[#l,Z],#2]&).

O Act

act[gr, g2] for elements g, g, of a Lie (super)algebra is the bracket operation in this algebra.

act[g, m] for an element g of the algebra and an element m of a module over the algebra is the
action of g on m. The name of the operation can be different, act is only the default name.

The properties of Act are vector, Linear, Graded, Jacobi-> {tp,VTimes}, Output->Arg-
Form["[‘1Y, ‘2']"], Tex->ArgForm["[‘1",\\, ‘2*1"]. The properties Jacobi, output, Tex of other
brackets can be different.

O act

act[g1, 2] and act[g, m] represent the unevaluated operation act. The properties of act are
Vector, Linear, Graded, Output->ArgForm["[‘1', *2']"], TeX->ArgForm["[‘1',\\, 2 ]"].
O Grade

Grade[v] is the degree (grading) of the vector v. The function is only defined for graded spaces
and homogeneous vectors. The properties of Grade are scalar, Homogen->0, ThreadGraded, LogPow-
er->Times, TestFirst.
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O PolyGrade

PolyGrade[v] returns Z" — or R"” —grading of the vector v (as a list of numbers). Some space
constructor defines polyGrade to express grading in terms of generators. The properties of poly-
Grade areé Scalar, Homogen—0, ThreadGraded, LogPower—-Times, TestFirst.

O Weight

weight[v] it the weight of the vector v. There is no generic definition of weight in SuperLie
package, the weights are defined in some space constructors or by the user (using wList Or manu-
ally). The properties of Weight are Scalar, Homogen—0, ThreadGraded, LogPower—Times, TestFirst.

O Der, Der0

per[w], per[f ** w] is the exterior derivative on the space of forms (with trivial (scalar) coeffi-
cients as well as with coefficients in a module). The argument w may be an odd left form on an
algebra (i.e., an element of preft space-relative of the algebra) or an exterior product of such
forms; f must be an element of a module over the same algebra. The derivative of O—forms is
written as Der[f #* Wedge[]] or pero[ f].

per0[f] is the exterior derivative of the O—form f xx wedge[]. It is introduced in order to distin-
guish between per[dx] , the derivative of a 1—-form with trivial coefficients and per[dx], the deriva-
tive of a O—form with coefficient dx.

per0[f, g] is the exterior derivative of the O—form f, where f is regarded as an element on a
g—module. This form of pero should be used when the algebra cannot be determined from f.

The properties of ber and per0 are vector, Vector->First, Linear->First.

O der

der[w] represents the unevaluated exterior derivative per.

m Tools

m Manipulation with vector expressions

VvExpand|e] expands out all VTimes and SVTimes products in expression e.

vcollect[e] collects together the terms with the same elements of the basis, e.g.,
vCollect[avi —=2(vy —=va)]l=(@=2)vy +2v;.

vNormal[e] returns the normal form of the vector expression e. The normal form of a vector is
c1 &1 +¢ g +..., where gy, g, ... are different elements of the basis and c;, ¢, ... are scalar
coefficients reduced or simplified to ensure that two equal scalars are always reduced to the identical
form. This evaluation of scalars is processed by the user—defined function $snormal. The default
setting of ssNormal iS Expand, but in some cases it must be redefined to ensure that equal expres-
sions will always give the same normal form. For example, if the coefficients are rational functions
you must set ssNormal = cancel. By default, the function vNormal does not sort the factors of the
vector multiplication vTimes.

The following three functions (symmetricNormal, EnvNormal, dNormal) do this differently.
The function vNormal is used by some constructors. It is possible to redefine the function
VNormal = SymmetricNormal
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SymmetricNormal EnvNormal, dNormal

vNormal (for example, set VNormal = SymmetricNormal) in order to ensure the correct normal form
of vector expressions.

SymmetricNormall[e] returns the normal form of the vector expression with the factors of the
vector multiplication vTimes sorted, under the assumption that vTimes is (super)symmetric.

EnvNormal[e] returns the normal form of the vector expression with the factors of the vector
multiplication vTimes sorted, under the assumption that vTimes is the multiplication in the envelop-
ing algebra.

dNormalle] returns the normal form of the vector expression with the factors of the vector
multiplication vTimes sorted, under the assumption that vTimes is the multiplication in the algebra
of differential operators.

LeibnizExpand[d[parms ..., flarg]], p] expands d[f[arg]] as a derivation of parity p (in the
case where parms is a vector and p is its parity, this is the expansion as the bracket in a Lie superal-
gebra). This function realizes the Leibniz and Jacobi rules.

vBasis[e] returns the list of the basis vectors encountered in the expression e.

vsort[e] sorts the terms of the vector sum e in a canonical order of the vector components
(without expanding it). Observe that unlike this sorting, the usual sort[e] orders with respect to
scalar coefficients, since they come first from the left.

vorder[u, v] and vsameo[u, v] compares the vector components of the monomials # and v. The

results are 0, £1 for vorder and True or False for vsameq (cf. functions order and sameQ).

O Replacement rules

e /. vExpandrule expands out all vTimes and svTimes products in expression e.
e /. svExpandRule expands out all scalar coefficients in svTimes.

e /. svFactorRule factorize all scalar coefficients in svTimes.

e /. svsymplifyRule simplifies all scalar coefficients in svTimes.

e /. svNormalRule converts all scalar coefficients in svTimes to the normal form using the
function $sNormal.

e //. LinearCollectRule[op] tries to break out the factors in the sum op[ ...] + ...

SimplifySignRule is the rule for simplifying the expressions (- 1)Polinomial

= Solving vector equations

vsolvelegns, vars| attempts to solve a linear equation or a set of linear equations for the vector
variables vars. vsolve[egns] treats all vector variables encountered as vars above. For other parame-
ters and options see Solve. In the simplest case of equation with one variable the function so1ve can
also be used (with InverseFunctions-True option to avoid the warning message).

svsolvelegns, vars] attempts to solve a vector equation or a set of equations for the scalar
variables vars. svsolve|egns] treats all variables encountered in the scalar coefficients of svTimes
as vars above. For other parameters and options see Solve.
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ScalarEquation[egns] converts the vector equation or the system (list) of equations with scalar
unknowns to the system of scalar equations.

m Lists of vectors

MatchList[expr, pattern] returns the sorted list of maximal subexpressions of expr, matching
the pattern (that is, subexpressions which are not parts of larger subexpressions of expr matching the
same pattern).

MatchList[expr, pattern, func] returns the list of values of func[term] rather then the list of
terms.

m Splitted expressions

A splitted sum is the list {key, — expr,, key, — expr,, ...}, where the keys are sorted and
expr, are vector sums. Splitted list is the expression of the same form, where expr, are lists of
vectors. Keys can be any expressions.

A splitted sums and lists are used to divide large vector expressions into homogeneous parts
(e.g., of the same weight or degree).

O SplitSum, SplitList

splitsum[expr, pattern] transforms the vector sum expr = ¢y xv| + ¢y * v, + ... with v; match-
ing the pattern gathering terms with equal v. The result is the splitted sum
{vi, = sci,vi, = sca, ...}, where {v;, , v;,, ...} is the sorted list of subexpressions of expr matching
the pattern (see function MatchList) and sci, sc;, ... are the sums of coefficients of v;, , v;,, ... .
The argument expr can be not only sum but also a list or a single term matching the pattern (or
c * pattern).

splitsum[expr, pattern, func] transforms the same expression into a splitted list
{fi = se1, f» = sey, ...}, where {f;, f>, ...} is a sorted list of different values of the func[v;] and
sey, sey, ... are the sums of the members of expr giving values fi, f>, ... of the func (excluding
members with func[v;] == skipval).

SplitList[expr, pattern] and SplitListlexpr, pattern, func] work in the same way
as SplitSum, only the result is the splitted list {v; — lci, v, = lcp, ...} or, respectively,
{fi = ley, fr = ley, ...}, where lcy, lcy, ... are the lists of coefficients and le;, le;, ... are the lists
of members of expr.

O ForSplit

Forsplit[{expr, sel » memb, cnt}, body] and rorsplit[{expr, memb, cnt}, body] evaluates
the body in the loop for each member of the splitted sum or list expr. The symbols sel and memb
are assigned to the current values of the selector and member of the splitted expression. The optional
cnt 1s the loop counter. The functions continue[], Break[] and Return[value] can be used in the
body.

o AddSplit

Addsplit[expr,, expr,, ...] adds terms with the same keys of splitted sums expr, , expr,, ... .
Example: addsplit[ffa > x, b=y}, la-u, c->v}l ={a->x+u, b->y, c-v}.



Tools 31

O JoinSplit

Joinsplit[expr,, expr,, ...] joins terms with the same keys of splitted lists expr,, expr,, ....
Example: goinsplit[{a = {x}, b - {y, z}}, {a>{u}, c>{V}}] = {a->{x, u}, b->{y, 2}, c > {V}}.

O ApplySplit

applysplit[func, expr] applies the function func to terms of the splitted sum or list expr.
Example: applysplit[f, {a = x, b > y}] = {a - f[x], b > fIy]}.

O MapSplit

Mapsplit[func, expr] applies the function func to the members of the lists, terms of the
splitted list expr. Example: Mapsp1it[f, {a = {x}, b= {y, 2}}] = {a = {f[x]}, b= {fy], flz]}}.

O PartSplit

partsSplit[expr, key] returns the part of the splitted expression expr with the given key or
zero if expr has no part with the given key.

partsplit[expr, key, val] returns val if expr has no part with the given key.

Examples: partsplit[{a - x, b -y}, b] = y; rartsplrit[{a - {x}, b= {y, z}}, ¢, {}] = {}.

mVector Sum

vsuml[elt, {iter}...] evaluates the sum of vectors. Arguments are the same as in sum function.

= Expressions with Indefinite Coefficients

GeneralSum 1S a vector sum cj *v; + ¢ *vp + ... with undetermined scalar coefficients
c1, ¢, ....ltis a general form of a given vector in the space with basis vy, v, ....

GeneralSum|c, list] declares ¢ as scalars and returns the vector sum
c[1]=list[1] + c[2] = list[2] + ... .

Generalsolvelequ, v, c] solves the vector equation equ for the scalar unknowns c[1], ... ,
substitutes the coefficients found in the vector v (it is a general sum with coefficients c[1], ...),
renumbers the remaining coefficients and returns the resulting vector.

GeneralZerolg, v, ¢] solves the equation =act[g,v]=0 or the system of equations
{act[g[i], v] == 0} when g is a list. The result is the same as for Generalsolve. The parameter v can
be also list of vectors (basis); in this case the general sum with coefficients c[1], ... is used.

GeneralReduce[v, c] eliminates the insignificant coefficients from the general sum v, renum-
bers the remaining coefficients and returns the result. This function must be used if the dimension of
the space of vectors of form v is less than the number of coefficients c.

= Polynomials

Deg[prod, x] returns the degree of x in the symmetric product (or power).
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Lper[expr, x] returns the left derivative of the expression from a supercommutative
superalgebra.

I, ifx=y

0, ifx+y’
pelta[x] = Deltalx, 0].

Deltalx, y] = |

= Notations

NewBracket[brk, options...] defines brk as a bracket in a Lie superalgebra. This definition sets
the properties vector, Linear, Graded. The options are:

Unevaluated—name tells the name of operation which represent the unevaluated bracket; the
default value is auto, in this case the first letter of brk is changed to the upper—case for the bracket
operation and to the lower—case for the unevaluated form.

output—func sets the format for the output of the expression brk[g, h]. The default function is
ArgForm[" [‘1°, 2°]"];

Tex—func sets the format for TeX output of the expression brk[g, h]. The default function is
argForm/"\left[*1\, 2°\right] "|;

Jacobi—op sets the operation or the list of operations to be expanded automatically in expres-
sions brklg, oplu, v, ...]].
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m 0. Introduction. Peculiarities of Mathematica important for SuperLie

m 0.1. Symbolic representation. Input format, output format, and complete format

Mathematica enables one to perform computations in a symbolic form. This is achieved due to
the possibility to work with a description of the object. One should always bear in mind that there
are at least three formats of description: the input format, the screen output format and the complete
format; besides, there is usually the output format of the final result into a file, for example, the TeX
format.

The most important format is the complete one, since the transformations are performed with
the description in the complete format. Such a description is cumbersome and is usually concealed
from our eyes, but the standard command FullForm will reveal it.

Two objects are considered identical if their descriptions in the complete format coincide. To
make mathematically equal expressions to remain equal in Mathematica, they should first be
reduced to a standard form. In SuperLie, the functions VNormal and VExpand see to that.

In SuperLie, almost all objects are represented in a symbolic form and almost all computations
are performed in a symbolic form. At all times there is available a list of transformation rules and
the description is transformed according to these rules. Transformations are performed in the order
of decrease of preference, returned is the description to which none of the rules is applicable. There-
fore, you should not be astonished if the program returns you your input; this means that no appropri-
ate rule is available.

m 0.2. Small and capital letters. Patterns

Mathematica distinguishes small and capital letters; e.g., it considers b and B as totally differ-
ent objects.

There are occasions when one has to have the answer in undercomputed form, e.g., the expres-
sion [x, y] = 2 h demonstrates a relation, whereas if we compute the left hand side we get a useless
identity 2 h =2 h. To distinguish such cases, the operations that have to be computed are named
with a capital letter, while the names of their not—to—be—computed twins start with a small letter.
For example, the bracket in the Lie algebra is called Act and act, respectively, and the relation above
is expressed as act[x, y] = Act[x, y].

One more reason why it is essential to distinguish smalls and capitals: quite a few functions in
Mathematica are only applicable to the expressions satisfying a pattern. In SuperLie, for example,
the basis of the vector space is given by means of a pattern; e.g., all the expressions of the form
v[ ...] are by default considered as the basis elements of the space v.
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m 0.3. Lists

The ordered lists are expressed in Mathematica in curly brackets, separated by a comma. In
particular, vectors are represented as lists with coordinates, for example, a basis of the 3—dimen-
sional space consists of {1, 0, 0}, {0, 1, 0} and {0, O, 1}. SuperLie freely uses lists, e.g., the lists of
basis elements. Coordinate vectors can be used as weights, as well, in which case — important! —
SuperLie treats them as scalars!

m 0.4. Solving equations

Mathematica possesses powerful functions — Solve, Eliminate and Reduce — which
allow one to solve and simplify the systems of equations, in particular, with parametric coefficients
expressed by letters. Many computations in Lie algebras and Lie superalgebras can be reduced to
this type of problems. For example, "to determine the kernel of an operator" is to solve a system of
linear equations, while "to determine the image of an operator" is to simplify a linear system.

SuperLie has functions GeneralSum, GeneralSolve, GeneralZero, as well as
GeneralReduce, VSolve and SVSolve; these functions allow one to express and solve the
equations in a vector (invariant) form.

m 1. General notions of SuperLie

m 1.1. Objects and properties

SuperLie is an object—oriented package. This means that, as a rule, the object with which you
wish to work has to be declared first and endowed with properties. For example, a given algebra has
to be endowed with an operation; every homogeneous element of a superalgebra has a parity; every
derivation is extended from the space which generates the algebra to the whole algebra via Leibniz
rule, and so on.

There are powerful commands that endow an object with several properties at a time. For
example, the constructor CartanMatrixAlgebra constructs the Lie algebra from its Cartan
matrix by declaring the algebra itself, and its elements, as vector objects, finds its basis (as of a
vector space) expressed in terms of the generators (as of an algebra), determines a bilinear skew—sym-
metric bracket that satisfies the Jacobi identity, computes the relations, and so on.

More often, however, one has to add properties one at a time.

An extra property pertaining to an object in mathematics may do a harm during computations
by the package: first, to slow down the computations, second, bring about the answer in a user—un-
friendly form. For example, the distributivity property will lead to simplification and getting rid of
the parentheses, while the answer in the form (a + b)'* is usually more preferable than the binomial
expansion. For this reason, the majority of properties can be "switched on/off" when needed, or one
can as well apply them manually to a concrete expression.

m 1.2. Vectors and scalars

SuperLie divides all the objects into three Domains: Vector, Scalar and Common or, better
say, undecided ones. This division essentially differs from the conventional one. The meaning of
this division is that for vectors we introduce new transformation rules for expressions, while for
scalars the usual rules of Mathematica are applicable. The rules for common objects are such that
the principal questions are put aside until the attribution is determined.

Thus, to avoid confusion, it is necessary to declare in time what are the symbols used: vectors
or scalars. In particular, all the spaces, algebras, modules and their elements should be declared as
vectors. Sometimes, attribution of the result of a vector operation automatically makes an object a
vector, but at the beginning it is better not to hurry.
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Thus, to avoid confusion, it is necessary to declare in time what are the symbols used: vectors
or scalars. In particular, all the spaces, algebras, modules and their elements should be declared as
vectors. Sometimes, attribution of the result of a vector operation automatically makes an object a
vector, but at the beginning it is better not to hurry.

Suppose we had declared vv a vector space by means of the command VectorSpace[vv] (or,
say, a Lie superalgebra by invoking an appropriate constructor). Then all the objects with name vv
and indices, as well as their linear combinations with scalar coefficients (e.g., vv[i], vv[2, j],
vv[k +2] +2xvv[l, 1]) are considered as vectors and elements from the vector space (or the Lie
superalgebra) vv. Such a declaration will not, however, affect expressions of the form Vv[i] (a
capital V is used) or vv2[] (the name vv2 is distinct from vv).

m 1.3. Spaces and bases

To determine a space, we have to indicate what vectors belong to it. To this end, one has to
determine a basis of the space. After that, all the linear combinations of the elements of the basis
(with scalar coefficients) will be considered as belonging to the space.

The most often used way to construct a space is by means of one or several standard functions
called constructors. These constructors can be divided into two groups: the ones that declare and the
ones that construct. The constructors that declare determine definitions and getting along without
calculations. The constructors that construct do calculate (and the volume of calculations usually
grows depressingly fast with dimension) and generate the space in question by means of the genera-
tors given (or checking if the space given is invariant) and recalculating the multiplication (action)
table in the new basis.

Each constructor has mandatory and optional parameters. The mandatory parameters determine
the name and the basis of the space as well as a minimal mandatory collection of properties and
operations that determines a structure (of a superspace, algebra, module, and so on.) on it. The
properties and operations of the space can be added, altered or switched off later by appropriate
separate commands.

The declaring constructors can determine a concrete object, for example, the Lie superalgebra
vect(m | n), or work as functors, e.g., declare the dual space. Certain constructors, however, can do
both, depending on the way the parameters are given. For example, glAlgebra[g, Dim —> (m | n)]
constructs g as a concrete Lie superalgebra, gl(m | n), whereas glAlgebra[g, x] acts as a functor on
the superspace x: it declares g the Lie superalgebra of linear operators on x and, for free, makes x
into a g—module!

Observe in passing that the parameters m and n, or the (super)dimension of the (super)space,
can be infinite or symbolic. If it is symbolic, certain additional structures on g can not be con-
structed, e.g., the coaction Der. The same remark applies to the other constructors of Lie
superalgebras.

Let us list the declaring constructors.

VectorSpace declares the space. With the help of VectorSpace one usually stocks the
spaces for the constructors of other type.

glAlgebra, slAlgebra, pslAlgebra construct the matrix algebras gl(m|n) and
sl(m | n), and the projectivisation psl(n | n), respectively. If, as a parameter, a superspace is given,
these constructors endow it with the structure of a module over this Lie superalgebra.

VectorAlgebra, ContactAlgebra, PoissonAlgebra construct the Lie superalge-
bras of vector fields with polynomial coefficients: vect(m |n), R(2n + 1 |m) and po(2 n | m), respec-
tively. If, as a parameter, a superspace v is given, these constructors endow the superspace of super-
symmetric polynomials on the given superspace v with the structure of a module over the Lie superal-
gebra constructed.
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VectorAlgebra, ContactAlgebra, PoissonAlgebra construct the Lie superalge-
bras of vector fields with polynomial coefficients: vect(m |n), k(2n + 1 |m) and po(2 n | m), respec-
tively. If, as a parameter, a superspace v is given, these constructors endow the superspace of super-
symmetric polynomials on the given superspace v with the structure of a module over the Lie superal-
gebra constructed.

Constructors—functors:
CommutativeLieAlgebra, FreelLieAlgebra——-— their names speak for themselves.

Constructors of spaces—relatives: the dual space, the superspace with shifted parity and their
compositions: MLeft, CoLeft, MRight, CoRight, PiRight, DRight, PilLeft,
DLeft. The order of relatives in this list is important, it is used in the function Relatives. The
first on the list is MLe ft, i.e., the space itself, the result of application of the identity functor.

TensorSpace builds the tensor product of several spaces—relatives.

Constructing constructors:
... <Not constructed yet>

The simplest way to determine a space is to declare it with the help of the constructor Vector—
Space. Let, for example, you executed the command

VectorSpace[v]

In this way you have determined a space named v. Having given the name of the space (for
example, v, as in this example) we will by default consider all the expressions of the form V[ ...] as
its (basis) elements (e.g., v[2], v[1, j+2], v[la + b[3]], etc.) even if v is declared to be 1-dimen-
sional. If for some reason such a definition of a collection of its elements does not suit us, we can
define the space v differently, e.g., list its elements explicitly or determine the algorithm of recogni-
tion of the vectors that belong to v. Actually, the name of the space is the simplest pattern for basis
recognition; this algorithm is, certainly, very approximative, but, usually, it suffices.

Generally speaking, element recognition is needed for solutions of vector equations; that is
what SuperLie is based upon. The mistakes in the element recognition are the main sources of the
mistakes in the computations.

Observe, however, that the noticeable part of the properties and functions automatically
appears only on finite dimensional spaces with a one—index basis of the form {x[1], x[2], ..., x[n]},
where x is the name and n the dimension of the space. This concerns the lists of parities, weights
and gradings of the basis elements (PList, GList, WList). On the spaces with bases of a more
involved form, these functions are to be determined manually.

A simplest basis will automatically appear if we give the dimension of the space. The best way
to do it, is to do it simultaneously with the declaration, e.g.,

VectorSpace[sl2, Dim -> 3]
declares a 3—dimensional space s12 with basis {s12[1], sI2[2], s12[3]}.

Basis is one of the properties of a space. One can endow a space with other properties as
well, e.g., determine its (super) dimension; construct and declare the spaces—relatives.
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Further on, one usually determines functions acting on the elements of the space. For example,
no meaningful job in infinite dimensional space is usually possible unless we divide the space into
finite dimensional pieces. This is usually achieved by means of imposing gradings and weights.

On top of that, one has to define a parity of the superspace, a bracket on the Lie (super)algebra
and an action of the algebra on the module.

m 1.4. Vector operations

While working with scalars we use the usual signs of mathematical operations: +, —, =, /, /,
and Mathematica itself knows how to transform them into complete format. In SuperLie, we can
use the same symbols to express the operations between vectors, as well as between scalars and
vectors. If n is a scalar and u, v are vectors, we can write: nxu=v, u/n, u”n/v, n/v (this is not a
misprint, we do divide by a vector).

The multiplication of vectors and raising to a power are understood as a (super)symmetric
product and power, respectively; the expression /v is treated as a shorthand for v~ (—1) (this is
convenient, e.g., when we deal with Laurent polynomials).

All these habitual operation signs are used in the input and (some of them) output format, but in
the complete format all of them are replaced with the complete names of the operations. These
names can be different, they depend on the operands’ domains. For example, multiplying scalars we
replace = with a Times, multiplying a scalar by a vector we replace * with a SVTimes, multiply-
ing a vector by a vectors we replace x with a VTimes, and if a domain of some of the factors is not
defined we replace = with a GTimes subsequently substituting a correct name after the domain is
determined.

Thus, the vectors can by multiplied symmetrically (u*v=...), tensorially (¥ ®v® ...), exteri-
orly (uArva...), and formally tensorially (= v *x...). One can as well raise to the tensor power
(u™®n or u®").

Be careful with the powers! First, the replacement of the product of equal terms with a power
can be banned or allowed, second, if we prescribed the derivation to act on the product via Leibniz
rule, this will not automatically ensue the subsequent transformation rule of the powers; this, how-
ever, can be determined separately.

m 1.5. Syntax preprocessor

The input format makes it possible to write down the expressions with vectors in the conven-
tional form, with the operation sign between the terms, e.g., u + v« w. Further on, however, all the
expressions are transformed into the complete format, where all the operations are expressed as
functions, i.e., in front of the operands. For example, u# + v+ w turns into VP lus[u, VTimes[v, w]].
Usually, Mathematica makes all this itself, whereas dealing with vectors inside SuperLie one has to
boot first a special preprocessor. Without preprocessor Mathematica will replace the same signs of
operations with scalar operations (e.g., u + v«w will turn into P1us[u, Times[v, w]]) and it will be
impossible to apply the specific transformation rules for vectors.

Luckily, there is no problem to peruse the final result in the conventional form, since one does
not need preprocessor to transform the complete format to the output one.
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m 1.6. Objects of SuperLie

SuperLie treats vector spaces, elements (vectors and scalars), operations (also known as func-
tions) and properties. Elements—vectors belong to spaces, only elements can be arguments of opera-
tions and functions. Only operations and functions can have properties, formally the latter are
realized as functions with spaces as arguments. Properties of operations are, mainly, computation
rules.

Among spaces we encounter superspaces, algebras and modules. Examples of elements: num-
bers, elements of a basis, linear combinations of the basis elements. Examples of operations: addi-
tion, parity, grading, the bracket in a Lie algebra, the exterior differential.

. Each space has at least three properties: dimension, basis, the
list of declared relatives (e.g., the dual space). A property of a module is the algebra that acts on it.

Examples of properties_of operations: linearity, (skew—)symmetry, Jacobi identity, the input

format.

The current properties of an object (say, G) can be found out by typing ?? G (this is Mathemati-
ca’s command that reveals too many details) or About[G], a command from SuperLie.

m 2. First steps

To work with SuperLie, you have to either copy the directory SuperLie to one of the subcata-
logs (wherefrom your Mathematica can take other packages) or additionally tune Mathematica to
the catalog containing these files.

Load the packages with commands

Needs|["SuperLie ‘"]

The loading of the package will take a while. Success should be announced by the massage

SuperLie package installed

The command does nothing if the package is already loaded.

m 2.1. How to construct an algebra or a module over an algebra by hand. Lie
algebras gi(n) and sl(n) and the standard modules over them

This section is tougher than the neighboring ones. So you can skip it at the first reading. How-
ever, having skimmed it, you will get a better understanding of certain remarks and subtle points
from other sections, even if you will not master how to construct a module or an algebra on your
own. Let us explain how to construct an algebra. In principle, this is easy. One has to declare a
space, describe it basis, describe the multiplication operation as a function which to every pair of
basis elements assigns an element of the space and endow this function with bilinearity property.

For several standard Lie algebras the constructor—functions are written. They automatically
execute the required routine actions. For example, the command

glAlgebra[g, Dim -> 5]

g = gl(5)



2. First steps 39

determines the Lie algebra g = gl(5) with basis {g[1, 1], g[1, 2], ..., g[5, 5]}.

Regrettably, the brackets [., .] are already occupied in Mathematica, so the bracket in the Lie
algebra will look familiar only in the output format. In the input format one has to type its full name.
Usually this is Act (or act — for the not—to—be—executed bracket). For example, if you type

Act[g[1, 1], g[1, 2] +2g[3, 4]]

91,2

you will get the computed result, whereas if you type
act[g[l, 1], g[1, 2] +2g[3, 4]]

[91,1,91,2] +2[91,1,93,4]
the action will not be calculated.

Having differently determined parameters of the constructor, one may, in addition to the Lie
algebra, get its standard module. For example,

VectorSpace[x, Dim -> 4] (» declares x as a 4-dimensional space %)
glAlgebra[g, x]
(*# similarly declares g=gl (4),endowing x with a gl (4)-module structure =*)

X 1s a vector space
g = gl(4)

The bilinear function that determines the action of the algebra on the module is also called
Act. For example, Act[g[1, 3], x[3] + x[4]] returns x[1].

The constructor s1Algebra works similarly: it constructs sl(n). Its parameters are the same
as those of glAlgebra. The only but important difference: a more complicated basis: off—diago-
nal elements are expressed with two indices, the diagonal ones with one index. Namely, if g = gl(n),
then for a basis we can take all g[i, j], whereas if g = sl(n), then for a basis we can take all g[i, j]
for i+ j and g[i] such that after identification of sl(n) with a subalgebra of gl(n) we have

glil=gli, il —gli+1,i+1].

m 2.2. Generators and relations
The constructors glAlgebra or slAlgebra do not to compute anything; they only declare.

More involved constructors generate algebras and modules over them by means of generators
and defining relations. These constructors explicitly construct the action table and in doing so it is
impossible to avoid computations, sometimes of considerable volume. In cases when the object to
be generated may be infinite dimensional, the ability to shear calculations is a must. The parameter
range serves to this purpose. By default the generators given are considered to be of degree 1, their
brackets of degree 2; the brackets of the elements of degree 1 with the elements of degree 2 are of
degree 3, and so on. The computations are performed until the sum of degrees (exponents) of the
elements in the product or bracket surpasses range.

Given  explicitly = generators  gen... and  relations rel.. the  constructor
FreelLieAlgebralg, {gen ...}, {rel ...}, range] constructs a Lie algebra g. In other constructors,
the  generators and/or  relations may be given implicitly. For  example,
CartanMatrixAlgebralg, {x, h, y}, matr, range] constructs a Lie algebra g = g(matr) with

hli] x[d]
ylil

GenRel|g] GenBasislg]
g 8
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CartanMatrixAlgebralg, {x, h, y}, matr, range] g = g(matr)
Cartan matrix matr. Its basis consists of vectors A[i] (they span a Cartan subalgebra), x[i] (they are
positive weight vectors corresponding to simple roots) and y[i] (they are negative weight vectors
corresponding to opposite simple roots). The relations obtained are memorized. The relations are
returned by the command GenRel[g] while GenBasis[g] returns the expression of the basis
elements of the space g in terms of the generators of the algebra g.

m 2.3. Example: g,

Let as constructing the Lie algebra g, from its Cartan matrix. To be on the safe side, we restrict
ourselves to elements of degree up to 50; surely, the list of elements will terminate earlier, but
suppose we do not know when.

CartanMatrixAlgebra[gZ, {x, h, v}, (_23 _21), 50]

14

In the answer stands the dimension of the Lie algebra constructed.

We can ask the computer to tell us what is now known about the Lie algebra constructed:

About [g2]
Domain: Vector
Flags: {Vector}

Values: {BasisPattern—-_x|_h | _y, Dim- 14, PDim—- {14, 0}, Enum - 3, Bracket » Act, bracket - act,

GenBasis - {x1, x2, [x1,%2], [x2, [x1,x2]], [%2, [%2, [x1,%x2]]]), [[x1,%x2], [%2, [®1,x2]]]},
GenRel - {[x1, [x1,x2]] >0, [%2, [%2, [%2, [%1,%2]]]] >0}, GRange - 50}

m 2.4. Subalgebras and submodules

If there is no standard constructor of a Lie algebra or a module you need, the simplest way out
is to try to realize the structure needed as a substructure of one of the standard structures or, which
is more difficult, as a quotient. If the dimension is not too high, the basis (or, at least, generators)
can be listed explicitly and then you can apply one of the functions SubAlgebra, SubMod-
ule, RestrictModule, Ideal.

These functions, as well as CartanMatrixAlgebra, may be called computing construc-
tors. By generating the corresponding subspace by generators given (or testing its invariance) they
determine a new basis and recalculate the action table with respect to it (in particular, SubAlge—
bra enables one to execute a practically important change of a complicated basis with a one—index
one); at the same time, as a by—product, they compute and memorize the relations obtained.

O Example 2.4.1. Construct sl(2)®sl(2).
Let us realize sl(2)@sl(2) as a subalgebra of gl(4):

We are constructing g=gl(4). Its elements are g[i,j]:

VectorSpace[x, Dim - 4]
glAlgebra[g, x]

X 1s a vector space

g = gl(4)
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This is a list of 4 generators:
generators = {sl-»>g[l, 2], s2-»>g[2, 1], s3->g[3, 4], s4~>g[4, 3]}
{sl—>g1,2, s2>92,1, 83>93,4, s4>94,3}

Compute the subalgebra

SubAlgebra[s, g, generators]

s is a sublagebra in g

This is the basis of s:
Basis[s]

{s1, s2, s3, sS4, S5, S6}
This is the image of the basis of s in g:

Image([s]

{91,27 92,1+ 93,4/ 94,3, 91,1 —~ 92,2, 93,3 — J4,4 }
This is the basis of s in terms of generators:

GenBasis|[s]

{sl, s2, s3, s4, [sl, s2], [s3,s4]}

These are the relations between the generators:

GenRel [s]
{[sl, s3] ==0, [sl,s4] ==0, [s2,s3] ==0, [s2,s4] ==0, [sl, [sl,s2]] ==-2s1,
[s2, [sl, s2]] ==2s2, [s3, [s3,s4]] ==-2s3, [s4, [s3,s4]] ==2s4}

It is possible to bracket the elements of a subalgebra with the elements of the algebra (we get
an element of the algebra g):

Act[s[3], g[1, 3]]

-9J1,4

One may not, alas!, bracket the elements of the algebra with those of a subalgebra nor act with
a subalgebra on a module over the algebra. This action, however, is often needed and we will learn
how to do it in a roundabout way by setting:

Act[s[i_],m[j_]]":=Act[Image[s][[i]], m[j]].

O Example 2.4.2. Construct the standard o(4)-module.

Let us realize the standard o(4)-module as the restriction of the standard gl(4)-module on the
subalgebra 0(4) (consisting, depending on the initial problem, of skew—symmetric matrices or of the
matrices X such that X’ B+BX=0, where B is not necessarily the identity matrix, just an invertible
symmetric matrix).
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<not written yet>

(* now x is simultaneously gl(4) and o(4)-module *)

m 2.5. Vector equations

Consider gl(4) as a module over itself (with respect to the adjoint action).

glAlgebra[g, Dim - 4]

g = gl(4)

Suppose we wish to decompose it into irreducible submodules. For this, it suffices to find the
highest and the lowest weight vectors. In our case, it suffices to find either highest or lowest weight
vectors. Let us find the highest weight ones.

Let v be the expression of an arbitrary element of gl(4) with indefinite coefficients:

gsum = GeneralSum[c, Basis[g]]

cll]g1,1 +cl[2] 92,2 +c[3]193,3 +c[4]9a,4 +c[5]9g1,2 +c[6]9g2,3+c[7]g3,a+cC[8]g1,3+
c[9] 92,4 +c[10] 91,4 +c[11]gz,1 +c[12] 93,2 +c[13]gq,3 +c[14] 93,1 +c[15]gyg,2 +c[16]gg,1

The highest weight vectors are the vectors annihilated by (commuting with) g[1,2], g[2,3],
gl3.4]:

raise = {g[lr 2]/ g[zl 3]! g[3l 4]}
GeneralZero[raise, gsum, c]

{91,2+ 92,3, 93,4}

cll] 91,1 +cl[l]gz,2 +c[l]gs,3+c[l]ga,a+c[2]9g1,q

The latter expression means that there are two highest weight vectors: g; 4 (it generates sl(4))
and £ = g1 1 + g22 + 833 + 844 (it generates the one—dimensional center).

Let us describe the instruments for compilation and solution of equations in more
detail.

GeneralSum|c, {vi, ...}] declares the c[i] as scalars and returns the vector sum of v ,... with
indefinite coefficients c[1],...

Let now equ be a vector equation (vecl == vec2) containing unknown scalars of the form c[i];
let s be an indefinite sum from the previous paragraph. Then GeneralSolvelequ, s, c] solves the
vector equation equ for unknowns c[1],... , substitutes the solutions found into s, renumbers the
remaining unknowns without gaps and returns the expression obtained.

GeneralZero|g, s, c] solves the equation Act[g, s] ==0 (or a system of equations if g is a
list). The result is the same as that of GeneralSolve. The parameter s may be a list of vectors, in
which case an indeterminate sum with coefficients c[{] is taken.

We could have spared the computation of, say gsum, in the previous example but write immedi-
ately GeneralZero[raise, Basis|g], c]. The result would have been the same.

GeneralReducels, c] eliminates the surplus coefficients in the indeterminate sum s, renum-

bers the remaining coefficients and returns the result. It is convenient to use this function when the
s

ad(g[l1, 2])
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GeneralReducel[s, c] S
dimension of the space with elements of the form s is smaller than the number of the coefficients.

For example, suppose we wish to find out the dimension of the image of the operator
ad(g[1, 2]). Compose gsum as in the last example and execute the command

GeneralReduce[Act[g[1l, 2], gsum], c]

-c[1]g1,2 +c[2] 91,3 +c[3] 91,4 +c[4] (91,1 - 92,2) —c[5]g3,2 ~c[6]9s,2

We get an expression with 6 indeterminate coefficients, so, clearly, the dimension of the image
is equal to 6.
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m 3. Algebras and superalgebras: tougher problems

m 3.1. Superspaces: superdimension and parity. Gradings and weights

A powerful tool for computation of Lie algebra cohomology are various gradings of both the
Lie algebra under the study and the module of coefficients, e.g., parity, degree, weight. In SuperLie
the gradings are realized as functions on the elements of the spaces. To determine these functions, it
suffices to give their values on the basis elements or on the generators (for an algebra or a module);
their value on the other elements is defined via linearity by means of the bracketing or via action.

It goes without saying that a grading thus defined may turn out to be self—contradictory. Super-
Lie does not trace the contradictions and will return a chance result, so watch out!

To be graded (homogeneous) is a property of the operation that can be appointed or cancelled.
If the operation Op is graded, the following rule applies:

Deg[Opla, b]] = Degla] + Deg[b]
for all types of gradings. To see if the operation Op is graded, apply the function GradedQ.

Observe that the superstructuring or producing constructors endow the space produced with a
grading using the gradings of the initial spaces. Therefore to determine, for example, a grading on
the Poisson algebra given on a space sp, amounts to the sequence of the following operations: to
define the weights on this space sp, then construct its symmetric algebra S*(sp) with the grading
induced, and then make S* (sp) into the Poisson algebra with the new grading induced from S*(sp).

Parity. This is the grading —— called P —— by residues modulo 2, i.e., its values are 0 or 1. It is
given, as any grading is always given, on the basis elements of the space or on the generators of the
algebra or the module. When given, the Sign Rule is automatically taken into account in all products
(brackets). If parity is not given but should be taken into account, the answers will contain factors of

the form (- 1)

The simplest way to determine a parity is to declare simultaneously with the announcement of
the space the list of dimensions of the even and odd parts of the space with the help of the optional
argument Dim. For example, VectorSpace[v, Dim — {6, 14}] makes the first 6 elements of the basis
— v[1] to v[6] — even the other 14 — v[7] to v[20] — odd. This was a description of the basis of
the superspace in the standard format. For a nonstandard basis, Dim lists the dimensions, starting
with even vectors, e.g., Dim — {0, 3, 14, 15} makes the first 3 and the last 15 elements of the basis
odd, the rest of the basis vectors even.

Observe that declaring Dim — (6| 14) we determine a superdimension without affecting the
parity of the basis elements!

In either case the first and/or the last elements of the list of arguments of Dim may be Infinity,
determining an infinite dimension of the component.

Another method to determine parity: explicitly determine the list of parities of 0’s and 1°s after
the argument PList. For example, the arguments PList - {0, 1, 1, 0, 0, O} and Dim — {1, 2, 3} are
equivalent.

Determined on a basis, the parity becomes a property of the space v. To see the lists of dimen-
sions and parities determined on v, type PDim[v] or PList[v]. The function P returns the parity of

Gl ist => {o;, o0, )
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PList PList — {0, 1, 1, 0, 0, O} Dim - {1, 2, 3}
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v PDim|[v] PList[v]
the element.

Grading is a generic term to denote any grading by means of scalars, usually integers, but
noninteger and other scalar variables and expressions may be used. Same as parity, the grading is
always given on the basis elements of the space or on the generators of the algebra or the module.
The parameter GList —> {g|, g». ..} in the constructor determines the grading of the basis elements
or generators while the function (property) cList[sp] returns the list of the gradings of the elements
(generators) of the space sp. By default the grading of the generators of the algebra are equal to 1,
those of the module over the algebra are equal to 0. The function Grade returns the grading of the
element.

The grading is used as a powerful tool for subdivision of the infinite dimensional space into
finite dimensional components. The parameter Grade — d restricts the computation of the genera-
tors and defining relations with grading d. This is convenient in the study of spaces (algebras, mod-
ules) whose dimension is infinite or just huge, e.g., enveloping algebras. The function pim[sp]
returns the dimension of the space, while pim[sp, d] returns the dimension of the component of
grading d. The function PDim behaves similarly.

Weight is the grading by means of a list of scalars. Weight is determined and called in the
same way as parity and grading with the help of the parameter and function WList. The function
Weight returns the weight of the element.

m 3.2. Spaces-relatives. The tensor space

The space, not a superspace, has two relatives: itself and its dual. For the superspace over
complex numbers there are 8 relatives: one can (1) change parity, (2) consider linear functions
acting on the left or on the right, (3) consider even and odd linear functions. (Over reals, one can
also consider different linearities (linear and antilinear) over complex numbers. So far, we did not
consider this case.)

If the space is a module over a Lie superalgebra, then all its relatives are also modules over the
same Lie superalgebra. There is a constructor for each of the spaces—relatives; all of them are listed
above. The list of the declared relatives of the space in the order indicated is a property of the space,
one can get it by means of the function Relatives. This list always contains 8 elements; the nonde-
clared spaces should be replaced with None.

Observe that if a basis of the initial space is a one—indexed one, the respective basis of the
spaces—relatives will be indexed accordingly.

An important example: w = DLeft[v], the space of differential 1—-forms on the superspace v.
Accordingly, the expression w[i] Aw[j] is a 2—form, w[i] A w[j] A w[k] is a 3—form,and so on. If v is
an algebra, then the exterior algebra of exterior forms is automatically endowed with a derivation,
the exterior differential, Der. This Der is defined on the space of 1-forms and its values lie in the
space of 2—forms and the coaction and further extension to higher forms are defined via Leibniz rule.
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m 3.3. Vector operations. Tensor products

The constructor TensorSpacelt, v{comp, ...}, options...] constructs the space ¢ of tensors
over v, by tensoring the components indicated. All these components must be relatives of v.
Observe, however, that all the elements of ¢ are of the form ¢[i, j...], in other words, their expression
never uses the fact that they are tensor products and the sign of tensor product is never used to
express them.

SuperLie has no ready—to—use constructor for the associative tensor algebra, however, the
tensor product operation ® (other name — tp — is used for compatibility with the version for Mathe-
matica 2.2) allows for any number of factors, is associative multi—linear by default and possesses a
unity Id (i.e., [d®v = v®Id = v for any vector v). So we can, actually, perform actions in the tensor
algebra. Usually, one uses ® to multiply (to tensor) elements of the same space. The tensor product
of n copies of the same element x can be expressed as x*®n or x®" (in full format: t Power[x,n]).
Observe, however, that by default x*®0 is not replaced with Id.

When we wish to (point out that we) tensor elements from different spaces, we should use the
formal tensor product. The operation *x (full name NonCommutativeMultiply) is used in this
case. This operation is binary (hence, one should not worry about associativity), is not linear by
default, and does not recognize vector unity Id (i.e., neither v xx Id not Id = v are replaced with v).
Its only by default property is ZeroArg, i.e., formal tensoring by 0 gives a 0.

Instructive examples. 1. The constructor VectorLieAlgebrala, v] constructs the algebra a
with a basis consisting of expressions w[i], v[j] «x*v[i], (v[j]*v[k]) == w[l], where w is the space of
left even linear forms on v.

2..The space of 2—cochains on g with values in the module m has for a basis elements of the
form a == (dg[i] A dg[j]), where dg is the space of left odd forms on g.

It is usually convenient to endow =# with "linearity with respect to one argument" property
(say, in the last example, with respect to the second argument). This enables one to get the answer in
a compressed, simplified, form, e.g., (4 a + b) == dg[i] A dg[/].
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O Act

act is the default name of the bracket operation in Lie (super)algebras and the action of alge-
bras on modules.

act[gr, g2] for elements g, g, of a Lie (super)algebra is the bracket operation in this algebra.

act[g, v] for an element g of the algebra and an element v of the module over the algebra is
the action of g on v. The name of the operation can be different, act is only the default name.

The properties of act are Vector, Linear, Graded, Jacobi—{CircleTimes,VTimes}. The
output format of act[x, y] is [x, y].

O act

act[g1, 2] and act[g, v] represent the unevaluated operation Act.

O Additive

additive[f] constitutes the automatic additive expansion of f:

flowx+y, .= floux, o+ flony, ]

Additive[f — First] and additive[f — Last] see to that the function f is only additive in the
first (last) argument.

Here + denote either P1us or vPlus depending on the definition of the function f. This prop-
erty can be assigned to functions that are declared having a11 (resp. First, Last) Scalar Or Vector
arguments and scalar or vector values.

See also AdditiveRule, UnAdditive.

O AdditiveRule

additiverule[ f] is the replacement rule for the additive expansion of f:
flewx+y, .= fl..x, .1+ fl.,y ..l
AdditiveRule[f, First] and additiveRrule[f, Last] are rules for the additive expansion of the
first (last) argument of f.
The rule is valid for functions that are declared having a11 (resp. First, Last) Scalar Or
vector arguments and scalar or vector values.
See also additive, UnAdditive.

o AddSplit

addsplitle;, ez, ...] adds the terms of splitted sums e, e, ... with equal keys and returns the
merged splitted sum.
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O Algebra

Algebralg, options] defines the vector space and algebra g. The operation on g should be
defined explicitly.

Algebra — g is an option for some module constructors. It specifies the algebra acting on the
modules in consideration.

O AlgebraDecomposition

AlgebraDecomposition[F, g, {hy, ...}]] — defines the decomposition F': g — h; +... of the Lie
(super)algebra g in the sum of subalgebras h;, ... . (The sum should be the direct sum of vector
spaces).

O AntiSkewSymmetric

AntiskewSymmetric[f] introduces the automatic sorting of arguments of f using super—anti—
skew symmetry f[ .., y, x, ..] = — (=D)IFPEDAPID g0 oy .

O AntiSkewSymmetricQ

AntiskewSymmetricQ[f] returns True if f was declared anti—skew—symmetric.

O AntiSkewSymmetricRule

AntiSkewSymmetricRule[f] is the replacement rule for sorting of arguments of f using super—
anti—skew symmetry f[ .., y, x, ..] = — (= )IFPEDAEPOD o1 Sy oy 1.

O AntiSymmetric

antisymmetric[f] introduces the automatic sorting of arguments of f using super—antisymme-
try fl.,v,x .1 = — (DL £ x oy, .

O AntiSymmetricQ

AntiSymmetricQ[f] returns True if f was declared antisymmetric.

O AntiSymmetricRule

AntisymmetricRule[f] is the replacement rule for sorting of arguments of f using super—anti-
symmetry f[..,y, x, ..] - —(—I)P[“‘]PM fl.,xy .1

O ApplySplit

applysplit[f, e] applies function f to terms of the splitted sum or list e.
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O ArgForm

argForm[controlstring] [ f[x, ...]] is equivalent to stringForm[controlstring, x, ...]. It is used
as value of format options, e.g.,TexsArgForm["\\left [*1',\\, ‘2 " \\right]"].

o Auto

auto is the default value for some options.

m B

O Basis

Basis[V] returns the basis of the space V. Basis[V, d] returns the basis of the d—th grade
component of the space V.

O BasisPattern

BasisPattern[V] returns the pattern for basis of the space V. This pattern matches all elements
of the basis of V. No other expressions matching this pattern should be used in calculations.

o Bb
Bb[x, y] is the Buttin bracket (operator).

O bb

ob[x, y] is the Buttin bracket (unevaluated form).

O bracket

bracket[g] returns the name of the unevaluated form of the bracket in Lie algebra g.
bracket[g, m] returns the name of the unevaluated form of the action of the Lie algebra g on the
module m (not implemented yet).

O Bracket

Bracket[g] returns the name of the bracket in Lie algebra g. Bracket[g, m] returns the name
of the action of the Lie algebra g on the module m (not implemented yet).

O BracketMode

BracketMode[m] returns the method of the definition of the bracket operation on the algebra or
of the action of the algebra on the module. The valid modes are Regular or Tabular.
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O ButtinAlgebra

ButtinAlgebra[g, {x, y}] defines a Buttin algebra g, the algebra of polynomials on
X1, wes Xn» Y15 ---s Yo With the standard Buttin bracket. The spaces x and y should be declared with
the same dimension. For every i the parities of x; and y; should be different.

mC

O CartanMatrixAlgebra

CartanMatrixAlgebralg, {x, h, ¥}, matr, range] defines a Lie (super)algebra g with given
Cartan matrix matr. Its elements are named h; (Cartan subalgebra), x; (of positive weight), y; (of
negative weight). Computations go up to terms of degree range. The parities P[x;] and grading
Grade[x;] of positive generators may be defined by options prist — {p;, p2, ...} and
GList = {g1, &2, ...}. The option Grade — g limits computations up to terms of grading (degree) g.

o CartanTriade

CartanTriade[g] = {9+, 9o, -} is the decomposition of algebras into 3 subalgebras
g—9g: @ go D g, the components of positive, zero and negative weight.

O CircleTimes

v ® v ® ... denotes the tensor product of e}, e, , ... as operation in tensor algebra.

O CleardSymbol

Cleardsymbol[] clears the symbol that was used as differential operator.

O Coleft

coLeft[m] returns the name of the space of left even linear form on m, or None if this space was
not defined.

coLeft[m — [] builds the module | on the space of left even linear form on m. The function is
implemented only for finite—dimensional modules with one—indexed basis.

coLeft — | is the options to the vectorspace.

O CommutativeLieAlgebra

CommutativeLieAlgebra[V] defines on space V' a Lie bracket [v;, v;] =0.

O ComplList

If V={v;, .} i1s an n-indexed tensor space declared with constructor TensorSpace,
compList[V] returns the list of vector spaces—components of the tensor space V.
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o Components

For an algebra (module) m with Regular bracket (action of the algebra) components[m] returns
the list of the regular components of m.

o CondOp

CondOp|domain] returns the name of a conditional operation with values in the domain. This
operation is defined as

value, if cond == True,
op|cond, value] := | 0, if cond == rFalse,
unevaluated, otherwise.

The conditional operation is involved in symbolic processing.
CondOp|domain —> name] defines this operation.

O ContactAlgebra

ContactAlgebra[g, x, ] and ContactAlgebra[g, x, t, {{c1, i1, jl}, s $Cms T ]m}}] define
the Lie (super)algebra g as the contact algebra of the polynomials in x; ,... and 7.

ContactAlgebralg, {p, ..., q}, t] defines the contact algebra of polynomials in p;, ... g,, f.
The Poisson bracket on x or {p, ...q} is also defined. The spaces x or p, ..., ¢ should be already
defined (as for PoissonAlgebra).

O ContactK

contactk[g] 1s the operator from functions to vector fields (implemented as differential opera-
tors) associated with the bracket in the Contact algebra g.

O CoRight

coright[m] returns the name of the space of right even linear form on m, or None if this space
was not defined.

CoRight[m — r] builds the module r on the space of right even linear form on m. The function
is implemented only for finite—dimensional modules with one—indexed basis.

CoRight - I is the options to the vectorsSpace.

O CTimes

crimes[op] declares new "Coefficient Times" operation that may be used instead of =xx
between coefficient and vector parts of forms, vector fields, etc. cTimes —> op is an options that
indicates such operation.

mD

oA
Alg] is the Laplacian in the algebra g.
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O DateString

DateString[] returns a string representing the current date and time.

O DecompositionList

DecompositionList[g, f] returns the list {g;, ...} of subalgebras in the decomposition f of
subalgebra g; @ ... C g. The bracket operation is defined for any pair of elements in g; & ... .

O DecompositionRule

expr /. becompositionRulelg, f] replaces the elements of the basis of g in the expression expr
with their images under decomposition f:g—g; & ... .

O DefSubAlgebra

DefSubAlgebralh, g, {g1, ...}] — defines the subalgebra h of the Lie (super)algebra g on the
vector space Span(g;, ...) C g. The space should be closed with respect to the bracket in g.

The bracket in the subalgebra is defined in Tabular form. It is fastest for calculations and
supported by all functions in SuperLie package.

Option split—f instructs to split the space in order to accelerate calculations.

O Deg

Deglexpr, x] returns the degree of x (or all elements matching pattern x) in vector expression
expr. If the expression is not homogeneous, the result is Mixed.

O DegreeBasis

DegreeBasis[deg, vars] returns the list of elements of degree deg in the symmetric algebra of
variables vars. DegreeBasis|[deg, vars, op] uses op instead of vrimes. The operation op must be
Flat and Listable.

O DegTimes

DegTimes[op] introduces the property peglop[vy, ...v,], X] = peg[vy, x] + ... + Deg[v,, X] .

O Delta

I, ifx=y

Delta[x, y] = {0’ ifxqty'
Delta[x] = peltalx, O].
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O Der

per[w] is the exterior derivative of the form (multilinear function) w with trivial (scalar) coeffi-
cients.

Der[m ** w] is the exterior derivative of the form m #x w with coefficients in a module.

The form w may be an odd left form on a Lie algebra or an exterior product of such forms; m
must be an element of a module over the same algebra. The derivative of O—form with coefficients
in a g—module is written as bero[m, g].

O der

der is the passive form of the exterior derivative Der.
Properties: Linear—-First

O Der0

per0[m, g] is the exterior derivative of the O-form m s wedge[] with coefficients in a
g—module.

O DiffAlgebra

DiffAlgebralg, V] defines g as the algebra of differential operators on the space V. The
option b —» d defines the notation for partial derivative: aa—xis denoted by d[x]. The option

Bracket — b declares the name of the supercommutator with respect to the standard parity induced
by that of V. The default options are b — d and Bracket — Dc.

O Dim

pim[v] returns the dimension of the vector space v.

Dim[v, n] returns the dimension of the components of degree n of the space v.

pim — d 1s the option of space constructors that defines the dimension of the constructed
space. The value of d may be

® a non—negative integer, a scalar expression or Infinity. The result will be an even vector space of a given
dimension.

m (dy | dy), where both dy and d; are non—negative integers, Infinity, or symbolic expressions. The result
will be a superspace of given dimension. The parity of the elements of the basis are not defined (except for the case
when dy == 0 ord; ==0).

m{dy,d,dr, .., dy,}, where all the d; are non—negative integers with two exceptions:

(D dy (ord; ifdy =0) may be Infinity and

(2) d,, may be a symbolic expression or Infinity. The first dy elements of the basis of the created space
are even, the next d; elements are odd, the further d, elements are even, and so on.

o Div

The options piv—operation of function vectorLieAlgebra gives the name the divergence of
(poly)vector fields. The default name is also piv.
piv[v] calculates the divergence of the vector (or polyvector) field v.
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O DLeft

pLeft[m] returns the name of the space of left odd linear form on m (differential forms, for
short), or None if this space was not defined.

pLeft[m — d] builds the module d on the space of left odd linear forms on m (differential
forms). If m is a Lie algebra, preft also defines the exterior derivative per : d — d Ad. The func-
tion is implemented only for finite—dimensional modules with one—indexed basis.

preft — d is the option of the vectorspace.

O dNormal

dNormall[e] gives the standard form of differential expression. The multiplication of vectors is
interpreted as a composition of differential operators. See also dSortRule, dSymbol, DiffAlgebra,
and vNormal.

O DPrint

pprint[level, data ...] prints data (using print) if $DPrint = level. See also $DPrintLabel.

O DRight

DRight[m] returns the name of the space of right odd linear form on m, or None if this space
was not defined.

DRight[m — md] builds the module of right odd forms on m.

DRight — d is an option of the vectorspace.

O dSortRule

e //. dsortrule sorts the terms in the differential expression e: d[x]x — xd[x]+ 1, where the
symbol d is defined by the function dsymbo1l or option b of DiffAlgebra.

O dSymbol

dsymbol[d] assigns the symbol used as differential operator: d[x]" represents the differential
operator 667.

mE

O EnvelopingOperation

EnvelopingOperation[times, power, brk, order] defines times to be an operation in envelop-
ing algebra with Lie bracket brk. The argument power is the power operation corresponding to
times. The parameter order is an user—supplied function that defines the what will be called in what
follows the canonical order: order[f, g] returns True if f and g are in the canonical order. (In other
words, the user defines any order in the enveloping algebra and it will be called canonical as a point
for reference.) The parameters power, brk and order are optional; the default values are None, Act
and the value of $EnvLess, respectively.
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O EnvelopingSymbol

EnvelopingSymbol[symb, mult, brk, order] introduces notations: symb| ...] for the elements of
basis of an enveloping algebra, mult[ ...] for the multiplication in enveloping algebras with bracket
brk. The user—supplied function order[f, g] should return true if symb[f, g] is in the canonical
order in the enveloping algebra.

O EnvNormal

EnvNormal[e] gives the standard form of an element e of the enveloping algebra with multiplica-
tion vTimes and bracket act. The factors in the vector products are sorted (see sort) using ordering
function $EnvLess.

EnvNormal[e, p] uses p as an ordering function. The ordering function p is defined so at the
value of p[x, y] is True if the factors x and y should appear in the products in that order.

See also vNormal.

o EnvSortRule

e //. EnvsortRule sorts the terms of the multiplication in the enveloping algebra (with multipli-
cation vTimes, bracket Act and order function $EnvLess) into the canonical order.

O EulerOp

Eulerop[g] is the Euler operator in the algebra g.

o ExpandOp

ExpandOple, op] expands the operation op in the expression e as a (noncommutative)
multiplication.

O ExpandOpRule

e //. Expandoprule[op] expands the operation op in the expression e as a (noncommutative)
multiplication.

O ExteriorAlgebra

ExteriorAlgebra[{), x] defines the exterior algebra on the space x. Options change the opera-
tion names: Wwedge —exterior product, ber —derivative, CTimes —the multiplication in x-dx. The
PiRight relative of x should be defined.

mF

O FDIm

rpim[V] returns dimension of the vector (super)space V formatted for output.
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O FilterBasis

FilterBasis|d, {x1, ..., X,}] returns the list of elements of grade < d in the symmetric alge-
bra in indeterminates {xj, ..., x,}. The grades of the x;, .., x, must be predefined.
FilterBasis|d, {xi, ..., X,}, op] uses op instead of vTimes. The operation op must be riat and
Listable.

O ForSplit

Forsplit[{expr, memb, cnt}, body] or rorsplit[{expr, sel » memb, cnt}, body] evaluates
the body for each term of the splitted sum or list expr. The variables sel and memb are assigned to
the current values of the selector and the member of the expr, respectively. The optional cnt is the
loop counter. The functions Break[], continue[] and Return[value] can be used in the body.

O FreelLieAlgebra

FreeLieAlgebralg, {g1, .--&n}, {r1, .- 7%}, range] defines the (super)algebra Lie g generated
(as free algebra) by the elements g;, ..., g, modulo relations ry, ... ;. Options Grade - {d;, ...d,}
and pList = {p;, ..., pn} define, respectively, the degrees and parities of the generators. All compu-
tation are made for elements with degree < range.

mG

o GenBasis

GenBasis[g] returns the representation of the basis of g in terms of (free) generators. This list is
prepared by some space constructors.

O GeneralBasis

GeneralBasis[V, ¢] converts a general sum v = ¢y v; + ... + ¢, v, with arbitrary vector expres-
sions vy, ..., v, into the list {v;, ..., v, }.

O GeneralPrelmage

GeneralPreImagelf, X, ¢, y, d] calculates the projection of x =c¢; x; +¢; ¥ ... to the preim-
ageof y=d; y; +d; y, ... under f.

O GeneralReduce

GeneralReduce[v, c] eliminates insignificant coefficients in the general sum v=rcje; +... ,
renumbers the remaining coefficients and returns the result.

o GeneralSolve

GeneralSolvelequ, v, c] solves the vector equation equ for ¢y, ..., substitutes the found coeffi-
cients ¢y, ... in the general sum v = ¢| e; + ... , renumbers the remaining coefficients ¢; and returns
the result.

Generalsolvelequ, Vv, ¢, a] solves the equation eliminating the scalar coefficients ay , ... .
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O GeneralSum

Generalsum[c, {vi, ...}] returns the general linear combination c¢; v; +... and declares c;
scalars.
Generalsum[c, {vi, ...}, f] returns the general linear combination v =c; v{ + ... such that

fIv]=0.

o GeneralZero

GeneralZerolg, Vv, ¢, brk] returns the general solution of brk[g, v] with coefficients ¢y, ... .
The g is an element or a list of elements of an algebra g; v is either a list of vectors in the g—module
or a general sum with coefficients ¢; . The default value for brk is act.

o GenRel

Genrel[g] returns the list of relations between the generators of g. This list is prepared by some
Space constructors.

O glAlgebra

glalgebralg, V, options] defines g as a matrix Lie (super)algebra on the space
V.

glalgebralg, options] defines g as Lie (super)algebra of square matrices; the size of matrices
and the parities of rows are given by options Dim Or PList.

O GList

GList — {d;, ...} is the optional parameter of some space constructor functions. It is the list of
degrees of generators of the new space.

o GPlus

GP1lus is the name of "+" in the Common domain. The operation + is treated as cp1us when (a)
not all operands are defined as Vectors or Scalars, or (b) a scalar is added with a vector. The
operation Gplus is automatically replaced with vp1us if all operands become vectors and with p1us
if all operands become scalars.

o GPower

GPower is the name of the power operation in the Common domain. The operations ab and a®
are treated as Grpower when a is not defined as either Vectors or Scalars.

The operation crower is automatically replaced with vPower when a is a vector and with power
when a is a scalar.

O Grade

For a graded object m, the value Grade[m] is the grading (degree) of m.
Grade — {d;, ...} 1s an option for space constructors.
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O GradeBasis

GradeBasis[d, {x;, ...x,}] returns the list of elements of grade d in the symmetric algebra in
X1, ...X,. The grades of the indeterminates must be predefined. cradeBasis[d, {xi, ...x,}, op]
uses op instead of vTimes. The operation op must be Fiat and Listable.

0 Graded

Graded[op] introduces the property Grade[a~op ~b] = cradela] + crade[D].

O GradedKerSpace

GradedKerspace[U, V, f] calculates the subspace U ={v e V| f(v) ==0}. Here fis a linear
function or a list of linear functions on V. The oprions From — degree and To — degree restricts the
calculations to the specified degrees (the defaults are 0 and Grange[V], respectively).

O GradedQ

Gradedg[op] returns True if the operation op is graded.

O GRange

GRange — n 1s an optional parameter for space constructors. It restricts the calculations to the
range n (the range of generators must be given). GRange[V] returns this limit. The results of opera-
tions in V are evaluated only if their grades are < Grange[V].

o GTimes

GTimes 1S the name of multiplication in the Common domain. The operation * is treated as
cTimes when not all operands are defined as Vectors or Scalars. The operation GTimes is
automatically replaced with vTimes, svTimes, and Times, when all operands become vectors or
scalars.

mH

O HamiltonianH

HamiltonianH[g] is the operator from functions to vector fields (implemented as differential
operators) associated with the bracket in the Poisson algebra g.

O Homogen

Homogen[f — r] introduces the property f] ..., cxv, ...] = ¢" = f[..., v, ...] for a scalar ¢ and a
vector v. Except for the case r = 0, the function f should be declared as vector or scalar.

Homogen[ f] is equivalent to Homogen[f — 1].

Homogen[f — First] and Homogen[f — Last] introduce homogeneity (with degree 1) in only
the first or only the last argument of f.
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O HomogenRule

HomogenRule[f, r] is the replacement rule f[..., cxv, ...] = ¢ = f[..., v, ...], where ¢ is any
scalar and v any vector. The parameter r is optional, the default value is 1.
HomogenRule[f, First, r] and HomogenRule[ f, Last, r] act only on the first/last argument of f.

o HWModule

HWModule[m, g, w] builds the irreducible g—module m with highest weight w. The algebra g
should be expressed as the direct sum of spaces g = g, @ go @ g- using functions Decomposition-
List and DecompositionRule Wwith CartanTriade as the name of the decomposition.These func-
tions are defined by some constructors of Lie algebras. The function Grade should be defined on g
and should agree with decomposition (the sign of the grade should discriminate the parts). The
function weight should be defined on g and should agree with Cartan subalgebra go:

[hi, g] = weignt[g][i] g.

HWModule[m, g, w, Grade — r] makes all calculations down to degree —r. The algebra g
should be graded. The degree of the highest vector is assumed to be 0.

HWModule[m, g, W, Grade — F, Factor — False] builds the Verma module with given highest
weight (does not make the quotient modulo the maximal submodule).

Option order - {y1, ..., ¥} gives the order in which the elements of g_ should appear in the
expressions of the basis of m in terms of generators of U(g_-). Default order is given by Basis[g-].

Option P — p gives the parity of the highest vector (default is 0).

O ldeal
Idealli, g, {g1, ...}] defines the ideal i in the Lie (super)algebra g, generated by elements g,

o Image

Image[V] returns the list of images of basis elements of V if V is defined as a subspace
(subalgebra, submodule).

O InSpace

If a space V is defined as subspace (subalgebra, submodule), tnspace[V] returns the name of
the ambient space.
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mJ

O Jacobi

Jacobilf — g] introduces the property (f acts as a bracket in Lie superalgebra):

flx, gy, y2, A1 = glflx yil v, ] £ gl flx y2], ] = o

Jacobil[f — {g1, ...}] introduces this property for every g; .

O JacobiRule

JacobiRule[f, g] returns the rule which expands f[x, g[x;, ...], ...] into the sum of
+g[..., flxi, ...], ...] (like the bracket in the Lie superalgebra).
Jacobirulelf, {g1, ..., gk}] returns the list of rules for function gy, ..., gx .

O JoinSplit

Joinsplitler, €3, ...] joins terms of splitted lists ey, e;, ... .

m K

o0 Kb

kb[x, y] is the Contact bracket (the operator in the contact algebra).

O kb

kb[x, y] represents the Contact bracket (the operator in the contact algebra) but is not
unevaluated.

O KerSpace

Kerspace[U, V, f] calculates the kernel subspace U ={v € V| f(v) ==0}. Here fis a linear
function or a list of linear functions on V.

mL

o Lb
Lb[x, y] is the Lie bracket (the bracket in the Lie (super)algebra of vector fields).

o lb

1b[x, y] represents the Lie bracket (the operator in the algebra of vector fields) in the unevalu-
ated form.
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O LDer

Lper[e, x, ptrn] calculates the left partial derivative of expression e with respect to x. The
pattern ptrn should match all independent and none of the dependent variables.

O Leibniz

Leibniz[f — g] introduces the property (f acts on g as a derivation of parity p[f]):

feglxy, xp, ...]=glf@x, x2, ...] £glxi, f@xy, ..] £ ....

Leibniz[f — {g1, ...}] introduces this property for every g; .

O LeibnizRule

LeibnizRule[f, g] returns the rule to expand f[g[x;, ...]] into the sum of + g[ ..., f[x;], ...]
(so f acts like the derivative of parity p[f]).
LeibnizRulelf, {g1, ..., g }] returns the list of rules for function g, ..., g« .

O LieAlgebra

Options[LieAlgebra] holds default options for constructors of Lie algebras.

O Linear

Linear[f] introduces the (multi)linearity of f. The linearity is equivalent to the union of 3
properties: Additive, Homogen—1 and ZeroArg.

Linear[f — First] and Linear[f — Last] introduces linearity only in the first/last argument.

The function f should be declared vector— or scalar—valued and having all (resp. first, last)
vector argument.

O LinearChange

LinearChangelexpr, rule] applies the rule (that may be also a list of rules) to the linear compo-
nents of expr in an attempt to transform the expression.

O LinearCollectRule

LinearCollectRule[f] returns the list of rules that may be used to collect together the term in
the sum f[x, yi, ..] + flx2, y2, ..] + ... wich differ in one argument only.

LinearCollectRule[f, First] and LinearCollectRule[f, Last] return the rules for linear
collecting in the first or last argument of f.

The function f should be declared vector— or scalar—valued and having all (resp. first, last)
vector argument. Though the function f is (mathematically) linear, it should not be declared linear,
homogeneous or additive.
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O LinearRule

LinearRule[f] returns the list of rules for (multi)linear expansion of expressions containing

fI.1.

LinearRule[f, First] and LinearRule[f, Last] return the rules for linear expansion in the
first/last argument of f only.

The function f should be declared vector— or scalar—valued and having all (resp. first, last)
vector argument. It should not be declared linear.

O LogPower

LogPower[ f] introduces the property f[x"] = r=* f[x]. The function f should be declared vec-
tor— or scalar—valued.
LogPower[ f — op] introduces the property f[x"]| = op[r, f[x]].

O LogPowerPule

LogPowerRule[ f] returns the rule f[x"] - rx* f[x]. The function f should be declared vector—
or scalar—valued.
LogPowerRule[ f, op] returns the rule f[x"] - op[r, f[x]].

O Mapping

The option Mapping — f instructs the sub— and quotiontspace constructors to define fn as a
mapping function (immersion or projection).
Mapping[U, V] returns the last defined map U— V.

O MappingRule

MappingRule[U, V] is a replacement rule that implements the last defined Mapping U— V.

O MapSplit

Mapsplit[f, e] applies function f to the member of lists — the terms of splitted list e.

O MatchList

MatchList[e, p] returns the list of different terms in expression e, matching the pattern p.
MatchList[e, p, f] returns the list of values of different values of f[rerm].

o Mb

Mblx, y] is the Moebius bracket (the operator in the Moebius—Poisson superalgebra).
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O mb

mb[x, y] represents the unevaluated Moebius bracket (the operator in the Moebius—Poisson
superalgebra).

O MergeSplit

MergeSplit[fn, ej, ey, ...] merges splitted expressions (lists or sums). The terms ¢, ...t,
with the same selector are merged using fn[t;, ...1,].

o Mixed

The functions Parity and Deg return Mixed if the argument is not homogeneous.

O MLeft

MLeft 1S the first item in the list of relative spaces that denotes "the space itself".
MLeft[m] returns m for any vector space m.

O MoebiusAlgebra

MoebiusAlgebralg, {x, 6, t}] defines the Moebius—Poisson superalgebra g as the algebra on the
space of polynomials in xy, ...x,, 6, and ¢t. The x may be also a list of components, as in
PoissonAlgebra.

O MRight

MRight[m] returns the name of the module II®m ® I1, where Il is the 1-dimensional trivial
odd module, or None if this module was not defined.

MRight[m — r] builds the module r = II® m ® I, where I1 is the 1-dimensional trivial odd
module.

MRight — 1 is an optional parameter to the constructor vectorsSpace.

m N

O NewBracket

NewBracket[op] prepares op to be used as the bracket in a Lie superalgebra.

o0 NewBrace

NewBrace[op] prepares op to be used as the bracket in a Lie superalgebra.

O NewOverscript

NewOverscript[op, "s"] introduces an overscript notation for op[x] «— X in the standard and
traditional formats.
NewOverscript[op, "s", sTeX] introduces also TeX notation for s.
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o NewPower

Newpower[op, "s "] introduces superscript notation for op[x, r]<—x*"in the standard and
traditional formats and x”s r for the output format and for the input in any format. The s should be a
single character (not a letter or digit).

n n

Newpower[op, "s", sTeX] introduces also TeX notation for s.

O NewRelative

NewRelative[relation, V —> W] creates and attaches a new relative to the family of spaces—rela-
tives. The first argument is the relation of the new space W to the old space V. The valid relations
are CoLeft, MRight, CoRight, PiRight, DLeft, PiLeft, DRight.

O NewSuperscript

NewSuperscript[op, "s"] introduces superscript notation for op[x] «— x* in the standard and
traditional formats.
NewSuperscript|op, "s", sTeX] introduces also TeX notation for s.

o NGen

NGen[m] is the number of generators of the module or algebra m.

mO

o Ob
oblx, y] is the odd Contact bracket (the operator in the "odd" contact algebra).

O ob

ob[x, y] represents the unevaluated odd Contact bracket (the operator in the "odd" contact
algebra).

O OKAlgebra
OKAlgebralg, {x, y, t}] defins the "odd" Contect algebra g as the contact algebra of the polyno-
mials in xi, ..., X,, ¥1, ...y, and ¢ with the odd contact bracket {., .}, , . The Buttin bracket

{., .}3,. is also defined. The spaces x and y should be already defined (as for Buttinalgebra).

O Operator

If s denotes the passive form of some operator, operator[s] returns the name of the active
form of the same operator.

O OpSymbol

If s denotes the active form of some operator, opSymbo1[s] returns the name of the passive form
of the same operator.
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O Output

output[v = f] defines the fomat of exprerssion v[...] in the Output form as f[v[...]]

output — f 1s an optional parameter to space constructors that defines the output format of the
space elements.

mP

oP

p[v] returns the parity of the even or odd vector v. For mixed (inhomogeneous) vector the
result is indefinite.

O Parity

parity[v] checks if v is a homogenious vector and returns its parity. For Inhomogeneous
vectors, and when checking fails, it returns Mixed.

O PartSplit

Partsplit[expr, sel] and partsplit[expr, sel, default] return the part of splitted expression
expr with given selector sel or the default if the part not found. The default value for default is 0.

o Pb

pblx, y] is the Poisson bracket (the operation in the Poisson algebra).

O pb

pblx, y] represents the unevaluated Poisson bracket (the operation in the Poisson algebra).

o PDim

ppim[V] returns the list {evenDim, oddDim} of dimensions of the even and odd components of
the vector superspace V.
ppim[V, r] returns the superdimension of the component of degree r in the graded space V.

O PiLeft

piLeft[m] returns the name of the module I1®m, where I1 is the 1-dimensional trivial odd
module, or None if this module was not defined.

pPiLeft[m — [] builds the module [ = IT® m, where I1 is the 1—dimensional trivial odd module.

piLeft — | is an optional parameter to the constructor vectorsSpace.
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O PiRight

PiRight[m] returns the name of the module m ® I1, where I1 is the 1-dimensional trivial odd
module, or None if this module was not defined.

PiRight[m — r] builds the module r = m ® I, where Il is the 1—-dimensional trivial odd mod-
ule.

PiRight — r is an optional parameter to the constructor vectorSpace.

O PList

pList = {p;, ...} 1S the optional parameter for some space constructors. It is the list of parities
of either (a) the vectors forming a basis of the new space, (b) the generators of an algebra or a mod-
ule, or (¢) rows and columns of matrices.

PList [V] returns the parity list used in the definition of the space.

O Plus2

Plus2[a, b, ...] isthe sum a + b + ... modulo 2.

O PlusOp

plusop|domain] is the name of + in the domain.

O Plus$

When parsing the user’s input, the operation p1us is first replaced with cp1uss and then, depend-
ing on operands, it may be replaced with p1us$ or vpluss. In the last step the operations pPluss,
vPlus$ and GP1luss are replaced with, respectively, P1us, VvP1us and GP1lus

To ensure that the final operation will be p1us independently of operands, one can enter Pluss
instead of P1us.

O PoissonAlgebra

PoissonAlgebralg, x] defines the Lie (super)algebra g as the Poisson algebra on the space of

polynomials in x;, ..., X2, (the vector space x should be already defined) with the Poisson bracket
— (PN (Of 98 _(_q\Plul _Of g
s g}P'b' =-(=D Zi:l (axi X2 pt1-i =D 0xXppt1-i 0x )

PoissonAlgebralg, {p, q}] defines the Lie (super)algebra g as the Poisson algebra of the
polynomials in py, ..., pu, g1, ..., gn (the vector spaces p and g should be already defined and have
the same superdimension) with the Poisson bracket

_ N (_1\PUAPp) (Of 98 _ (_1\Plpil Of 98
{f’g}P‘b._ZiZI( D P (ap,- aq; (=17 94; (9])[)'

PoissonAlgebralg, {f}] defines the Lie (super)algebra g as the Poisson algebra of the polynomi-
als in the odd variables 6, ..., 8, (the vector space 6 should be already defined) with the Poisson
bracket

n 0 0
(s glpy, = (DN Y 2L 2e
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PoissonaAlgebralg, {6}] g
0, 6, 0

n 0 J
. 8l = O 3

PoissonAlgebra[g, {p] s v Pnsqns - q1 }] and PoissonAlgebra[g, {p1 s ee Pns 0, qn, ---q1 }],
where all p;, g; and 6 are (super)spaces, define the Lie (super)algebra alg as the Poisson algebra of
the polynomials on the direct sum of vector spaces spaces with the Poisson bracket equal to the sum
of the Poisson brackets on pairs p;, g; and on 6.

PoissonAlgebralg, x, {{c1, i1, j1}s - {Cms im» Jm}}] defines the Poisson algebra with the
bracket

m df ]
(> 8lpy, = (=D Zk:l Ck ax{k aka '

o PolyGrade

PolyGrade[v] is a polygrading function. For Z"—graded or filtered modules, pPolyGrade[v]
returns a list {g;, ... g, } that represents the Z" —grading or filtration of the vector v.

For filtered modules, the function is defined on the elements of the basis. For graded modules,
the function is defined on homogeneous vectors.

The function PolyGrade is defined by some space constructors. When an algebra is built from
generators, the polyGrade[v] is defined as the degree of the expression of v in term of generators.

o PowerOp

PowerOp[op] is the name of "power" operation, associated with "times" operation op.
PowerOplop — name] defines this operation.

o Power$

When parsing the user’s input, the operation power is first replaced with Gpowers and then,
depending on the first operand, it may be replaced with powers or vepowers$. In the last step the
operations Powers$, VPower$s and Grpowers are replaced with, respectively, Power, VPower and
GPpower.

To ensure that the final operation will be power independently of the first operands, one can
enter Powers instead of Power.

o PreSL

PresL 1is preprocessor that converts operations +, —, =, /, A to vector or scalar opera-
tions.
$Pre = PresSL turns the preprocessor on. $pre =. turns the preprocessor off.

O pslAlgebra

pslAlgebralg, V] defines the algebra g = psl(V) = sl(V)/ (center). The even and odd compo-
nents of V should have the same dimension.

pslAlgebralg, Dim—n] and pslAlgebralg, PList = {p1, ... pn}] defines the algebra
g =psl(n) = sl(n)/ (center). The dimension may be a number, an expression, or a list {n;, ny, ...},
as for VectorSpace.
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O psq2Algebra

psg2Algebralg, n] defines the superalgebra g = psq(n)(z) with basis g;i[k] = g; 7%,
gkl = gij T*.

O psqAlgebra

psgalgebralg, {x, y}, n] defines the superalgebra g = psq(n) with basis x;, x;; (the even ele-
ments) and y;, y; ; (the odd elements).

mQ

O q2Algebra

g2Algebralg, n] defines the superalgebra g = q(n)(z) with basis g; i[k] = g; ; k.

O qAlgebra

gAlgebralg, {x, y}, n] defines the superalgebra g = q(n) with basis x; ; (the even elements) and
yi; (the odd elements).

O QuotientModule

QuotientModule[f, G, g, h] builds the quotient module f = g/h, where g and h are defined as
submodules in G and hc gcG.

Option split—f instructs to split the space in order to accelerate calculations.

QuotientModulelf, G, g, h, splitFn] builds a graded submodule using splitting function splitFn.

m R

O RamondAlgebra

RamondAlgebralg, {x, 6, t}] defines the Ramond superalgebra g as the algebra of the polynomi-
alsin xy, ...x,, 6, and ¢. The x may be also a list of components, as in PoissonAlgebra.

o RamondD

RamondD[f, ¢, 6, ptrn] is the O operator used in the definition of the Ramond superalgebra.
The pattern ptrn should match all independent variables.

O RamondK

ramondk[alg] is the operator from functions to vector fields (implemented as differential opera-
tors) associated with the bracket in the Ramond superalgebra.

O Rank

Rank[7] returnt the rank of the tensor space 7.
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o0 Rb

Rb[x, y] is the Ramond bracket (the operator in the Ramond superalgebra).

orb

rb[x, y] represents the unevaluated Ramond bracket (the operator in the Ramond superalgebra).

O ReGrade

rReGrade[V, grading] changes the grading on the space V and all known relatives of V.

The parameter grading may be either a list of new degrees for the elements of the basis (or for
generators only if an algebra or a module is built using generators), or the name (a symbol or a
number) of a particular grading predefined by the space constructor of V.

O Regular

One of possible modes of the definition of the bracket and action.

O RemoveOverscript

RemoveOverscript[op] removes the overscript notation (such as ¥) for the operation op|[x].

o RemovePower

rRemovePower|[op] removes the power—like notation (such as x®") for the operation op[x, n].

O RemoveSuperscript

RemoveSuperscript[op] removes the superscript notation (such as x7) for the operation op|[x].

O RestrictModule

RestrictModule[V, g] defines an action of g on V, if V is a defined as a subspace of some
g—module.

mS

O Scalar

Scalar[c, ...] declares that ¢, ... are scalars. Any expression c[ ...] whose header is declared as
scalar, is also a scalar. So scalar[f] may be used to declare function f scalar—valued.

scalar[f — n] declares that the n—th operand of f is scalar. Here n may be a number, First,
Last, A11 Or _.
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O ScalarEquation

ScalarEquation[equ] converts the equation or a system of vector equations equ with scalar
variables into a system of scalar equations.

O ScalarQ

Scalarg[c] and scalarg[c| ...]] returns True if ¢ was declared Scalar.

O SegForm

SegFormley, ...][hla;, ..]] prints the sequence ey, ..., substituting A, a;, ... instead of place-
holders #0, #1, ... .

O SimplifySign

simplifysign[expr] simplifies the expressions (—1)P°2™ in expr.

o SimplifySignRule

SimplifySignRule is the replacement rule for simplifying (—1)P°bnom

O SkewSymmetric

skewsymmetric[f] introduces an automatical sorting of arguments of f using super—skew—sym-
metry

flowy,x, ] = (= DIHPEDAPOD g1y oy .

O SkewSymmetricQ

skewsymmetricQ[ f] returns True if f was declared skew—symmetric.

O SkewSymmetricRule

skewsymmetricRule[f] is the replacement rule for sorting of arguments of f using super—
skew—symmetry

Sl o x, ] = (= DIHFRDEREDD ey ],

o SkipVal

skipval is a special value of selection function f used in splitSum and splitList. If, for a
member m of the splitting expression, f[m] == skipval, then m is omitted.



S 71

O slAlgebra

slalgebralg, V] defines the Lie (super)algebra g = sl(V) of traceless matrices on the space
V.

slAlgebralg, Dim — n] defines the algebra g = sl(n) of traceless n «n matrices. The dimension
may be a number, expression, or a list {n, n,, ...}, as for vectorspace.

O SpacePlus
spaceplus[W, {V], ... V,}] defines the space W = V| @ ... @ V,, as the direct sum of the terms.

O Split

The optional parameter sp1it —» £ instructs the space constructor to split the space into homoge-
neous components. The value of f is a constant on each component. Splitting increases the speed of
calculations.

O SplitList

splitList[list, ptrn] transforms the list of vectors {c; = vy, ¢ Vv, ...} with vy, v,, ... match-
ing pattern ptrn, gathering terms with equal v’s. The result 1is the list
Vo, 2 {cryys Copys b Vo, 2 {0}, ), Where { vy, Vo, , ...} 1s a sorted list of different v;” s in
the list and {c,, , ...} is the list of coefficients of all vectors v; equal to v, .

splitList[list, ptrn, f] transforms the list of vectors {c; *vi, ¢z *Vvo, ..} with vy, v, ...
matching pattern ptrn into a list { f; - {ei1, ...}, /o = {ear, ...}, ...}, where {fi, fo, ...} 1s a

sorted list of different values of f[v;] and {e;;, ...} is the list of the members of list giving value f;
of the function f (not including members with f[v;] == skipval).

O SplitSum

split sum[sum, ptrn] transforms the vector sum ¢y xv| + ¢y * Vv, +... with vy, v,, ... matching
pattern ptrn, gathering terms with equal v’ s. The result is the list { v, = 51, Vo, = 52, ...}, where
{Vo,s Voy» -} 1s a sorted list of different v;” s in the sum and s; is the sum of coefficients of all
vectors v; equal to v, .

split sum[sum, ptrn, f] transforms the vector sum c; *v| + ¢y * vy + ... with vy, v,, ... match-
ing pattern ptrn into a list { fj = 51, f» = 52, ...}, where { fi, f>, ...} 1s a sorted list of different

values of f[v;] and {e;, ...} is the sum of the members of sum giving value f; of function f (not
including members with f[v;] == skipval).

O sqAlgebra

sgAlgebralg, {x, y}, n] defines the Lie superalgebra g = sq(n) with basis x;; (the even ele-
ments), y; (the odd diagonal elements), and y; ; (the odd off—diagonal elements, i  j).
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o Standard

standard[v = f] defines the output format of the expression v[...] in Standard form as
Jvl.dl.

standard — f is an optional parameter to space constructors that defines the Standard output
format of the space elements.

The output in the standard form produced by the function standard may not be reused for the
input. Use MakeBoxes and InterpretationBox to define reusable output forms.

Standard[v = subscripted] defines also the interpretation of the subscripted v in Standard
input format: vy, . —v[i, ...].

O STimesOp

STimesOp[domain] is the name of * in Scalar = domain.

O StopUseAsSymbol

StopUseAsSymbol[expr] cancels usage of the expression expr (e.g., ¥) as a single symbol.

O SubAlgebra

subalgebralh, g, {g1, ...(, §,}] or subalgebralh, g, {h = g1, ...(, h); > g}] builds the
subalgebra h of the Lie (super)algebra g generated (the subalgebra) by the elements g;, ...gx € g.
The second forms gives also names for the generators of g.

Specific options:

GRange — r is the maximal degree of relations (defaultis Tnfinity);

Grade — fn defines a grading on h: crade[h] = fn[image[h]] (default is Grade).

Grade — r computes up to grade r ( r should be a number; the crade function must be defined
in g).

Grade — {fn, r} computes up to grade r and defines a grading on h.

weight — fn defines a weight on h: weignht[h] = fn[image[h]] (default is weight).

The function subalgebra calculates the basis of h in terms of generators and relations between
the generators. They are stored as respective properties GenBasis and Genrel of algebra h.

O SubModule

SubModule[n, m, {vi, ..., v¢}] buillds the submodule n of the module m generated (the submod-
ule) by the elements vy, ..., vy € m.

SubModule[n, m, {vi, ..., v}, split — wt] buillds a graded submodule n ¢ m generated by the
elements vy, ..., vy €m. The argument wt is the grading function. Graded submodules are calcu-
lated faster than non—graded ones.

SubModule[n, m, {vi, ..., v}, Algebra = g]| should be used if more than one algebra acts on

the module m. The function is implemented for finite dimensional algebras and modules with 1-in-
dex bases.

O SubSpace

subspace[U, V, {vi, ...}] defines a subspace U € V with a given basis {v, ...}.
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O SumOp

sumop[op] returns the name of "Sum" function, associated with the "plus" operation

op.
sumop[op — name] defines this operation.

o SVExpandRule

expr /. svExpandrule expands out all scalar coefficients in ¢ = v.

O SVFactorRule

expr /. svractorRule factorizes all scalar coefficients in ¢ = v.

o SVNormalRule

expr /. svNormalRule converts all scalar coefficients in ¢*v to the normal form using the
function $sNormal.

o SVSimplifyRule

expr /. svsimplifyRule simplifies all scalar coefficients in ¢ = v.

o SVSolve

svsolvelegns, vars, ...] attempts to solve a vector equation or set of equations egns for the
scalar variables vars. For other parameters and options, see Solve.
svsolvelegns] treats all non—vector variables encountered as vars above.

O Symmetric

symmetric[f] introduces an automatic sorting of arguments of f using supersymmetry

flos vy, x, ] =EDPHPDT 1 xy, .

O SymmetricNormal

SymmetricNormal[e] returns the normal form of the vector expression, assuming the supersym-
metry of the vector product vTimes. See also VNormal.

O SymmetricQ

symmetricQ[ f] returns True if f was declared symmetric.

O SymmetricRule

symmetricRule[f] is the replacement rule for sorting of arguments of f using supersymmetry

Flo v, x, 1= (=DPEPDT £0 xy, .
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mT

o Tabular

One of possible modes of the definition of the bracket and action. These operations are defined
via a "multiplication table".

O TCollect

TCollect[expr, case] collects together terms a =« b with the same a (if case=rirst) or with
same b (if case=Last).

TCollectlexpr, case, op] collect terms of operation op rather than «#x. The operation should
be declared neither Additive nor Linear.

O TensorSpace

TensorSpacelT, V, {Cy, C;. ..}] defines the space T=C; ® C; ® ... . Repeated components
may be written as C". All components must be relatives of the space V. The basis of T is

Tliy, i, ...].

O TestFirst

TestFirst[f] introduces the property f[x; +...] = f[x;]. This property reduces the time of
the calculation of f[x; + ...], but restricts f to homogeneous arguments only.

O TestFirstRule

TestFirstRule[f] is the replacement rule f[x; +...] = f[x;]. It may be applied to the homoge-
neous (with respect to f) vector sum.

O TeX

Tex[v — f] defines the output format of expression v[ ...] in TgX form as f[v[...]] .
Tex — f 1S an optional parameter to space constructors that defines the TgX output format of
the space elements.

O TheAlgebra

TheAlgebra[m] is the name of the algebra acting on the module m.

O TheModule

TheModule[Vv] is the name of the module hosting the vector v.

O TheSpace

For any space name or other vector symbol or expression x, TheSpace[x] returns the name of
original space from which x is derived.
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O ThreadGraded

ThreadGraded[f] introduces the property flacb] = fla]+ f[b] for any graded operation o.
The function f should be declared to be scalar or vector.
ThreadGraded|f — plus] introduces the property flacb] = plus| flal, f[b]].

o ThreadGradedRule

ThreadGradedRule[ f] is the replacement rule flacb] — f[a] + f[b] for any graded operation o.
The function f should be declared to be scalar or vector.
ThreadGradedrulel f, plus] is the replacement rule flaob] — plus[f[al, f[b]]

O Times2

Times2[a, b, ...] is the product a = b = ... modulo 2.

O TimeString

TimeString[] returns a string representing the current time.

O Times$

When parsing the user’s input, the operation Times is first replaced by cTimes$ and then,
depending on operands, may be replaced with Timess$, VTimes$, or svTimess. In the last step the
operations Times$, VTimes$, SVTimes$, and GTimes$ are replaced respectively with Times, VTimes,
SVTimes, and GTimes.

To ensure that the final operation will be Times independently of operands, one can enter
Times$ instead of Times.

oTp

Tpley, ez, ...] Or ey x*e; *x ... denotes the tensor product of e, e;, ... in the cases where it is
not regarded as an operation in the tensor algebra (for example, f[x] %= dx). In the internal Mathemat-
ica format the operation NonCommutativeMultiply 1s used instead of Tp.

O tPower

tPower[v, n], vA®n, or v®" is the n—th tensor power of v.

o Traditional

Traditional[v — f] defines the output format of the expression v[ ...] in the Traditional form
as f[v[...]].

Traditional — f 1S an optional parameter to space constructors that defines the Traditional
output format of the space elements.
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O TrivialSpace

Trivialspace[z] defines the space z of dimension 1 and basis {z}.
Trivialspace[{, odd] defines the space { of dimension Ol1 and basis {{}.

mU

O UnAdditive

UnAdditive[ f] cancels the additive expansion of f[ .., x+y, ..].
UnAdditive[f — First] and Unadditive[f — Last] cancel the additive expansion of the first
(last) argument of f.

O UnAntiSkewSymmetric

UnAntiskewSymmetric[f] cancels the automatic sorting of the operands of f.

O UnAntiSymmetric

UnAntisymmetric[f] cancels the automatic sorting of the operands of f.

O UnDegTimes

UnDegTimes|[op] cancels the property peglop[v;, ...v,], X] = Deg[vy, x] + ... + Deg[vy, Xx] .

o0 UnGraded

UnGraded[op] cancels the property Grade[a~op~b] = Gradela] + Grade[b].

O UnHomogen

UnHomogen[f] cancels the property f[ ..., c*v, ...] = ¢" = f[ ..., v, ...] for a scalar ¢ and vector
V.

UnHomogen[f = First] and UnHomogen[f — Last] cancels homogeneity in the first or last
argument of f only.

O UniqueCounters

UniqueCounters[expr] returns the expr with all counters in all sums and tables replaced with a
unique symbol.

O UnJacobi

UnJacobil[f — g] cancels the property of action of f on g[ ...] as a bracket in Lie superalgebra.
UnJacobilf — {g1, ...}] cancels this property for every g; .
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O UnLeibniz

UnLeibniz[f — g] cancels the property of action of f on g[ ...] as a derivation.
UnLeibniz[f — {g1, ...}] cancels this property for every g; .

O UnLinear

UnLinear[f] cancels the automatic (multi)linear expansion of fT ...].
UnLinear[f = First] and unLinear[f — Last] cancels the linearity in the first/last argument
only.

O UnLogPower

UnLogPower| f] cancels the property f[x"] = r= f[x].
UnLogPower|f — op] cancels the property f[x"] = op[r, f[x]].

O UnOutput

unoutput[v] cancels the output format of the expression v[ ...] defined by output .

o UnScalar

UnScalar[c, ...] cancels the declaration of ¢ as a scalar. See also scalar and ScalarQ.

O UnSkewSymmetric

UnskewSymmetric[f] cancels the automatic sorting of the operands of f.

O UnStandard

UnStandard[op] cancels the format of expression op[...] in the Standard form defined by
Standard.

O UnSymmetric

unsymmetric[f] cancels the automatic sorting of the operands of f. See also Symmetric,
SymmetricRule.

O UnTestFirst

unTestFirst[f] cancels the property f[x; +...] = f[x1], so the function f may be applied to
non—homogeneous vector sum. See also TestFirst.

O UnTeX

unTex[v] cancels the format of the expression V[ ...] in TgX form defined by Tex.
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O UnThreadGraded

UnT hreadGraded[ f] cancels the property fla°b] = fla] + f[b] for any graded operation o.
UnT hreadGraded[f — plus] cancels the property flacob] = plus[fla], f[b]].

O UnTraditional

UnTraditionall[op] cancels the format of the expression op[...] in the Traditional form
defined by Traditional.

O UnVector

uUnvector[v, ...] cancels the declaration of v as a vector. See also vector and vectorQ.

O UnZeroArg

UnzeroArglf] cancels the property fl0, ...]=0 introduced by

ZeroArg[f].
UnZeroArg[f — First] and unzeroarg[f — Last] cancel the properties introduced by respec-

tively zeroarg[f — First] and zeroarg[f — Last].

O UpToDegreeBasis

UpToDegreeBasis|d, {Xi, ..., x,}] returns the list of elements of degree < d in the symmetric
algebrain x, ..., x, .
UpToDegreeBasis[d, {X1, ..., X,}, op] uses op instead of vTimes. The operation op must be

Flat and Listable.

O UseAsSymbol

UseAsSymbol[e] allows to use the expression e as a single symbol. So e may be used, e.g., as a
module’s name. Typically, expressions in a symbol-like standard form (such as %) are used as
symbols.

mV

O VBasis

vBasis[expr] returns the list of different linear vector terms encountered in the expression.

o VCollect

vCollect[expr] tries to simplify the expression expr by collecting together the terms c; = v with
the same v.
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O Vector

vector[v, w...] declares that v, w, ... are vectors. Any expression V[...] whose header is
declared as vector, is also vector. So vector[f] may be used to declare function f vector—valued.

vector[f — n] declares that the n—th operand of f is a vector. Here n may be a number, First,
Last, A1l Or _.

O VectorLieAlgebra

VectorLieAlgebra[g, x] defines a Lie (super)algebra g = vect(x) of vector fields on the space
x and its action on the (super)space of polynomials and polyvectors on x. The space x should be
defined as well as the space of left even forms on x (CoLeft space).

The basis of g is {p;[x] == v[j]}, where {p;[x]} is the basis of polynomials on x and {v[j]} is the
basis of coreft[x] (the space of left even linear forms on x). The name of the Lie bracket and the
action is (by default) 1p, the unevaluated form is 1b.

Unless the space x was already graded, the standard grading is defined on x assuming
peglx;] = 1. The grading of x induces a gradinng of g.

The algebra g may be regraded by calling rReGradelg, grading]. The predefined gradings are
numbered from O to the odd dimension of x. In the i—th grading, the first i odd element of the basis
of x have degree 0, all other x;’ s have degree 1.

The following options alter the default operation names:

Lb is the name of Lie bracket (the default is Lb)

cTimes is the name of the tensor multiplication ** (the default is NonCommutativeMultiply, a
synonym of Tp)

wedge 1s the multiplication of polyvectors (the default is wedge).

O VectorQ

vectoro[x] returns True if x is an object of vector domain.

O VectorSpace

vectorspace[V] defines the vector space V. The dimension and parities may be given by
optional parameters bim = d or PList —> {p, ... pp}.

o VExpand

VExpand[expr] expands out all vTimes and svTimes products in expr.

o VExpandRule

expr [/. vExpandrRule expands out all vTimes and SvTimes products in expr.

o VIf

vif[cond, v] is a vector—valued version of the 1f£ function. It is evaluated to v if cond == True
and to 0 if cond == ralse. A number of rules of symbolic evaluation works with unresolved vi£[...].
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o VNormal

VNormal[expr] tries to convert a vector expression to the standard (normal) form.
It expands out all vTimes and svTimes products in expr, collects together terms c; = v with the
same v, converts the scalar coefficients to the standard form.

o VOrder

vorder[vy, vo] returns O, +1, —1 depending on the order of vectors v; and v,.The scalar
coefficients are ignored. See also the Mathematica function Order.

O VOrderQ

vorderQ[vy, va] returns True or False depending on the order of vectors v; and v, .The scalar
coefficients are ignored. See also the Mathematica function Orderedo.

o VPlus

vPlus[vy, va, ...] is the vector sum of vy, v,, ... . The expression v; + v, + ... typed in the
notebook is converted to veius[vy, v,, ...] if all terms are vectors.

o VPower

vpower[v, n] is the n—th symmetric power of vector v. The expressions v*n and V" typed in
the notebook are converted to veower[v, n] if v is vector.

0o VSameQ

vsameQ[vy, V2] returns True if vi = ¢; *Vv, v, = ¢, * v with same v and scalars ¢;, ¢; and False
otherwise.

o VSolve

vsolvelegns, vars, ...] attempts to solve an equation or set of equations for the vector variables
vars. For other parameters and options, see Solve.

vSolvelegns] treats all vector variables encountered as vars above.

O VSort

vsort[v; +...] sorts the terms in the vector sum in the alphabetical order. The scalar coeffi-
cients are irrelevant for sorting.
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O VSum

vsum[expr, iter, ...] is the vector—valued version of the sum function. A number of rules of
symbolic evaluation works with unresolved vsunl...].
For both sum and vsum, an alternative iterator {i, fo — from} is defined. If the difference
diff = from — to is a number, this iterator is replaced with
(a) {i, from, to — 1} it diff > 0;
(b) {i, to, from — 1} and the whole sum is multiplied by —1 if diff < 0.
(c) the whole sum is replaced with O if diff = 0;

O VTimes

VTimes[vy, V2, ...] is the product of vectors of vi, v,, ... . The vector product may have vari-
ous meanings. It may be used for any associative operation. The expression vy v, .., V| *V; * ..., Or
Vi XV X ... typed in the notebook is converted to vTimes[vy, Vo, ...] if all factors are vectors.

The vector product is non—symmetric by default, i.e., the terms are not sorted automatically.
Use symmetric and UnSymmetric to set and cancel the (super)symmetric sorting of terms.

mW

O Wedge

Wedge[v, va, ...] or vi Avy A ... is the exterior multiplication (the operation in the exterior
algebra). The operation is assotiative. The "power" operation for wedge is not defined. The evalua-
tion rules of wedge are Linear, Symmetric and Idarg. After sorting the operands, wedge is replaced
with wedge.

O wedge

wedgeley, ..., e,] is the internal representation of the basis of exterior algebras. The external
representationis ey A ... A ey, .
See also wedge.

O Weight

weight[v] is the weight of the vector v. The weight is defined for homogeneous elements only.

O WeightMark

WeightMark[length, my, ...] returns a list of given length. All elements of the result are ini-
tially set to 0. For every mark m; , if m; > 0, then the m; —th element of the result is increased by 1. If
m; < 0, then the (—m;)—th element is diminished by 1.

o WithoutPreSL

Use withoutPresSL[expr; ...] to prevent preprocessing of expressions when the preprocessing is
turned on.
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O WithUnique

WithUnique[{s], ...}, expr] evaluates expr replacing the symbols s;, ... with the new symbols
with unique names.

mZ

O ZeroArg

zeroArgl f] introduces the property f[ ..., 0, ...] =0.
zeroArg[f — First] and zeroarg[f — Last] acts on the first/last argument of f only.

O ZeroArgRule

zeroArgRulel[ f] returns the replacement rule f[ ..., 0, ...] = 0.
zeroArg[f = First] and zeroaArg[f — Last] return rules f[0, ...] » 0 and f] ..., 0] - O.

o Zid

z1d is the identity operator. It is used in symbolic calculations.

o ZLDer

zLDer[x, ptrn] is the operator of left partial derivative with respect to x. zLper[x, ptrn][expr] is
the left partial derivative of expression expr with respect to x. The pattern ptrn should match all the
independent and none of the dependent variables. zrper[x, pfrn] may be used in symbolic
calculations.

o ZRamondD

zRamondD[t, 6, ptrn] returns the Ramond operator D as a differential operator acting on the
space of Laurent polynomials in ¢, 8, and the indeterminates matching the pattern ptrn.

m$

o $DPrint

pprint[level, data ...] prints data (using print) if $DPrint = level.

o $DPrintLabel

The value of spprintLapel[] 1is printed as a label for debug printing. Use
$DPrintLabel = DateString Or TimeString to use [date and] time as label. Use
$DPrintLabel = None for debug printing without labels.
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O $EnvlLess

The value of sEnviess is the default sorting function for the product in enveloping algebras.
The default value of sEnvLess iS OrderedQ[ {#1,#2}]&

o $SNormal

The value of ssNormal is the user—defined function which is called by vNormal to convert the
scalar coefficients to the normal form. It should always convert to zero the scalars that are really
equal to zero. The default value of $sNormal is Expand.

O $Solve

The value of $soive is the user—defined function for solving the scalar equations. The default
setting is $solve = Solve.



Classical Lie Superalgebras in SuperLie

Here we describe how to define classical Lie superalgebras when working in SuperLie.

m Matrix algebras

m General matrix algebra
Algebra gl(mln):
glAlgebra[name, Dim - {m, n}]
Algebra gl(par) with given format par = {p;, ...}, p; € {0, 1}:
glAlgebra[name, PList - par]
Algebra of linear operators on given superspace V with basis V[1], ..., V[n]:

glAlgebra[name, V]

m Special matrix algebra
Algebra sl(mln):

slAlgebra[name, Dim - {m, n}]
Algebra sl(par) with given format par = {p;, ...}, pi € {0, 1}:
slAlgebra[name, PList - par]
Algebra of supertraceless linear operators on given superspace V with basis V[1], ..., V[n]:
slAlgebra[name, V]

ix, for example,
Algebra sl(212):

2 -10
CartanMatrixAlgebra[name, {x, h, y}, [-1 0 1], ®, PList » {0, 1, 0}]

-1 2

1 0
CartanMatrixAlgebra[name, {x, h, y}, [—1 0 1], o, PList » {1, 1, 1}]
0 -1 0

Algebra sl(113):

0 1 0
CartanMatrixAlgebra[name, {x, h, v}, [—1 2 —1], o, PList » {1, O, 0}]
-1 2

10
CartanMatrixAlgebra[name, {x, h, y}, [-1 0 1], ®, PList » {1, 1, 0}]
0 -1 2
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m Algebra psl(m|m)
Algebra psl(mlm):
pslAlgebra[name, Dim » {m, m}]

Algebra psl(par) with given format par = {p;, ...}, p; € {0, 1}, where the number of 0’s and
I’s should be equal:

pslAlgebra[name, PList - par]

Algebra of supertraceless linear operators on the given superspace V with basis V[1], ..., V[n];
the operators are given modulo scalar operators:

pslAlgebra[name, V]

m Algebra osp(m|2n)

Not implemented as matrix algebra. May be defined as Lie superalgebra with Cartan matrix:

Algebra osp(312)

CartanMatrixAlgebra[name, {x, h, y}, ( 0 ;) , PList » {1, 0}]

CartanMatrixAlgebra[name, {x, h, y}, ( 01 1) , ®, PList - {1, 1}]
Algebra osp(214)
0 1 0
CartanMatrixAlgebra[name, {x, h, ¥y}, |-1 2 —2], o, PList » {1, O, 0}]
-1 2
1 0
CartanMatrixAlgebra|name, {x, h, y}, |-1 0 2], ®, PList » {1, 1, 0}]
0o -1 2
0 -2 1
CartanMatrixAlgebra[name, {x, h, y}, |-2 0 1], ®, PList » {1, 1, 0}]
-1 -1 2
Algebra osp(314)
2 -1 0
CartanMatrixAlgebra[name, {x, h, vy}, |-1 O 1], o, PList » {0, 1, 0}]
-2 2
1 0
CartanMatrixAlgebra[name, {x, h, ¥y}, |[-1 O 1], o, PList » {1, 1, 1}]
-1 1
1 o0
CartanMatrixAlgebra[name, {x, h, vy}, |-1 2 -1], ®, PList » {1, 0, 1}]
0o -1 1

Algebra osp(512)
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CartanMatrixAlgebra[name, {x, h, v},

CartanMatrixAlgebra|name,

{xl hl y}l

CartanMatrixAlgebra[name, {x, h, y},

Algebra osp(612)

CartanMatrixAlgebra[name, {x, h, y},

CartanMatrixAlgebra[name, {x, h, vy},

CartanMatrixAlgebra[name, {x, h, y},

Algebra osp(414)

CartanMatrixAlgebra[name, {x, h, y},

CartanMatrixAlgebra[name, {x, h, y},

2 -1 0
-1 0 1], ®, PList » {0, 1, 1}]
-1 1
1 0
-1 o0 1], ®, PList » {1, 1, 0}]
-2 2
0
-1 2 -1], ®, PList » {1, 0, 0}]
0 -2 2

, ®, PList » {1, 0, 0, 0}]

0 1 00

-1 0 11 .

o -1 2 ol @ PList-{1,1, 0, 0}]
0 -1 0 2

2 -1 0 O

-1 0 1 1 .

o 1 o , ®, PList » {0, 1, 1, 1}]
0 1 -2 0

2 -100

-1 0 11 .

o -1 2 ol = PList-{0, 1,0, 0}]
0 -1 0 2

0 1 0 O

-1 0 1 1 .

6 1 o _p|r® PList-({1,1,1, 1}]
0 1 -2 0

m Exceptional finite dimensional algebras

m Algebra osp(4|2; @)

(also named d(a))

CartanMatrixAlgebra[name, {x, h, y},
CartanMatrixAlgebra[name, {x, h, y},

CartanMatrixAlgebra[name, {x, h, y},

2 -1 0
a 0 —1—a], @, PList » {0, 1, 0}]
0 -1 2
2 -1 0
-1 0 —a], ®, PList » {0, 1, 0}]
0 -1 2
0 1 -1-a
-1 0 -a

], ®, PList » {1, 1, 1}]
-l-a a 0
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m Algebra ag,

0 1 o
CartanMatrixAlgebra[name, {x, h, vy}, |-1 2 -3]|, », PList > {1, O, 0}]
-1
1
CartanMatrixAlgebra[name, {x, h, y}, |-1 0 , ©, PList » {1, 1, 0}]

CartanMatrixAlgebra[name, {x, h, vy}, |-3 O , o, PList » {1, 1, 0}]

-1 -2
2 -1
CartanMatrixAlgebra[name, {x, h, vy}, |-3 O , ©, PList » {0, 1, 1}]

o
I
w
R NMNO MNMNMKF NMNWO N

m Algebra ab;

CartanMatrixAlgebra[name, {x, h, y}, , ©, PList » {0, 1, 0, 0}]

CartanMatrixAlgebra[name, {x, h, y}, _13 2 ﬁ 2| o, PList » {1, 1, 1, 0}]
0 0o -1 2
2 -1 0 O
. -1 2 -1 0 .
CartanMatrlelgebra[name, {x, h, vy}, 0 2 0 3| o, PList » {0, O, 1, 0}]
0 0o -1 2
2 -1 o0 0

1
N
o
N

1
[y

CartanMatrixAlgebra[name, {x, h, y}, , ©, PList » {0, 1, 1, 0}]

o o o
I
[
I
[
N

CartanMatrixAlgebra[name, {x, h, y}, , o, PList » {1, 1, O, O}]

CartanMatrixAlgebra[name, {x, h, v}, , o, PList » {0, O, O, 1}]

m Algebra as(4|4)
It is implemented as a subalgebra in vect(4l4) with basis

_ . 9 .
ij = Xi 5o -&j %L F

a; =a;; —adit,i+l

bi,j = X; ‘(:;‘é;-‘l'xj' ‘(:)E-

Cz,j:&%_f]%_k(xk% 0 )9Where(i’j’ ka l)€A4

_x R

. I 3¢,
_ 0 e 0
d=2A § i g +& 5
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See the notebook as—4_4.nb for details of implementation.

m Infinite dimensional algebras with Cartan matrix

All computations will be made up to the degree .

m Algebra ag)”

CartanMatrixAlgebra[name,

CartanMatrixAlgebra|name,

CartanMatrixAlgebra[name,

CartanMatrixAlgebra[name,

CartanMatrixAlgebra|name,

m Algebra osp(4|2)®

CartanMatrixAlgebra[name,

m Algebra si(3]3)@?

CartanMatrixAlgebra|name,

CartanMatrixAlgebra[name,

m Algebra svect:(1]2)

$SNormal = Together

CartanMatrixAlgebra[name,

{xl hl

{x, h,

{xl hl

{xl hl

{xl hl

{x, h,

2 -1 0
4 0 -1
Yholg J1 2
0 0 -1
0 -4 3
-4 0 1
Yhel3 1 o
0 0 -1
2 -1 0
-1 02 -1
Yhelo _3 0
0 0 -1
2 -1 0
-3 0 3
Yoty 3 o
0 -1 -2
1 -1 0
-2 0 3
Yhelo -1 2
0 0 -1

3| T PList » {0, 1, O, 0}]
0

0 .

3| T PList> ({1, 1,1, 0}]
2
0
0 .
o | ¥/ PList - {0, 0, 1, 1}]
1

0
-1 .

5| = PList > {0, 1, 1, 0}]
2

0

0 .

1 |- = PList- (1,1, 0, 0}]
2

r, PList » {1, 1, 0}]

2 -2 0
v}, [—1 0 1],r, PList » {0, 1, 0}]

-2 2

2 -2 0
v}, [-1 0 1],r, PList » {1, 1, 1}]

0o -2 2

2 -1 -1
y}l [1—a 0

l+a -a

], r, PList » {0, 1, 1}]
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m Algebra psq(3)®

0 1 -1
CartanMatrixAlgebra[name, {x, h, v}, [—1 0 1 ], r, PList » {1, 1, 1}]
1 -1 o0

m Algebra psq(4)®

CartanMatrixAlgebra[name, {x, h, v}, , r, PList » {0, 0, O, 1}]

CartanMatrixAlgebra[name, {x, h, y}, , r, PList » {1, 0, 1, 1}]

m Algebra psl(3|3)?

1 -1 o0
CartanMatrixAlgebra[name, {x, h, v}, [—1 0 —1], r, PList » {1, 1, 1}]

2 -1
CartanMatrixAlgebra[name, {x, h, v}, [—1 0 —1], r, PList » {0, 1, 0}]
0 1 2

m Algebra sl(2|4)®

2 -1 -1 o
. -1 0 2 -1 .
CartanMatrixAlgebra[name, {x, h, y}, L 2 o _i| T/ PList-({0, 1,1, 0}]
o -1 -1 2
2 -1 00
. -2 0 1 1 .
CartanMatrlelgebra[name, {x, h, y}, 0 10 2| r, PList » {0, 1, 1, 1}]
0 -1 2 0
2 -1 0 O
. -2 2 -1 0 .
CartanMatrlelgebra[name, {x, h, v}, 0 1 0 2| r, PList » {0, O, 1, 0}]
0 0 -1 2

m Algebra osp(4 | 2; )"
(also called d()™")

CartanMatrixAlgebra[name, {x, h, y}, , r, PList » {0, 0, O, 1}]

0 -1 -a l+a
-1 0 l+a -«
-a l+a 0 -1
l+a -a -1 0

CartanMatrixAlgebra[name, {x, h, vy}, , r, PList » {1, 1, 1, 1}]
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m Vectorial algebras

m Lie Superalgebra of polynomial vector fields vect(m|n)
Algebra vect(min)

VectorSpace[x, Dim -» {m, n}, CoLeft » v];
Symmetric[VTimes];
VectorLieAlgebra[g, x];

Graded algebra vect(min; r)

ReGrade[g, r]

m Lie Superalgebra of divergence-free polynomial vector fields svect(mjn)

Use VectorLieAlgebra and use the divergence—free elements only.

m Algebra svect® (1|n)

<Not implemented yet>

m Algebra svect™ (0|n)

<Not implemented yet>

m Poisson algebra po(2n|m)

The Poisson algebra is implemented for different forms of the Poisson bracket.

The vector spaces x, p, g, {, n, 6 should be defined with VectorSpacelx, ...] or
TrivialSpacelx, ...].

The vector multiplication VT imes is used as supersymmetric multiplication of polynomials, so
it should be declared symmetric.

Note that the odd variables are denoted here as  and 1. The common notation & and 7 is not
convenient because the variables are sorted alphabetically.

In a Poisson algebra g, the following function are defined:

polx, y] = {x, y},, 1s the Poisson bracket;
pb[X,y] is the unevaluated expression of the Poisson bracket;

n
EulerOp, = ZH X; % is the Euler operator E:g—g (here {x;, ...x,} is the basis of

the base space);
A, =2~ EulerOp, is a convenient operator;
HamiltonianH . [y] = —{x, y}p, is the Hamilnonian g—der(g).

The function names (except A) may be changed using options, e.g.,
PoissonAlgebral ..., EulerOp - Eu]
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Use poissonAlgebralname, x, variables — {v, ...}] to define a Poisson bracket on x extended
to polynomials in x and v (the bracket and the Euler operator will not depend on v).

0 po({p,a})

_ N (_1\PDOPp) (OF 98 _ (_1\P(pi) 6f dg .
{f’g}P-b_Z,-:]( DPORe0 (LL 28 _ —1yPe0 LL L) where Par(p) = Par(g):

dim = .

VecorSpace[p, Dim -» dim]
VecorSpace[q, Dim - dim]
Symmetric[VTimes];
PoissonAlgebra[name, {p, q}]

O po({6})
{f 8lpp = (= 1)Pf]Z: % 5o+ Where P(6;) = 1:

VecorSpace[6, Dim - {0, n}]
Symmetric[VTimes];
PoissonAlgebra[name, {6}]

0 po({Ps4y---»11,d}) and po({p,¢;...,6,....11,4})

This is a combination of the two forms above (where p, g, {, n are arbitrary superspaces,
Par(p) = Par(g) and Par({) = Par(n); here any number of such pairs is possible; P(6;) = 1):

VectorSpace[ ...];
e
Symmetric[VTimes];

PoissonAlgebra[name, {p, &, n, 9}];
PoissonAlgebra[name, {p, £, 6, n, q9}];

0O po(x)
(. 8py, = =DM 7 (5L 72— — () 2 L) where P(x)) = P(x2pe1-0):

X2 pns1-i
VecorSpace[x, Dim-» ...]

Symmetric[VTimes];
PoissonAlgebra[name, x]

O po(x;c)

Poisson bracket of the general form

PLf] Bg
oty =0 B £
No checking.

VecorSpace[x, Dim- ...]

Symmetric[VTimes];
PoissonAlgebra[name, x, {{c1, i1, j1}, ---, {Cm, im, Fm}}]
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m Hamilton algebra h(2n|m)
Algebra h(2nlm) is implemented as the quotient po(2nlm)/{const);

Grading r=0,...,m/2

Grade(vy vy ...vg) = gr(vy) + gr(vy) + ... + gr(vy) — 2,
gr(p;) = gr(g;) = gr(d;) =1
gr((;)=0fori=1..rand 1 fori=(r+1)..n

gr(n;) =2 — gr(&;)

m Contact algebra k(2m+1|n)

The contact bracket is defined with the help of the Poisson bracket. All forms of the Posson
bracket described above, except po(x;c), are supported.
Here we show only the version po({p.q}):
dim = .
VecorSpace[p, Dim -» dim]
VecorSpace[q, Dim - dim]

Symmetric[VTimes];
ContactAlgebra[name, {p, g}, t]

No need to declare ¢ as the trivial space; this is done by the function ContactAlgebra.

In a contact algebra g, the following functions are defined (in addition to PoissonAlgebra
functions):

Kb[x, y] = {x, y}x, = Aglx] % - g—’; Ag[y] +{x, y}p, is the contact bracket

kb[x,y] is the unevaluated expression of the contact bracket

ContactK,[x] = Ag[x]; —HamiltonianH,[x] + ‘3—); EulerOp, is the contact
operator ContactK, : g — der(g)

The function names may be changed using options, e.g., ContactAlgebral..., Ko—Cb]

The option Variables —> {v, ...} extends the algebra to polynomials in v (the bracket does
not depend on v).

m Buttin algebra b(n)

The function ButtinAlgebra defines the Buttin antibracket on polynomial in
X1y ey Xy Y1» ooy Yu» Where P(y;) = 1 — P(x;):

VecorSpace[x, ...]
VecorSpace[x, ...]
Symmetric[VTimes];
ButtinAlgebra[name, {x, y}, t]

On the Buttin algebra b, the following functions are defined:

) Of 8 Y of g - .
Bb[f, gl ={f, g}y, = (-DFPFD) a—f 8}—% + (= HPDPOD % ﬁ is the Buttin bracket;

X
bb[x,y] is the unevaluated expression of Poisson bracket;

n
EulerOp, = Zi_l X; 6'97[_ + ;i ;7 E:b—b;

Ap =2 —-FEulerOp,
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dx;  dy; ady;  dx;

n
EulerOp, = Zi_l X; —5—27 + i -5%- is the Euler operator E : b— b;

A, =2 —-EulerOp,.

The function names (except A) may be changed using options, e.g., ButtinAlgebral...,
EulerOp—Eu].

The option Variables —> {v, ...} extends the algebra to polynomials in v (the bracket does
not depend on v).

Grading r=0,...,n (grading r = n — 1 is not the Weisfeiler one)

Grade(vy vy ...vg) = gr(vy) + gr(v) + ... + gr(vy) — 2,
gr(x;)=1fori=1.rand2fori=(r+1)..n
gr(y;) =2 — gr(x;)

m "Odd" contact algebra m(n)

The function OKAlgebra defines the Buttin antibracket and the "odd contact bracket" on
polynomials in x;, ...X,, Y1, ... yu, T, Where P(y;) =1 — P(x;) and P(t) = 1:

VecorSpace[x, ...]
VecorSpace[x, ...]
Symmetric[VTimes];
OKAlgebra[name, {x, y, t}]

No need to declare 7 as an odd trivial space; this is done by the function OKAlgebra.

On the odd contact algebra m, the following functions are defined (in addition to the functions
in the Buttin algebra):

ObLf. g1 ={f. glo,. = Aolf1 L + (=)D ZL A [g] - {f. g}y, s the odd contact
bracket;

ob[x,y] is the unevaluated expression of the odd contact bracket;

The names of the functions may be changed using options, e.g., OKAlgebral..., Ob—Ok].

The option Variables —> {v, ...} extends the algebra to polynomials in v (the bracket does
not depend on v).

Grading r=0,...,n (grading r = n — 1 is not the Weisfeiler one)
Grade(vy vy ... vg) = gr(vy) + gr(vp) + ... + gr(vy) — 2,

gr(x;)=1fori=1.rand2fori=(r+1)..n

gr(y;) =2 — gr(x;)
gr(t) =2

m The deformation of the Buttin algebra b, (n)

The algebra by (n) is implemented as a subalgebra in m(n), namely, as
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by(n) = {f em(n): (bn—aktulerop,,) % = azn s }, where l:n—

i=1 Ox; dy;

Special cases to be treated with extra care:
A=0: by (n) = b(n) is not simple; b(rn)/{const) = le(n);

A=1: by (n) contains an ideal b{(n) of codimension 1;

A=co: by, (1) contains an ideal b2, (n) of codimension 1;

A=—2: by (n) preserves the volume; by (n) = sm(n);

n—1"

1. 2
A=—; =.
n n

2a

(a—

For n=2, additionally, PL:—%- or — %— : at these points there are extra deformations.

Grading r=0,...,n (grading r = n — 1 is not the Weisfeiler one)

Grade(vy vy ... vg) = gr(vy) + gr(va) + ... + gr(vy) — 2,
gr(x;)=1fori=1.rand2fori=(r+1)..n

gr(y;) = 2 — gr(x;)

gr(r) =2

Grading E (for by (2) only)

Grade(vy v, ... v¢) = Grade(vy) + Grade(v,) + ... + Grade(vy),

Grade(x;) =1
Grade(y;) = —1
Grade(t) =0

See the notebook b_lambda—n.nb for implementation details.

m Leites algebras le(n), sle(n), sle®(n)

Algebra le(n) is implemented as the quotient b(n) / (const);

Algebra sle(n) C le(n) is determines as sle(n) = { f € le(n) | Z}il af,zafy. = ()};

Algebra sle’ (n) c sle(n) is an ideal, the codimension 1 complement to (y; ... y, ).

Grading r=0.,...,n (grading r = n — 1 is not Weisfeiler one)
Grade(vy vy ...vg) = gr(vy) + gr(vp) + ... + gr(vy) — 2,
gr(x;))=2fori=1.rand 1 fori=(r+1)..n;

gr(y;) =2 —gr(x;).

See the notebook le.nb for the details of implementation.

m Exceptional algebras

O Algebra kas

The algebra is implemented as a subalgebra in k(116):

b)



Vectorial algebras 95

VectorSpace[g, Dim-» {0, 3}];
VectorSpace[n, Dim - {0, 3}];
Symmetric[VTimes];
ContactAlgebralkl6, {&, n}, t]

The basis of subalgebra kas is:

t" -n (n-1) (n-2) t"3 & & &3 N1 N2 N3

t" & +n (n-1) t*2

(81 82 83 M1 N2 n3)

1

t"n; +n (n-1) "2

(81 &2 83 n1 n2 n3)

1

t" g &y +n (81 82 €3 11 N2 n3)

oni 09ny
o)
oni 98%&y

t"8iny+n (81 82 €3 11 N2 n3)

a
t"niny+n —— —— (&1 &2 &3 N1 N2 N3)
88; 0L5

t" 8182 83

t? (81 83m1 +82831m2),
t? (-8182m +8283n3)
t" (-81821n2 - 81 831m3)
t" 83 n1n2

t? (-82m1m2 +83M1M3)
t? (81minz +83nz2nz),
t? E21n1ns

t? (81m1n3 -821n213)
t" L1n2ns3

See the notebook kas.nb for the details of implementation.

O Algebra ksle(5|10)
First implementation: in svect(x;, ... xs)®I1dQ' (x;, ..., xs):

0

[Ha)l, Ha)z] = w1 Wy Xm - dXZ_1 dX3_1 dX4_1 dX5_1 where dX,'_1 = T
1

[£1, & ] is Lie bracket on vect(x)
[, Nw] =1L w

Standard grading ¢(5110)
Grade[x;] = 2, Grade[dx;] = ——;— (Grade[(fT] = —Grade[dx;] and Grade[II] = 0 for all
gradings)
Regrading ¢(916)

Grade[x;] = 1, Grade[dx;] = = (i<4)
Grade[xs] = 2, Grade[dxs] = %
Regrading ¢(1119)

Grade[x;] = 2, Grade[dx;] =0 (i < 3)
Grade[x;] = 1, Grade[dx;] = -1 (i=4)
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Regrading ck(9I11)

Grade|x;]

3, Grade[dx;] =0 (i<2)
Grade[x;]

2, Grade[dx;] = -1 (i = 3)

Second implementation: as a submodule in svect(5110) genearated as the Cartan prolongation
of the pair (g_;, go), where

g-1=(nj, i<i<j<5), ni’j:%+29k,la%, the sum over (k,[,m) such as
(i, j, k, I, m) € As ;

_0
O—<Z11’1<l¢]<5 Ule Zl+lz+la1<l<4> Wherezl]_'xl (‘)x +Zk1 Jk B0, . 6 °

See the notebook ksle-5_10.nb for the details of implementation.

Regrading ¢(1119):

Grad _,2,i=3
ra e[xi]—{l i
Gradel6; ;] = 4— G ade[x; ] — Grade[x;]
Regrading ck(1119)
Grade[x,] = 2,i<2
radel _{1, i>3

O Algebra mb(4|5)

This algebra is implemented as a subalgebra in the odd—contact algebra m(4l5) generated as a
generalized Cartan prolongation of (g_», g-1, go),wWhere g, =(1) and g_; ={qo, -...q3, &0, ---&3)
coincide with the corresponding components in m(415), and where for the basis of gy we take

—qo qi +&; & forall (i, j, k) € A3
giéjforalll1 <i<3,0<j<3
q0é0—qi&i,1<i<3
gigjforalll<i<j<3
&éjforalll<i<j<3

Standard grading:

Grade|[g;]| = Grade[¢;] =1,
Grade[7] *=2

Regrading K
Grade[gg] =0
Grade| ] =3
Grade[q,] =2,i>0
Grade[&;]=1,i>0
Grade[T] "= 3

See the notebook mb—4_5.nb for the details of implementation.
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O Algebra vas(4|4)
This algebra is implemented as subalgebra in vect(4l4). The subalgebra is singled out by the
4
following equations on the vector field & = Zi:l fi 6‘97 + gi 667,- :
(1) $5+ ()" B=0, =i j<4
aﬁ P@ ag, S LN 0 oican
(o) s @ g=g ) Gh1siss
2 2 5fl + 2 =0, L<i,j<4

(3) gf), _aﬁ_( 1)P(5)A5fk + (- l)P@)L 8f1 — 0 for (i, j, k, [) € Ay and L %0

Standard grading:
Grade[p;] = Grade[6;] = 1

See the notebook vas—4_4.nb for the details of implementation.

O Algebra vle(4|3)
This algebra is implemented as a subalgebra in vect(413). The subalgebra is singled out by the
3 3
following equations on the vector field & = Zi:O fi 687 + Zi:l gi 6871-:

(1) 2+ (- 1)1 % =0forl=i#j=3;

3
(la) 3 af’ +(-=HF® ag’ :%Z.O%,lszs&
o,

2) %+—_0f0r1<z j=<4;

6)%%—0& + (DM L 20, G, j, k) € As
J

(4)-§fé-—0for1<z<3

(5) §h- - G = (DO 2 28— 0 for (i, j, k) € As.
Standard grading:

Grade[p;] = Grade[6;] = 1
Regrading r=1

Grade[py] =0,

Grade[p;] =2 fori>0,

Grade[6;] = 1.

Regrading r=2

Grade[py] =0,
Grade[p] =2,
Grade[6,] =0,
Grade[p;] = Grade[#;] =1 for i > 1.
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See the notebook vle-4_3.nb for the details of implementation.

m Stringy algebras

m Moebius-Poisson Algebra

The Moebius-Posson bracket is defined in terms of the Poisson bracket. All forms of Poisson
bracket described above, except for po(x;c), are supported.

Here we show only the version po({p,q}).

The function MoebiusAlgebra defines the Poisson bracket and the Moebius-Posson bracket
on the space of polynomials in p;, g;, 6, t, t!:
dim=. ..;
VecorSpace[p, Dim -» dim]
VecorSpace[q, Dim - dim]

Symmetric[VTimes];
MoebiusAlgebra[name, {{p, g}, 6, t}]

No need to declare 6 and ¢ as an trivial spaces; this is done by the function MoebiusAlgebra.

On the Moebius-Posson algebra m, the following function are defined (in addition to the func-
tions in the Poisson algebra; the functions EulerOp and A are redefined):

wolf, gl ={fs &hyp = U 8oy + (DPP L IL % is the  Moebius-Posson
bracket;

mb[f, g] is the unevaluated expression of Moebius-Posson bracket;

EulerOp,, = EulerOpy, +0 aa—g is the Euler operator E : m— m;
Am =2- EulerOp,, .

The names of the functions (except A) may be changed using options, e.g., MoebiusAlge—
bral..., EulerOp—Eu].

The option Variables —> {v, ...} extends the algebra to polynomials in v (the bracket does
not depend on v).

m Moebius Contact (Ramond) algebra kM (1| n)

The Ramond bracket is defined with the help of the Moebius-Poisson bracket which, in turn, is
defined with the help of the Poisson bracket. All forms of the Poisson bracket described above,
except po(x;c), are supported. Here we show only the version po({p,q}).

The function RamondAlgebra defines the Poisson bracket, the Moebius-Poisson bracket,
and the Ramond bracket on the space of polynomial in p;, q,, 0, t, ', where P(p;) = P(q;),
P@) =1 and P(¢) = 0:
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dim=. ..;

VecorSpace[p, Dim -» dim]
VecorSpace[q, Dim - dim]
Symmetric[VTimes];
RamondAlgebra[name, {{p, g}, 6, t}]

No need to declare 6 and ¢ as trivial spaces; this is done by the function RamondAlgebra.

On the Ramond algebra, r, the following functions are defined (in addition to the functions on
Poisson and Moebius-Poisson algebras):

rolf, gl ={f, glp, = A F1D(Q) — D(f) A lg]l —1{f, g}, 18 the Ramond bracket, where
) 6 0

D=5 =57 7>

rb[X,y] is the unevaluated expression of the Ramond bracket;

HamiltonianH,[f] = Hamiltonianty[f] — (-1)FY -;- %g- .(.%.

RamondK,[f] = A, [f] D —HamiltonianH,[f]+ D(f)EulerOp, is the operator R:
r—der(r).

The function names rb and rb may be changed using options, e.g., RamondAlgebral..., Rb—
BKk].

m Other algebras

m Algebra gi(A)
The algebra is implemented as the subalgebra in diff(K') generated by

il - _ 9
6u2’x_ ou

x+:u2%—(l—l)u, z=

See the notebook gll.nb for the details of implementation.

m Engel Algebra

In the notebook Engel.nb, there are two implementations of the Engel algebra: as a subalgebra of
vect(K') and manually by giving the basis and the multiplication table.



Package SuperLie ‘Cohom*: Calculation
of cohomology

This package helps to calculate cohomology of Lie [super]algebas with coefficients in any
module (splitted into a sum of finite—dimensional subspaces).

The main algebra a should be defined in Tabular mode, i.e., with basis aj,... a, and the
bracket defined via multiplication table. If it is not the case, one should first define a as subalgebra
of the original algebra.

If another algebra gy acts on both the main algebra a and on the module of coefficients m so
that a + go acts on m and d(g(f)) == g(d(f)), the action of gy may be used in calculations. For
example, it suffices to calculate the highest vectors in cohomologies (with respect to an even semi-
simple subalgebra of gg ).

See example below.

m Reference

m Variables

m Input data

ch$raise

m ch$raise should hold the list of rising vectors in even semisimple part of gg .

ch$lower

m ch$lower should hold the list of lowering vectors in even semisimple part of g .

ch$gen

m ch$gen holds the list of generators of algebra gg . This list is used to speed up the calculation of different gy —modules
by skipping calculating the full action table. Set ch$gen=All to calculate full action table (this is the default value).

ch$basis

m The value of ch$basis if the name of the function fn[r,d] that returns the list of all r—forms of degree d. The default
name is chBasis.

ch$Split

m The value of ch$Split is the name of the function that should be passed to SplitList or SplitSum when splitting
expressions to homogenous parts. The default name is chSplit.

m The values of this function are used for indexing the results of calculations. They are referred to as selectors in this
documents.

ch$wt
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m The value of ch$Wt is a (possibly user—defined) weight function relative to a fixed Cartan subalgebra of gy .

m The default value is Weight.

ch$out

m The value of ch$Out is a function that is applied to cohomology when printing. The default value is Identity.

m Storage

These symbols are used to store the information required for calculation. Normally their values
are assigned automatically, but the user can change them if required.

ch$alg

m ch$alg holds the name of the algebra a those cohomoligy are calculated.

chs$d

m ch$d holds the name of the module DLe ft[a] of differential 1—forms on the main algebra a with trivial coefficients.

ch$g0

m ch$g0 holds the name of the algebra gy acting on the main algebra a. This action is used to simplify the calculations: it
suffices to calculate only cohomology of the highest weight with respect to the even semisimple subalgebra of gy .

m See also ch$raise and chSplit.

ch$M

= ch$M denotes the module of differential forms.

ch$ex

m ch$ex denotes the g—module of exact forms (the last component calculated by chExMod).

m Results

The results of calculations are stored as values of chs$tabl...], chsres]...], and chsbook][...].

To avoid reusing the same storage for solutions of different problems, bind the variables
ch$tab, ch$res, and/or ch$book to different symbols, as follow:

ch$book = problanswer;
(*solve problem 1x)
ch$book = prob2answer;
(#solve problem 2x)
(¥compare the resultsx)

ch$tab

m ch$tabldegree]={selector—{{Dim[ker0],Dim[im0]},...},...} stores the dimensions of the spaces stores in ch$res.

ch$res

m chSres|degree, rank)={selector—{ker,im}, ...} stores the results of chCoHom[s, r].
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ch$book

m The final results are stored as chSbook[degree, rank,selectorl=cohomology or a list of cohomologies.

m To see all stored results, invoke DownValues [ch$Sbook].

m Functions
chSetAlg

m chSetAlg[a, d] defines d as DLeft [a] and stores a as algebra for calculation of cohomology.
m chSetAlg[a, d, go] specifies also the algebra gy that acts on a.

m Algebras a and gy should be already defined as well as the action of gy ona.

chScalars

m chScalars[b,c] declares the names of scalar coefficients to be used in calculations.

chHVect

m chHVect[f] calculates the highest vectors in the space given as the general sumf. The result is also a general sum.

chLVect

m chLVect[f] calculates the lowest vectors in the space given as the general sum f. The resultis also a general sum.

chGenDim

m chGenDim[f] returns the number of indeterminate coefficients in the general sumf.

chCoHom

m chCoHom([s, r] calculates the component of grade s of the kernel and the image of the operator d : " — QV'*! .The
result is stored in ch$res[s, r] as list of two general sums.

m This function is called from chCalc.

chRes

m chResls,r] prints the results of calculations of (<=r)—cohomologies of grade s.

chEqu

m chEquls, 7, w] solves equations of exactness for the coefficients of a generic closed r—form of grade s and weight w.

chCalc

m chCalcl[s,r] calculates (<=r)—cohomologies of grade s and prints a short summary.
m chCalc[s,{p,q}] calculates r—cohomologies (p<r=q) of grade s and prints a short summary.

m The summary contains the total number of independent highest vectors in the kernel and image of the exterior deriva-
tives.

m Use chNext [] to enumerate the calculated cohomologies.

chNext

m chNext[] shows the next calculated cohomology of the current degree. If the cohomology is pure, the result is stored
(using chBook[]) and returned. Otherwise the function returns the conditions of exactness (see chEqu) and the rates
of coefficients (see chRate) for the next cohomology. To store the results in this case, the user should manually
invoke chBook with appropriate arguments. Even for pure cohomologies, one can call chBook to overwrite the
results stored automatically (e.g., chBook[c[1]—2] will store the cohomology in different scale).

m chNext[degree] begins enumerating the cohomologies of the given degree (they should be already calculated using
chCalc).
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m chNext[] shows the next calculated cohomology of the current degree. If the cohomology is pure, the result is stored
(using chBook[]) and returned. Otherwise the function returns the conditions of exactness (see chEqu) and the rates
of coefficients (see chRate) for the next cohomology. To store the results in this case, the user should manually
invoke chBook with appropriate arguments. Even for pure cohomologies, one can call chBook to overwrite the
results stored automatically (e.g., chBook[c[1]—2] will store the cohomology in different scale).

m chNext[degree] begins enumerating the cohomologies of the given degree (they should be already calculated using
chCalc).

chBook

m chBook[rule] takes the last calculated cohomology (pointed by chNext ), replaces the indeterminate scalar coeffi-
cients (first, using the given replacement rule (it may be also a list of rules) and then the remaining ones with 0), and
stores the result in ch$book [grade, rank, selector].

m chBook[rulel,rule2,...] stores a list of cohomologies, one for each argument. The number of rules should be equal to
the multiplicity of the cohomology.

m chBook[] stores a cohomology for every indeterminate scalar coefficient. This form should be used for pure cohomol-
ogy only.

chPos

m chPos|] takes the current position in the enumeration of cohomologies, i.e., the list {grade, rank, selector}. This
position is advanced by function chNext[]

chExMod

m chExMod[s,r] builds the gy —module of exact r—forms of grade s using the default list ch$gen of generators of gj .
m chExMod[s,r,gen] uses the given list of generators of gg .

m chExMod[s,r,A11] builds the module of exact forms and the full table of the gy —action on this module. This is slower
and should be used only if the gy —action is required for calculations.

m The name of the module of exact forms is ch$Sex.

chMod

m chMod[m,v] builds the go —module m generated by the form (or list of forms) v and returns the dimension of the
module modulo the module of exact forms, see chDim. The module of exact forms should be already calculated for
the required grade and "arity", see chExMod. To simplify the calculations, the default list ch$gen of generators of
go is used.

m chMod[m,v,gen] uses the given list of generators of g .

m chMod[m,v,A11] builds the module generated by v and the full table of the gy —action on this module. This is slower
and should be used only if the gy —action is required for calculations.

chDim

m chDim[m, ...] calculates the dimension of the [sum of] the given gy —module(s) of forms modulo the module of the
exact forms.

= The module of exact forms should be already calculated for the required grade and "arity", see chExMod.

m This function is used to determine the gy —structure on the space of cohomology in case where gy is not a semisimple
Lie algebra.

chInMod

m chInMod[m, v] checks if the vector v is inside module m (modulo the module of exact forms).

chInSol

m chInSol[m, v] solves condition v € m (modulo the module of exact forms).
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chRate

m chRate[v] returns the table of ratings for indeterminate coefficients in general sum v. The rating is the number of
occurrences of the coefficients in the expression. The ratings may help to find a relatively simple expression for basis
vectors of a given mixed cohomology.

m User-defined functions

chBasis

m The function chBasis|f,s] should return the list of all —forms of degree s.
m The default definition builds this list from the list of O—forms, i.e., elements of the module of coefficients.

m The user should either redefine chBasis[r,s], or define chBasi s[s] that should return the list of 0—forms of degree s.

chSplit

m chSplit it the user—defined function that is passed to SplitList and SplitSum when splitting expressions into
homogenous parts.

m The values of this function are used for indexing the results of calculations. They are referred to as selectors in this
documents.

m Example: Cohomology related with sl(2 | 3)

Let g = sl(2|3). Calculate the cohomology of the lower odd block of g (in some format) with
coefficients in g.

m First, load packages

Needs|["SuperLie ‘"]
Needs|["SuperLie ‘Cohom‘"]

SuperLie Package Version 2.01 installed
Disclaimer: This software is provided "AS IS", without a warranty of any kind

m Set operation properties

For our task, we need automatic expansions of
(1) linear expressions in tensor products (i.e., x**(a+b)—»x**a+x**b) and
(2) action of any algebra on tensor products and exterior products:

Linear|[Tp];
Jacobi [Act -> Tp];
Jacobi [Act -> wedge];

m Define algebras

Next, build the algebra g and subalgebras y = g_ and 2 = gy = sl(2) ®sl(3) ®ec.

The subalgebra gy acts on g and g ; this action commutes with the exterior derivative, so the
cohomologies are gy —modules and it suffices to find the highest weight vectors.

We should also redefine the grading on g so that the subalgebra gy has grade 0.

slAlgebra[g, Dim - {2, 3}];

Grade([g[i_, j_]] *:=If[i=<2, -1, 0] +If[j=<2, 1, 0];
SubAlgebraly, g, Select[Basis[g], Grade[#] <0&]];
SubAlgebralh, g, Select[Basis[g], Grade[#] ==0&]];
RestrictModulely, h];
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The function rRestrictModule defines action of /4 on y.

m Set the task

Now we explain our task to Cohom package.

The forms on y will be denoted as dy.

The function chBasi s should build the basis of coefficients of the given degree.

The weight in g is defined as a gl-weight with 5 weight marks. A weight w may be gy —highest
only if w; 2w, and ws = w4 = ws. Therefore we ignore all other weights (value SkipVval in
chSplit function).

chSetAlg[y, dy, h];
chScalars[b, c];
ch$Wt = Weight;
chBasis[d_] := Select[Basis[g], Grade[#] ==d &];
chSplit[x ] :=With[{w = Weight[x]},
If[w[1l] = w[2] Aw[3] = w[4] > w[5], w, SkipVal]];

To find the highest vectors, we need the list of raising operator in h. These are elements whose
1mages 1n g are g12, £3.4, 4,5

pos = Position[Image[h], g[i_, j_]/; j=1+1]
{{5}, {63}, {7}}

ch$raise = {h[5], h[6], h[7]}

{h5l hg, h7}

m Output format
For the output, replace dy[i] with d[g[..]]:

ch$Out = OutMap;
OutMap[v_] :=v /. dy[i_] » d[Image[y] [i]]

Now we are ready to calculate cohomology.

All the dy’s have degree 1, the degrees of coefficients range from —1 to 1, so the degrees of
r—forms are from r—1 to r+1.

m Calculations
Degree —1: only O—cohomologies are possible:

chCalc[-1, 0]
Total: {{1, 0}}
chNext []

{ll Or OI OI 71} - dJ1,5

chNext|[]

No more cohomologies

Degree Q: 0— and 1-cohomologies:
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chCalc|[0, 1]

Total: {{0, 3}, {4, 0}}
chNext []
{1, -1, 1, 0, -1} > 91,5 **d[gz,3]
chNext []
No more cohomologies
Degree 1: 0—, 1-, and 2—cohomologies:

chCalc[1, 2]

Total: {{0, 1}, {1, 5}, {6, 0}}
chNext[]
{1, -2, 2, 0, -1} > 91,5 ** (d[gz,3] ~d[gz,3])
chNext []
No more cohomologies
Degree 2: 1-, 2—, and 3—cohomologies:

chCalc[2, {1, 3}]

Total: {{0, 4}, {4, 9}, {10, 0}}
chNext []
{1, -3, 3, 0, -1} > 91,5 ** (d[gz,3] ~d[gz,3] ~dlgz,3])
chNext[]
No more cohomologies
Degree 3: 2—, 3—, and 4—cohomologies:
chCalc[3, {2, 4}]
Total: ({0, 6}, {6, 11}, {12, 0}}
chNext []

{1, -4, 4, 0, -1} > 91,5 ** (d[gz,3] ~d[92,3] ~d[g2,3] ~d[gz,3])

chNext[]

No more cohomologies
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singular vectors

m Introduction

Let g = @g; be a Z—graded Lie superalgebra, £; = @,.,9; and V a go—module. The action of
go on V may be extended with 0 to £; and then an induced g—module is defined to be
I(V)=U(g-)®V.

The problem is to find all possible homomorphisms (V) = I(V;) for a certain class of gy —mod-
ules.

This problem is related to the similar problem for modules dual to induced ones, namely, to the
modules of tensor fields.

The image of V under such a homomorphism is a gy —module annihilated by £; . Such modules
are called singular and their elements are called singular vectors.

We consider the case when gy has a Cartan decomposition with raising generators xi, ..., X,
and lowering generators yi, ..., y,, and take the class of irreducible go—modules VA with highest

weight. In this situation, it suffices to find all highest weight singular vectors in I(V) for all possi-
ble A’s.

To find the highest singular vectors, it suffices to solve the system {x; v =0, z; v =0}, where
the x; are the raising generators of gy and z; are the generators of .£; considered as an ideal in
L) @ g§ . Usually (for g simple or close to simple), the z; are only the lowest weight vectors in g; ,
but there are exceptions.

The calculations are performed separately for every degree (with respect to the grading of
U(g-); this degree is equal to the degree of the corresponding invariant differential operators acting
between the dual modules of tensor fields) and depth (the difference between the highest weight
and the weight of the given vector in Verma module).

First, we calculate the action of x; and z; on the module I(M") induced from a Verma module
M* with indefinite highest weight A, and next we determine the condition on A when all the images
are induced from a submodule in M*.

If go is not a semisimple finite dimensional complex or real Lie algebra, the submodules in
I(V!) may contain multiple highest vectors, so a "gluing" is required.

m Functions

m Preparation

These functions are used to describe the problem.

To build the main algebra g, use functions defined in SuperLie (this step is not described here,
see the documentation to SuperLie).

To use the enveloping algebras and Verma modules, the vector multiplication should be
declared non—symmetric.
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O svSetAlg

svsetAlg|g,{neg, zero, pos}] declares the algebra and subalgebras to be used in calculations.
The main algebra g is divided, according to the grade, in the positive, zero, and negative parts.

The "positive" part may be represented by generators only (as an ideal over the
"raising=positive" part of the "zero" component). In this case, pos is supplied as name—{gl, ...}

O svScalars

svScalars]c,...] declares the indefinite scalar parameters to be used in calculations. The first
parameter will be used as an indefinite coefficient of the vectors; other parameters are available for
the user. The second parameter is by convention used for the heights weight of the Verma module.

o svCheckRL

svCheckRL[r, I, d] checks that the proposed lists of the raising, lowering, and diagonal ele-
ments agrees with the weight defined in the algebra.

o svCart

svCartlx, h, y] builds the Cartan decomposition of g .

svCartl[x,h,y,{gx,0,gy}] builds the Cartan decomposition with the non—standard gradings of
the generators. Here gx and gy are either lists of generator gradings, or their common grading (if all
should have the same degree).

To build the Verma module, the Cartan decomposition should agree with the weight defined on
go: [h;, x] = w;[x] x. Use the function svCheckRL to check this.

O svVerma

svVermalm, A, grade] builds the Verma module over gy with an indefinite highest weight A
and the basis of U(go™); all computations are performed up to the given grade.

To use enveloping algebras and Verma module, the vector multiplication should be declared
non—symmetric before calling svvVerma:

If[SymmetricQ[VTimes], UnSymmetric[VTimes]]

O svlLess

The ordering function sviess is used to sort the terms in products in the enveloping algebra
U(g-).

If sviess[x,y] returns True, the terms x and y are sorted in the order indicated.

The user may add extra definitions to function svLess, or use a different function by assign-
ing sv$Less=ownlLess.



Calculating singular vectors 109

m For every degree/depth

O svDefEq

svDe fEqg[deg] builds and partially solves the system of equations for singular vectors of given
degree in I(V), with indefinite go—module V and returns the list of depths for which the highest
vectors may exist.

The tensor product Tp should not be automatically linearly expanded; use UnLinear[Tp] if it
was.

O svEq

svEq[w] builds the system of equations for singular vectors in I(M") of the degree defined by
svDefEq and weight A —w (i.e. depth w). The equations are stored as values of sv‘eqHi ("highness
equations") and sv‘eqZ ("singularity equations").

The function returns the list of substitution rules that implements the map of the indefinite
module V to M* . The rules contain indefinite coefficients.

While solving the equations, the rules will be specialized by reducing the amount of indefinite
coefficients and adding restrictions on the highest weight A.

m Calculations

o svH

svH converts the highness conditions eqHi using current map. It also assigns the result to e and
returns the result converted for printing. All printed elements of U(g-) should annihilate the highest
weight vector of V! (= map the highest weight vector of M to an element of a submodule of M*).

O svZ

svZzli] converts the highness conditions eqZ[i] using current map. The function svZ[] does
the same with all eqZ. It assigns the result to e and returns the result converted for printing.

O svSolve

svSolve examines the list of vectors e (stored by svH and svZ[]) , tries to solve equations
e; == 0 and prints the solutions together with conditions on A whenever the equations are satisfied.
Use svSubli] to add the solution of the i—th equation to the current map.

O svAct

svAct [u,m] returns the result of action of u € U(g) on m € I(M*").

O svSp

svSplu, m] returns the scalar product of u € U(gj) onm € I(M"Y).
Defined if w(u) + w(m) = A.
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O svRep

svRep[expr] applies the current map to the expression expr and tries to simplify the result.

O svSub

svSub[sol,...] adds the solutions to the current map. Here sol may be
(a)arule A[_]—>._;
(b)arulec[__]—>_;
(c) an integer, see svSolve;
(d) an expression e, in this case the solution of e==0 is added .

o svExcl

svSub [expr] adds the expression expr to the list of non—zero expressions. Such expressions
will be cancelled in equations. The list of non—zero expressions is valid for the current branch.

O svBranch

svBranch [level] starts new logical branch of the solution. If level is <= the current level, the
current map and exclusion list are restored as they were when the level was created.

O svHiCf

svHICf returns the coefficient at m, of the vector in question, hiD.
Since m) cannot belong to any submodule of M, this coefficient should be non—zero.
The indeterminate coefficients that are not present in this coefficient are irrelevant.

O svResult

svResult returns the solution(s) of the current replacement list, as element(s) of M* .

O svimg

svImglf] substitutes the elements of g_, g9, and g, in the expression f with their images in
the main algebra g.

m Variables

O sv$g
The value of svsg is the name of the main algebra g. Assigned by svDefAlg.

O sv9n, sv$a, sv$p

The values of svsn, svsa, and svsp are the names of the negative (g_), zeroth (gp) and positive
(g+) subalgebras of the main algebra. Assigned by svDefAlg.
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O sv9y, sv$h, sv$x

The names of the negative, zeroth and positive subalgebras in the Cartan decomposition of the
algebra go = g0~ D g0’ @ go ™ . Assigned by svCart.

O sv$r, sv$l, svsd

The values of svsr, svs1, and svsd are lists of Chevalley—like generators of gy (the raising,
lowering and diagonal, respectively). Required relations: [d;, rj] = w;(r;j)r;, where w(x) is the
weight of x, and similarly for the /;. Assigned by svCart. The proposed generators may be checked
by svCheckRL.

O svém, sv$a

The values of svém and svsa are the name and the highest weight of the Verma module over
8o - Assigned by svVerma.

O sv$z

The value of svsz is the list of generators of g, as go* —module. May be assigned by svDef-
Alg; otherwise should be assigned manually.

O sv$v

This is an indefinite gy —module used in calculations.

O sv$c

The value of svsc is the name of the scalar coefficient used in calculations.

m Private part

m Functions

svRaise[f] for felnd(V), calculates svAct[sv$r,f], decomposes the result with respect to the
basis of U(g_) and returns the list of coefficients (elements of V)

uCoords|f] for felnd(V), decomposes f with respect to the basis of U(g_) and returns the list
of coefficients (elements of V)

modBas[d] returns the basis of the d—th component of Ind(M*).

eqMml(e] for e € M, returns the list of scalar equations equivalent to the condition e maxi-
mal submodule. It uses current substitutions.

eqPr([f] for f € Ind(M") returns the list of scalar equations equivalent to the condition fe
Ind(maximal submodule). It uses current substitutions.
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gPr[f] for f € Ind(M") calculates the list of scalar equations equivalent to the condition fe
Ind(maximal submodule), assigns the result to e and returns the result converted for printing. Uses
current substitutions.

mComp|w] returns the list of element of M* with weight A-w.

uxComp|[x] returns the list of element of U(gy*) of required weight.
If x € M*, then the weight is A-w(x); if x is a list, then the weight is —x.

eqZ returns the equations of singularity.
eqH returns the equations of highness.

svImg[v] returns the image of the element v in the algebra g.

envBas|[d] returns the list of elements of grade —d in U(g_).

m Data objects

svArep is the decomposition operator of gy in the form of a replacement rule.
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m Properties

SetProperty

m setPropertyl[obj, property] defines the property of the object.

m Both parameters can be lists.
m Either objects or properties can be with parameters, as obj—value or property—value (but not both).

m Each property must be previously defined using the functions NewProperty, NewValue, NewList or NewDomain. Only one
of the properties in the list can be a domain.

= Another way to set the property of the objects is to call propertylobj, obj, ...] or propertylobj—>value, ...]. Only the second form is
valid for Value and List types of properties.

m CancelPropertylobj, property] cancels the property of the object.

= Both parameters can be lists.
m Objects as well as property can be with parameters, e.g., obj—value or property—value (but not both simultaneously).

= Another way to cancel a property of an objects is to call Unpropertylobj, obj, ...] or Unpropertylobj—value, ...].

Define

m Define[obj, prop] clears all settings of the object and calls SsetProperty.

m Definelobj, prop, {attr}] sets attributes of the object before the properties.

ClearDef

m ClearDef[name] clears all settings associated with the symbol name.

m Keys

In Mathematica, there are two forms for holding the properties of objects. One is
Attributes[obj] whose value is {key, key, ... }, the other one is Options[obj] with value of the form
{key—>value, key—>value, ... }.

The Domain package allows one to define other lists of properties, which can contain terms of
both types: key or key—>value.

NewList

m NewList[name] defines a new list of properties. The value of name[obj] will be the list of the properties of the object,
namelobj, key] is the value of the property key (or True if key has no value) and False if key has not a term of
name(obj].

m The expression name[obj—list] is used to add or change the properties, Unname[obj—list] to remove the properties.
= One function can set properties of several objects: namelobj—list, obj—list, ...] or name[{obj,0bj,..} >list].

m Each member of the list must be either key or key—value. If the name[obj] already contains the member with the same key, it will be
replaced.
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m Another way to set/reset the list of properties (together with properties of other kinds) is SetPropertylobj, {..., name—list, ..}]
and CancelPropertylobj, {...,name—list, ..}].

NewValue

m NewValue[name,..] declares new properties of the type Value.

m After declaration one can use namelobj—val, obj—val, ...] to set (or change) the value of the property name and Unname|obj, obj, ...]
to discard the property.

m The expression name[obj] returns the value of the property name of the object 0bj.

= Another way to set/reset the value of the property (together with properties of other kinds) is SetPropertylobj, {..., name—val,
..}] and CancelPropertylobj, {..., name, ..}].

NewProperty

m NewProperty[name] declares a new property of objects.

m NewProperty[name, {method,...}] defines also the method of setting and resetting the property.

m The predefined methods are:

m Flag: namelobj] sets the flag nameQlobj] = True, Unname[obj] cancels this definition. This is the default method, if it is used,
then NewProperty is called without the second parameter.

m Flag-svalue is the same as F1lag with given value used instead of True.

m Rule: namelobj] transforms the replacement rule nameRule[obj] into a definition attached to obj; namelobj—parm] uses name-
Rulelobj, parm]. The function Unnamelobj] (Unname|obj—parm]) cancels this definition.

m Rule-parm gives the default value of the parameter for nameRule[obyj].

m VarRule is the same as Rule, but adds to the name of the rule a prefix depending on the domain of the object (see below about
domains). So the property may differ from one domain to another.

m VarRule—parm gives the default value of the parameter.

m Option: namelobj—val] sets the option name—val of the given object; name[obj] sets name—True; Unname[obj] deletes the
option.

m Opt ion-value gives the default value of the option (instead of True).

m Also-{prop,..} shows that name[obj] sets also the properties from the list by calling parm[obj]. Each of them may have a parame-
ter: prop—parm, then it is used in the call prop[obj—parm].

m Format: shows that namelobj—func] defines the output format as Format[expr_obj, nameForm] := funclexpr]. Example:
TeX [x—»Subscripted] defines Format [expr_x, TeXForm] := Subscriptedl[expr].

NewDomain

m NewDomain[name] declares a new domain.

m To attach an object to this domain, enter name[obj,...] or name[obj—parm,...] if the domain requires a parameter.
m To detach the object, type Unname[obj,...] or Unnamelobj—parm,...].
= The names of domains can be used also in SetProperty and CancelProperty.

m NewDomain[name,{method,...}," prefix"] defines also the method of attaching and detaching an object to the domain. The methods
are the same as for NewProperty. The third parameter is the prefix used in VarRule method for this domain.

Domain

m Domain[expr] returns the domain of the value of expression expr.

m Domain[op, n, tot] returns the domain of the n—th argument of the function op when it is called with tor arguments.

Operation

m Operation[name, genericl[domain, ... |>domain] defines a new operation name as a restriction of the generic
operation if its parameters belong to certain domains.

= In case of operations with a variable number of operands, the repeated operands may be written as domain.. (two dots) or domain...
(three dots; the last version allows zero operands).
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= In the case when a repeated group of operands enters a new operation not directly but as a result of another operation, this condition
may be written as domain..— opname. An example of such a condition is the restriction of the generic Times operation (GTimes)
to the product of a scalar coefficient and the vector: Operation[SVTimes, GTimes[Scalar..->Times, Vector]-
Vector].

m Tools

SPrint

m SPrint(format, val, ...] converts the arguments to a string. All arguments are the same as in Print function.

AutoRule

m AutoRule[rule] converts the replacement rule or list of rules into definition(s), so the rule will be automatically
applied whenever possible. The value of the rule is changed to {} (if rule is non—protected) to prevent the repeated
attempts to apply the rule.

m AutoRule[rule, tag] attaches the definitions to the given tag.

UnAutoRule

m UnAutoRule[rule] cancels the definitions made by Aut oRule[rule] or Aut oRule[rule, fag] and restores the value
of the rule.

NameSuffix

m NameSuffix[name, "suffix"] builds a new name, appending the suffix to the old name.

PrefixName

m PrefixName [ "prefix", name] builds a new name, prepending the prefix to the old name.

Tag

m Tag[expr] returns the HoldPattern[fag], where tag is the first symbol in the sequence expr, Head[expr],
Head[Head[expr]],... .

= Only the head of expr is evaluated (as in the left hand side of "=")."

Target

m Target[expr] evaluates the head and the arguments of the expression and returns the result enclosed in
HoldPattern[] to prevent further evaluation of the expression. The result may be used as target for assignment, in
replacement rules, and so on.

m Targetlexpr, head] returns head[value] rather than HoldPattern[value]. For example, Print[Target[expr,
HoldForm]] prints partially evaluated expression.

AddHead

m AddHead[head, expr] returns expr if Head[expr]=head and head[expr] if this expression expr has different header.

InfixFormat

m InfixFormat[sep][f] defines the infix output format for the expressions with header f: f{x1,x2,..] — x1 sep x2 ... .
m InfixFormat[sep, options][f] defines the infix format with the options:
Prec is the precedence level (the default is 100),

Group is grouping (the default is None),
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Empty is the format for f]] (the default is 1),
Type is the format type (the default is OutputForm).

SetFormat

m SetFormat[type, f, fun] defines the output format for the expressions with header f: f[x,...] —fun[flx, ...]] .

m SetFormat[StandardForm, f, Subscripted] defines also the interpretation of the subscripted input.

ClearFormat

m ClearFormat[fype, f] cancels the definition given by SetFormat.

SetToTag

m SetToTag[symb] redefines assignments of expressions with header symb, so that assignments symb[arg,..] = ... and
symblarg,..] := ... will be attached to arg rather than to symb.

Compound

m Compound[{f],...fn}] returns compound function which, if applied to arguments args, evaluates (fI[args]; ...; fulargs]).

SortKeys

m SortKeys(list] sorts the list in the alphabetical order of the keys.

OrderKeys

m OrderKeys| argl,arg2] returns -1, 0, or 1 depending on the order of the keys in arguments (like function Order).

OrderedKeysQ

m OrderedKeysQ[list] returns True if keys in the list are ordered and False otherwise (like function OrderedQ).

SameKeysQ

m SameKeysQ[arg,...] returns True if all arguments have the same keys and False otherwise (like function SameQ).

Merge

m Merge(listl,list2,...] is similar to Union, but supports more options:
SameTest —fest specifies the function used to determine equivalent elements (like in Union);
Sort—fn specifies the function to be used for sort the union (like in Sort).

Merge-—fn specifies the function that is used to merge sets of equivalent elements.

m See also Union, Sort.

Union

® Domain ‘Union supports the option Sort—fn which specifies the function to be used to sort the union (like in Sort).

m See also System ‘Union, Sort.

UnionKeys

m UnionKeysllist, ... ] returns the joined list, sorted by the key order, with repeated keys dropped.
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DeleteSame

m DeleteSamel[list] deletes from the list the adjacent repeated terms leaving only the first one. DeleteSamel[list, test]
uses function test instead of SameQ to check the equivalence of terms.

KeyValue

m KeyValuellist,key] returns True if the list contains the member key, the value if the list contains the member key—
value, and Fal se otherwise.
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m Creating enumerated sets

EnumSet

® EnumSet[set, range—comp, ...] builds a new enumerated set from given components. The result is attached to the
symbol in the first argument.

m The arguments should have format {szart, end, step}—{deg=list, ... }.

= This component will be enumerated in the following order: for every degree in the range {start, end, step}, the list of the elements is
calculated as degree /. {deg=-list, ... }.

m The value of end may be Infinity.

EnumAddTo

® EnumAddTo[set, range—~comp, ...] adds more components to the enumerated set.

m See EnumSet for the argument format

EnumJoin

® EnumJoin[new, setl, ...] builds new enumerated set joining the enumerated sets set1, set2, ..., setn.

m EnumJoin[new, old] builds a duplicate of an old enumerated set.

m lteration over enumerated sets

EnumFor

m EnumFor([var, set, options..., body] executes body repeatedly for any var from set.

= Options:
m Range—{from, to, step} restricts the range of the elements’ degree (step is optional)

m From—selt starts the iteration from the given element. This option is valid only when an earlier iteration reaches this element (using
To or Until option)

m FromNext —elf same as From—elt but skips the given element.
m To—elt ends the iteration at the given element. The iteration may be resumed from this point using options From or FromNext.

m Until-—elt same as To—elt but stops before the given element.

EnumTable

m EnumTablelexpr, {var,set,options...}] generates a list of the values of expr when var runs over all elements of the
enumerated set.

m EnumTable[expr, iter ...] with several iterators gives a nested list, the first iterator is outermost.

= The options (see EnumF or) restricts the range of elements.

EnumList

m EnumList[set, options ...] generates the list of elements of the enumerated set.
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m The options (see EnumE or) restricts the range of the elements.

EnumPoint

® EnumPoint[var, set, elt, options ...] finds the location of the elt in the set and assigns the var to point out the result.

= The options (see EnumF or) restrict the range of the elements.

m Accessing enumerated sets

Enum

m Enum[set, i] returns the i—th component of the enumeration of the set.

= Enum[sef] returns the number of the components in the enumeration of the set.

EnumRange

® EnumRange[set, i] returns the range of degrees in the i—th component of the enumerated set.

= The format of the result is {stars, end, step}.

TestRange

m TestRange[value, range] tests whether the value is in the given range.

m The range may be {end}, {start, end} or {start, end, step}

m The result may be True, False, Greater or Less.
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Every example is described "from scratch" as if it is executed in a fresh session. The function

off[...] is called to suppress the message Equations may not give solutions for all "solve"
variables.

m 1. Classical Lie superalgebras

m 1.1. Defining relations for g(A)

In these examples we will find the defining relations between the positive generators of two
algebras with Cartan matrix.

0 1.1.1. Defining relations for ag,

Needs["SuperLie'"]
Off[Solve: :svars]

0 1 o
CartanMatrixAlgebra[ag, {x, h, y}, [-1 2 -3], ®, PList -> {1, O, 0}]
0 -1 2

17|14

This is the basis of x = (ag, ) . in terms of generators x1 , X, , X3 :

GenBasis[ag] // ColumnForm

X1

X2

X3

X1, X2 ]

X2, X3]
XZI[X21x3]]
X3, [x1, %2 ]]
X2, [%2, [x2,%3]]]
[X1,X21 [x2, x3]]
[x1,%2], [%2, [%2,%3]]]

[x2, %3], [x2, [%2, x3]]]

[x2, [®2,%3]], [%3, [%1,%2]]]
(%23, [x1,%2]], [%2, [x2, [x2,%3]]1]]
[x3, [®1, %211, [[%1,%2], [%2, [%2/, x3]]]]

[
[
[
[
[
[
[
[
[
[
[

These are the defining relations between generators:
GenRel[ag] // ColumnForm

[x1,x1] >0

[x1,%3] >0

[x2, [x1,%2]] >0

[x3, [%2,%3]] =0

(22, [%2, [%2, [%2,%3]]]1]1 >0
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O 1.1.2. Defining relations for d(2)™"

All calculations are done up to degree 12

Needs["SuperLie ‘"]
Off[Solve: :svars]

Declare a scalar parameter «.

Scalar[a];

Build the algebra up to degree 12:

2 0 0o -1
. 0 2 0o -1 .
CartanMatrixAlgebra[g, {x, h, y}, o o ) .| 12, PList > {0, 0, 0, 1}]
-1 -a 1+a O

46140

Here are the relations:
GenRel[g] // ColumnForm
[%4,%4] >0
[x1,%2] =0
[%x1,%3] >0
[x2,%3] >0

[x1, [%x1,%4]] >0
(%2, [%x2,%4]] >0
[x3, [x3,%4]] >0
[ [

[x2, %), [[x1,%a], [x3,%4]]] >

o ([ xal, [[x1,xa], [x2, %4 ]]]

m 1.2. Defining relations in vectorial algebras

In the following examples we will show how to find defining relations between elements of an
existing (i.e., already defined) algebra.

O 1.2.1. Algebra of polynomial vector fields vect(2|1)

Let us find the relations between the positive generators of vect(2]1) with respect to the standard
grading, see [GL].

Needs["SuperLie ‘"]
Off[Solve: :svars]

SuperLie Package Version 2.03 installed
Disclaimer: This software is provided "AS IS", without a warranty of any kind

First let us define the algebra vect(2/1). We will define it as algebra of vector fields on a space
x of dimension (2[1).
We will use the operation vTimes for multiplication of polynomials, so it should be declared

symmetric (i.e., supercommutative). The tensor product Tp should be declared Linear (i.e., automat-
ically expanded via linearity).
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Symmetric[VTimes];

Linear[Tp];

VectorSpace[x, Dim-» {2, 1}, CoLeft » v];
VectorLieAlgebra[g, x]

g = vect(x)

Find the lowest vectors in g; :

GeneralZero[{x; ** V1, X3 **Vy}, Basis[g, 1], ¢, Lb]
c[2] (x1x3) *»* vy +C[1l] (%2 x3) ** v1 +C[2] (X2 X3) ** V2

Build a subalgebra with generators e; = X; *% Vy, €5 = Xp *x* V3, Z] = X3 X3 %% V1,

Zp = X1 X3 **% V] + Xp X3 %% Vo.

We will restrict the calculations to elements of grade <4 (note that the first two generators has

grade 0).

SubAlgebrals, g,
{e1 » X1 **Vy, € > Xp *%* V3, Z1 - (X3 X3) ** V1, Zo > (X1 X3) #* V] + (X3 X3) **Vy }, Grade -» 4]

s is a sublagebra in g

Here are the relations (to start every relation with a fresh line, we print the results in the infix

format with the newline symbol as separator; columnForm does not work because some relations
does not fit in one line):

GenRel[s] // InfixFormat["\n", Prec -> 1000]

[ez,e2] =0

[e1, [e1,e2]] =0
e1,22] =0

€1y [ell [ellzl]l] =0
[ellez]l [621221] =0

Z1r [elr [elr 21]1] =0

[ell Zl]l [62, Zl}] ::’3[221 [621 Zl]}

ez, z1], [e1, [e1,21]]] =2 [z, [[e1,e2],21]] -2 [[e1,21], [€2,22]]
[ex,z1], [[e1,e2],21]] =~ [[ez,2z1], [e2, 22]]

[lerse2l, 21], [ler, €21, 2211 = > [[e2, 221, [e2, e, [er, 211171 -

%[[62722]7 [[ellez}l [ellzl}]}+%[[621 [ellzl}]l [[elleZ}rZZ]]

[[[61162}721J7 [621 [elr [ellzl]}]} =
[[e2,z2], [[e1,e2], [61121]}]—[[627 lei,z1]], [[e1,e2], 22]]
[[ezlzl]l [221 [62121}]J
[[[e1,e2],21], [22, [62,21]}] =0
[[[e1,e2], [e1,21]])s [22, [€2,21]]] =
1

[[e2,z2], [[e1,2z1], [e2,22]]] - [[[e1,e2],22], [22, [€2,21]]]
1

[[[e1,z1], [e2,22]], [[e2,21], [€2,22]]] ==*§[[62,22]r [[ez2,z2], [22, [e2,21]1]]]

[
[[[ez2,2z1], [e2,22])), [[e2,22], [[€1,e2),21]]] =
1

2

E[[QZIZZJI [[ez2,2z2], [[e2,21]s [€2,22]]]]

O 1.2.2. Algebra h(2|1)

Let us find the relations between the positive generators of H(2I1) with respect to the standard

grading, see [GL].
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Needs["SuperLie'"]
Off[Solve: :svars]

First, let us define the algebra H(2I1). We will define it on polynomials of p, g, 6.
We will use the operation vTimes for multiplication of polynomials, so it should be declared
Symmetric.

TrivialSpace[p];
TrivialSpace[q];
TrivialSpace[6, 1];
Symmetric[VTimes];
HamiltonAlgebral[g, {p, 6, q}]

g is a Hamiltonian algebra over {p, 6, g}
Find the lowest vectors in g7 :

GeneralZero[{qz, g6}, DegreeBasis[3, {p, 6, q}], ¢, Hb]
clllq

Build a subalgebra with generators e; = p?,e; =p 6, z = g°, up to grade 5.
Note that HamiltonAlgebra does not define grading on polynomials, so we should specify the
grading explicitly.

SubAlgebrals, g, {e: -)pz, e »pb, 2z —>q3}, Grade -» {Deg[#, BasisPattern[g]] -2 &, 5}]
s is a sublagebra in g

Here are the relations:

GenRel[s] // ColumnForm

[e1,e2] =0

[e2,e2] =-e1

[ei, [e1, [e1, [e1,2]]]] ==

[e2, [e1, [e1, [e1,2]]]] =

[z, [e2,2]] =0

[[e1,z], [ex, [ex,2]]] = [2, [e1, [e1, [e1,2]]]]
[ lei, [e1, z]]] =4 [[e1, 2], [e2, [e1, 2]]]
[

[

O 1.2.3. Algebra h(4/|0)

Let us find the relations between the positive generators of h(40) with respect to the standard
grading, see [GL].

Needs["SuperLie'"]
Off[Solve: :svars]

First, let us define the algebra h(4). We will define it on polynomials of p; , g; .
We will use the operation vTimes for multiplication of polynomials, so it should be declared
Symmetric.
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VectorSpace[p, Dim - 2];
VectorSpace[q, Dim - 2];
Symmetric[VTimes];
HamiltonAlgebralg, {p, 9}]

g is a Hamiltonian algebra over {p, g}
Find the lowest vectors in g; :

GeneralZero[{p; g1, 927}, DegreeBasis[3, {p1, P2, d1, 92}], ¢, Hb]
cll] o’

Build a subalgebra with generators e; = p; g2, e, = p3,z = g3, up to grade 5.
Note that HamiltonAlgebra does not define grading on polynomials, so we should specify the
grading explicitly.

SubAlgebrals, g, {e1 2 p1 92, €2 -)p% , Z > q:l”}, Grade -» {Deg[#, BasisPattern[g]] -2 &, 5}]
Here are the relations:
GenRel[s] // InfixFormat["\n", Prec -> 1000]

[ez, [e1,e2]] =0

[e1, [e1, [e1,e2]]] =0
ez, 2] =0

[e1, [e1, [e1/, [€1,2]]]] =0
%ZI [ell Z]} =0
[
[

lei, z], [e1, [e1,2]]] =0

[[ex1,e2], 2], [e1, [e1, [€1,2]]]] ::’%[[ell [ei,z]], [[e1,e2], [e1,2]]]

[[e1, [e1,e2]]), 2], [[e1, [e1,e2]], [€1,2]]] ==

-4 [[[e1,e2], [e1,2]], [[e1,e2], [e1, [€1,2]]]] -
2[[[e1762]r[ellz]]l[[elr[elreZ]Jl[el!Z]}]

[[[e1, [e1,e2]], [€1,2]]), [[€1, [€1,e2]]), [[€2,€2],2]]] =

Z[[[ellez}’ [elr [ellz}]}l [[elleZ]l [[61162}! [elrz}]]}_
3
g[[[elIGZ]I [lei,ez2],z]], [[e1, [e1,e2]], [€1, [e1,2]]]] -
5

[[[ell [91162111 [ellzl]l [[6119211 [[9116211 [ellz]l]l

1, [er,e2]], [[e1, [er1re2]], [le1, [e1,e2]],2]]), [[e1, 2], [[€1,€2],2]]] =
*3[[[@1,[61,621],[[el,[el,ezl],[61,2]11,[[[61,621,21,[[el,[el,e2]1,211]*
3[[[611[elle2]1r[[ell[elle2111[[6116211Z]1]r[[ell[elrz]lr[[911621lz]1]

m 1.3. Defining relations for gl(1)

Needs["SuperLie'"]
Off[Solve: :svars]

The algebra gl(A) is defined as a subalgebra in diff(1) with generators shown below.

Since the grades of the generators have different signs, it is not possible to restrict the calcula-
tions to some grade. Instead, we restrict the computation to some degree with respect to the genera-
tors assuming that the degree of each generator is equal to 1.

TrivialSpace[u];

DiffAlgebra[Diff, u];

Scalar[A];

SubAlgebra[s, Diff, {x* »u? d[u] - (A-1) u, x~ » -d[u], z—>d[u]?}, GRange » 10]

s 1s a sublagebra in Diff

Here are the relations:
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GenRel[s] // ColumnForm

X, z] =
XY, xT]] =2 (x7)

+

V4

ol
X, [xT,x7]] =2 (x7)

X

V4

X

P [xT, xT]] =4z

Z
z, [z, [x",2]]] =
[

P IxT,[xT, [x7, 2] =

X
[z, [X+IZ}]I [X+I [X+I [X+,Zl}]1 =-144 <’9+A2>Z’%[[x+r [erlZ}]l [z, [X+, [X+IZ1]1]

[
[
[
[
[
[
[
[

m 1.4. Defining relations for diff(1)

Needs["SuperLie ‘"]
Off[Solve: :svars]

Case n=1:

TrivialSpace[q];
DiffAlgebra[Diff, q];
SubAlgebra[s, Diff,
{e > VTimes[], g9~ q, dg~»d[q], x> d[q]?, y~»a*, h>qd[q], z> g}, GRange - 16]

s is a sublagebra in Diff

Here are the relations:

GenRel[s] // InfixFormat["\n", Prec -> 1000]

[e,q] =0

|:el dq} ==

[e, x] ==

[e,y] =0

[e, h] =

(e, z] ==

[q,dg] = -e

[q, x] = -2dq

[a, y] ==

[q, h] =-q

[q, 2] =0

[dg, x] =0

[da, y] =29

[dg, h] =dg

[dg, z] =3y

[x,y] =2e+4h

[x, h] =2x

[y, h] =-2y

[y, z] ==

[h, z] =32z

[z, [z, [x,2]]] =0

[x, [x, [x, [x,2]]]] =0

[[%, 2], [x, [%,2]]] =144e+ [z, [x, [%, [x,2]]]]
41472 3

[([z, [x,2]]), [x, [%, [%,2]]]] == 5 q_g[[xr [x,2]], [z, [%, [%,2]]]]

4
Lz, Ixo [xo 2] ]]0 Lz, [x, [, [x, 2] 11]] = 435456y + — [[x, [x, [x, 2]]], [[x, 2], [z, [x, 2]]]]

VectorSpace[q, Dim - 2];

DiffAlgebra[Diff, q];

SubAlgebra[s, Diff, {e » VTimes[], gl »>q;, 92 >qz, dgql »d[q1 ],
da2 > d[qz], x1 > gz dla1], x2>d[qz]%, yl > a1 d[az2], y2 > a2?,
y3>q1 @2, yd>@?, h1>q dla], h2>q2 d[q2], z-> a1}, GRange - 15]
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s 1s a sublagebra in Diff

Here are the relations:
GenRel[s] // InfixFormat["\n", Prec -> 1000]

[e,ql] =0
[e,q2] =0
e, dgl] =0
e, dg2] =0
e, x1] =
e, x2
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x2, [x1,x2]] =0

z, [x1,2]] =0

x1,x2]]] =0

x1l, [x1,2]]]] =0
x1l, [x1,2]]] =0

Z 11, [x1, [x1, [x1,2]]]] =
[x1, x2], [x1, z]], [[x1, z], [®1, [x1, x2]]]]
1

x1, [x1, [
x1, [x1, [
[

8
>
2

([x1, [x1, 2]], [[x1, x2], [x1, z]]]

[[z, [x1, [x1, x2]]], [[x1, z], [x1, [x1, x2]]]] +

2 [[[x1, x2], [x1, z]], [[x1, x2], [x1, [x1, z]]]]
[[[x1, z], [x1, [x1, x2]]], [[x1, [x1, x2]], [z, [x1, x2]]]] ==

714467% [[[Xlr ler [Xl, [Xlr Z}]}I [[Xlr X2]r [[Xll XZ}I [Xlr Z]}]} +
& [[[x1, x2], [z, [x1, x2]]], [[x1, [x1, x2]], [x1, [x1, z]]]] +

[[[x1,z], [x1, [¥1, x2]]1], [[x1, x2], [[x1, x2], [x1, z]]]]
[[[x1, [x1, z]], [[x1, x2], [x1, z]]], [[x1, [®1, x2]], [[x1, x2], [z, [x1, x2]]]]] =

25920611—% [[[x1, [x1, x2]], [[x1,x2], [x1, z]]1], [[z, [x1, [x1, x2]]], [[x1, x2], [x1, z]]]]

m 2. Singular vectors

m 2.1 K(1]6)

Not written yet; for the answer, see [GLS]

m 2.2 kas

Not written yet; for the answer, see [GLS]
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m 3. Cohomology with various coefficients

m 3.1 Trivial coefficients

o 3.1.1. 5 (g) forg=h°(0|n), n=4

Needs["SuperLie ‘"]
Off[Solve: :svars]

SuperLie Package Version 2.03 installed
Disclaimer: This software is provided "AS IS", without a warranty of any kind

Define h® as subalgebra in the Hamiltonian algebra

n=4;

VectorSpace[6, Dim-» (0 | n)];
Symmetric[VTimes];
HamiltonAlgebral[ham, {6}]

ham is a Hamiltonian algebra over {6}

bas = Rest [UpToDegreeBasis[n -1, Array[6, n]]]
SubAlgebra[g, ham, bas, Grade -» (Deg[#, _6] -2 &)]

{61, 62, ©3, B4, 6162, ©1 603, 61604, 0203, 6204, O304, 61 6203, 016,604, 01 0364, 02 0364}

g 1s a sublagebra in ham

Prepare calculations:

Needs["SuperLie ‘Cohom'"]

chSetAlg[g, dg, None, 1]

chScalars|[b, c];

Jacobi [Act - wedge];

ch$out := (# /. {g[i_] »» Image[g] [i]l, dg[i_] :» d[Image[g] [i]]}) &

Calculations (the grades of g; are from —1 to 1, so the grade of r—cohomology may be from —r
tor)

chCalc[-4, 4]

Total: {0, 0, 0, 0, {1, 34}}

The result shows the dimension of Im d and Ker d. One 4-cohomology is found. Print it.
chNext[]

> d[01 02 03] Ad[01 02 03] Ad[01 02 03] A~d[O1 O, O3]
d[61 62 63] ~d[016203] ~d[01 60204] ~d[61 O2 64
d[01 02, 03] Ad[01 0203] Ad[01 0304] ~d[O1 O3 O4
d[01 02 03] Ad[01 0203] Ad[02 0304] ~d[O; O3 O4
[016204] ~d[010204] ~d[010204] ~d[O1 O2 O4]
d[01 02 04] Ad[01 0264] Ad[01 0304] ~d[O1 O3 04
d[616264] ~d[01 6264] Ad[626364] ~d[6; B3 64
[016304] ~d[O1 O3 04] ]
d[6103604] And[01 O3 04 4
[620304] ~d[02 03 04] ]

d[©1 ©3 04 ]
Ad[6; 63 64
d[6; 03 04 ]

d[©1 O3 04
A~d[6, 636
d

d
2
2
2
d
2
2
d
2
d [62 63 64

] ]
] ]
chCalc[-3, 4]

Total: {0, 0, 0, {0, 20}, {20, 100}}
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No cohomology of degree 3.
chCalc[-2, 4]

Total: {0, 0, {1, 9}, {9, 51}, {52, 178}}

There are: one 2—cohomology and one 4—cohomology of degree —2. To save the volume of this
book, we do not print all cohomologies.

chCalc[-1, 4]

Total: {0, {0, 4}, {4, 20}, {20, 80}, {80, 240}}

chCalc[O0, 4]

Total: {{1, 0}, {0, 6}, {7, 24}, {25, 91}, {92, 263}}
chNext []

51

chNext[]

5 {{{c[1]1>0}}, {4, 4, 4, 4, 4, 4, 4}}

Only the coefficient c[1] gives a cohomology. Print it.
chBook[c[1] - 1]

-d[e1] ~d[6260364] +d[62] ~d[6160364] -d[63] ~d[016264] +d[04] ~d[61 62 O3]

chNext[]
- {{{c[16] » -c[18] -c[22] -c[25]}},
{8, 6, 6, 6, 6, 8,8, 6,6,6,6,6,6,6,6,4,8,4,8,6,8,46,6,4}}

chBook[c[16] » 1]

-d[01] Ad[01602] ~d[010304] +d[01] ~d[01 03] ~d[O160204] -
d[01] ~d[0104] ~d[O10203] +d[60102] Ad[0103] ~d[O1 O4]

chNext[]

> {{{c[25] »0}}, {12, 8, 9, 9, 8, 12, 18, 14, 16, 15, 15, 22, 14, 14, 8, 18, 8, 9, 18, 23, 20,
19, 14, 6, 10, 18, 23, 15, 9, 9, 8, 8, 23, 15, 20, 9, 9, 8, 8, 27, 10, 9, 9, 9, 8, 9,
8, 21, 23, 19, 18, 10, 9, 10, 9, 22, 17, 9, 14, 10, 9, 9, 10, 9, 10, 9, 10, 9, 18, 10,
18, 18, 8, 8, 9, 27, 17, 14, 20, 9, 21, 23, 19, 8, 16, 12, 19, 8, 12, 12, 12, 12}}

chBook[c[25] » 1]

d[e1] Ad[61] ~d[6263604] ~d[6263604] -2d[61] 2d[62] And[6016364] Ad[6026364] +
2d[e1] ~d[e3] Ad[el 02 604] Ad[0260364] -2d[01] ~d[04] 7Ad[6162603] ~d[6260364] +
d[ez] ~d[62] A [91 0364] 7d[0160364] -2d[62] ~d[03] 7Ad[616260,] ~d[616364] +
2d[62] ~d[6g4] And[016263] Ad[0160364] +d[63] Ad[03] ~d[0160264] ~d[616264] -
2d[03] ~d[64] ~d[010263] ~d[016204] +d[04] ~d[Og] ~d[O1 62 03] Ad[O1 62 O3]

chNext[]
No more cohomologies

chCalc[1, 4]

Total: {0, {0, 4}, {4, 20}, {20, 80}, {80, 240}}
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o3

chCalc[2, 4]

Total: {0, 0, {1, 9}, {9, 51}, {52, 178}}
chCalc([3, 4]

Total: {0, 0, 0, {0, 20}, {20, 100}}
chCalc[4, 4]

Total: {0, 0, 0, 0, {1, 34}}

Final result: one O-cohomology, three 2—cohomologies, one 3—cohomology, and five
4—cohomologies.

1.2. B (g) forg=h®(0|n), n=5

Needs["SuperLie'"]

Off[Solve: :svars]

Define h® as subalgebra in the Hamiltonian algebra.
To simplify the problem,

k=2;

VectorSpace[f, Dim- (0 | k) ];
VectorSpace[n, Dim- (0 | k) ];

TrivialSpace[6, 1];
Symmetric[VTimes];
HamiltonAlgebralham, {&, 6, n}]

ham is a Hamiltonian algebra over {{, 6, n}

bas = Rest [UpToDegreeBasis[2 k, Join[{6}, Array[&, k], Array[n, k]]11]]

SubAlgebra[g, ham, bas, Grade » (Deg[#, 6| _£|_n]l-2¢&)]
{6, 81/ 82r M1r N2y ©81, 082, 611, N2, E1 82, C1n1y C1M2s S2M1y L2112,

ninz, ©81 82, 681 M1, ©81 M2, 882n1, 682 N2, ©N1 12, E1 8211, 81 82 N2,
Cimmnz, Eaninz, ©8182m1, 6818212, ©81 N1 M2, 8821 N2, 81 8211 N2}

g is a sublagebra in ham

Prepare calculations

Needs["SuperLie ‘Cohom'"]

tor)

chSetAlg[g, dg, None, 1]

chScalars|[b, c];

Jacobi [Act -» wedge];

ch$out := (# /. {g[i_] » Image[g] [i], dg[i_] > d[Image[g] [ill]}) &

Calculations (the grades of g; are from —1 to 2, so the grade of r-cohomology may be from —2r

chCalc[-6, 3]
Total: {0, 0, 0, {0, 10}}
chCalc[-5, 3]

Total: {0, 0, 0, {1, 99}}

The result shows the dimension of Im d and Ker d. One 3—cohomology found. Print it.
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chNext[]

->d[081 8] ~d[@81 121 ~d[082n1 2] -d[0811M1]+d[681 82111 A~d[081n1n2] -
d[eZl1n2] ~d[08182m]~d[082n1n2] -d[082n1]~d[08182n2] ~d[681 11 72] -
d[eZlon2] ~d[081 8omn2] ~d[O@82m1n2] +d[ON1 2] ~d[08182m ] ~d[681 8272] +
dl81 82m]rd[@8ininz] ~d[8182n1n2] +d[81827n2] ~d[082n1n2]~d[8182n172] +
dl8ininz]l~d[08182m ] ~d[8182n1n2] +d[82n17M2]12d[08182n2] ~d[81 8211121

chCalc[-4, 3]

Total: {0, 0, {0, 10}, {10, 365}}

No cohomology of degree —4.
chCalc[-3, 3]

Total: {0, 0, {0, 50}, {50, 720}}

No cohomology of degree 3.
chCalc[-2, 3]

Total: {0, {0, 5}, {5, 100}, {100, 925}}
No cohomology of degree —2.
chCalc[-1, 3]

Total: {0, {0, 10}, {10, 115}, {115, 860}}
No cohomology of degree —1.

chCalc[0, 3]

Total: {{1, 0}, {0, 10}, {10, 85}, {85, 610}}
chNext[]

-1

chNext[]

No more cohomologies

A single O—cohomology found.

chCalc[1l, 3]

Total: {0, {0, 5}, {5, 45}, {45, 330}}

chCalc[2, 3]

Total: {0, 0, {1, 14}, {14, 136}}
chNext[]
1
- —diel~d[e] +d[&1] ~d[m] +d[Ez2] ~d[nz]

A single 2—cohomology found.

chCalc[3, 3]
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Total: {0, 0, 0, {0, 35}}
No cohomology of degree 3.

Final result: one 0—cohomology, one 2—cohomology, one 3—cohomology.

m 3.2 SUGRA (H? (g_; g) ,where g=sl(4|n))

Let e=sl(par), there par is the format of the matrix algebra, i.e., list of parities of rows and
columns; n = dim(g) = length(par) = )} n; and h; C ¢ are subalgebras of matrices formed by consecu-
tive n;rows and columns (i.e., h; formed by first n; columns and rows, h; - by the next n; columns
and rows, etc); h = @h; is the algebra block—diagonal matrices ; hy C his the even part of h; n Ce is
the subalgebra of block underdiagonal matrices; b =n+h (direct sum of vector spaces but not
algebras)

Let us find the cohomology (only the first and the second one in this example, but the higher
cohomology may be calculated in the same way) of n with coefficients in b (the generalized Rie-
mann case) and in ¢ (the conformal case).

Needs["SuperLie‘"];
Needs|["SuperLie ‘Cohom'"];

First we should define the algebra. We have a series of algebras, so we write a Mathematica
program that defines the algebra and all the subalgebras mentioned above for given format par and
block decomposition {n;}. The program also will define some other things required for calculation
of cohomology. The grading on ¢ is defined so that the subalgebra h has grade 0, the blocks under
diagonal have grade —1 and so on.

DefTask[par_, blocksizes_] :=
Module[{dim, k, raise, lower, cent},
dim = Length[par];
If[dim # Plus @@blocksizes, Message[DefTask::dim]; Return[$Failed]];
slAlgebrale, PList -» par];
block$sizes = blocksizes;
n$blocks = Length[blocksizes];
par$ = par;
block$no = Flatten[Table[i, {i, n$blocks}, {blocksizes[i]l}]];
(* block number for rows/columns =*)
block$ind = Flatten[Table[]j, {i, n$blocks}, {j, blocksizes[i]}]];
(* indices inside blocks =*)
Grade[e[i_, j_]] *:=block$no[[j] - block$no[i];
(* the grading defined by the block decomposition =*)
SubAlgebra[n, e, Select[Basis[e], Grade[#] <0&]];
SubAlgebra[h, e, Join[Select[Array[e, dim], block$no[[#[1]] == block$no[#[1] + 1117,
Select[Basis[e], (Length[#] =2 A Grade[#] ==0) &]111;
RestrictModule[n, h]; (* define the action of h on n x)
(* list of positive and negative generators in hgy *)
ch$raise = Select[Basis[h], P[#] == 0 A With[{m = Mapping[h, e] [#]}, m[2] == m[1] + 1] &];
ch$lower = Select[Basis[h], P[#] == 0 A With[{m = Mapping[h, e] [#]}, m[2] == m[1] - 1] &];
(* the condition when a weight may be a highest weight of a hp-module «x)
hi$cond[w_] = And@@ (With[{m = Mapping[h, e] [#]}, wIm[1]] = wIm[2]]] & /@ ch$raise);
(*# initialize the Cohom package =*)
chSetAlg[n, dn, h];
1;

DefTask: :dim = "The sum of block sizes is not equal to the size of the whole matrix";
We are calculating cohomology with two sets of coefficients, so we should store the results in
separate places. To do this, we assign values to "store" variables chsres, ch$tab and ch$book. The

variable ans1nt will be also used for storing results. The functions below will initialize calculating
in respective case. They return the minimal and the maximal grading of r—cochains for 0 < r < 2.

ConformalCase[] :=
(conf$ = True;
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maxcfdeg = n$blocks - 1;

mincfdeg = 1 - n$blocks;

ch$res = resConf;

ch$tab = tbConf;

ch$book = ansConf;

Clear[resConf, tbConf, ansConf];
tbConf[_] = {};

ansConf[__ ] =0;

{mincfdeg, maxcfdeg + 2 (n$blocks-1)})

RiemannCase[] :=
(conf$ = False;
maxcfdeg = 0;
mincfdeg = 1 - n$blocks;
ch$res = resRm;
ch$tab = tbRm;
ch$book = ansRm;
Clear[resRm, tbRm, ansRm, ansInt];
tbRm[_] = {};
ansRm[__ ] =0;
ansInt[____] =0;
{mincfdeg, 2 (n$blocks-1)})

Here is the maximal and minimal possible grade of d—forms:

MaxDeg[d_] := maxcfdeg+ d* (n$blocks-1);
MinDeg[d_] :=mincfdeg + d;

Definitions required for Cohom package. The splitting function is used to decompose modules
in sums of homogeneous parts. We will split the modules into parts of fixed weight and "total par-
ity". The "total parity" of an r—form w is defined as (p [w] + r) mod 2.

chScalars|[b, c];
chSplit[x ] :=
With[{w = Weight[x]}, If[hi$cond[w], {Mod[P[x] +Deg[x, _ch$d], 2], w}, SkipVval]];

(*chSplit[x_]:=With[{w=Weight[x]},If[hi$cond[w],6 w,SkipVal]]; *)

The function chBasis [d] should return the list of the elements of grade d in the basis of the
module of coefficients:

mComp[d_] := Select[If[conf$, Basis[e], Join[Image[n], Image[h]]], Grade[#] ==d &];
chBasis[d_] := If[conf$ || d <0, mComp[d], {}];

Linear[Tp];
Jacobi [Act -> {wedge, Tp}];
Off[Solve: :svars]

The function per calculates the derivative but does not normalize the result. So we define Nper
as derivative with normalization.

NDer[f_] := VNormal[Der[£f]];
NDerO[f__] :=VNormal[DerO[£f]];

Now we will define the output format. Every matrix element is written as a letter with 4 indi-
ces. The subscripts denote the coordinates of the block (row and column) and the superscripts
denote the row and the column inside the block. The diagonal elements have only 2 indices. The
superscripts that correspond to a block of size 1 are omitted.

The letters used for matrix elements are H for diagonal elements, X for even elements of diago-
nal blocks, Y for odd elements of diagonal blocks, A for other even elements, Q for other odd ele-

ments. The forms are denoted by "hat": Aand Q.

For diagonal blocks of size 2x2, the superscripts 12 and 21 at X and Y are replaced with "+"
and "-"; the superscript of H is omitted. The diagonal elements that are not elements of blocks are
written with two subscript indices that denote the adjacent blocks.
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WithoutPreSL|
OutFn[v_] :=v //.
{e [i_] » With[{c = block$no[[i]], j = block$ind[i]},
Which[

j == block$sizes[c], HstringForm[" ‘", c,c+1] /

block$sizes[c] == 2, H.,

True, Hg 11,

el[i_, j_]1+=»
With[{ci = block$no[[i]l, c¢j = block$no[j], ki = block$ind[i]], kj = block$ind[j]},

If[ci =cj,
(I£[P[e[i, §]] = 0, X, y])Lf[blockssizes[eil=2, IE[>3,"=", "+"], StringForm[" """, ki, k3]]
(If£[P[e[i, 311 =0, A,
StringForm[" ‘", If[block$sizes[[ci]]>1, ki, ""],If[block$sizes[ci]>1,kj, ""]]
Q])StringForm[”““",ci,cj] ]]’

dn[i_] »» (Image[n][i] /. e -> de),
de[i_, j_]»
With[{ci = block$no[[i], c¢j = block$no[j], ki = block$ind[i]], kj = block$ind[jl},

(1f[Plel, 311 =0, &,
A] ) StringForm[" ‘", If[block$sizes[[ci]]>1,ki,""],If[block$sizes[cj]>1,kj,""]] ] }] .

StringForm[" ‘", ci,c]j]

ch$0ut = OutFn;

The following function will try to integrate the generalized Riemann cohomology as a cycle in
the conformal case. The function defined below works with highest (with respect to the action of hg )
cycles only.

ConfIntegrate[f_] :=
With[{ff = If[ListQ[£f], GeneralSum[b, £f], £f]},

Module[{v, deg = Grade[ff], r = Deg[f£f, _ch$d], w = ch$Wt[£ff], dv, res},
v = Select [Block[{conf$ = True}, ch$basis[r -1, deg]], ch$Wt[#] ===w &];
DPrint[2, "deg=", deg, ", w=", w, ", basis:", v];

v = chHVect [v]; If[v =0, Return[0]];

DPrint[2, "hVect:", v];

dv = NDer[v]; If[dv == 0, Return[0]];

DPrint[2, "deg=", deg, ", w=", w, ", dv=", dv];
res = GeneralSolve[dv == £f, v, ¢, b];

If[res === $Failed, 0, VNormal[res], c]]];

Store the integral:

ires[v_] :=With[{r=v /. _c-> 1}, ansInt[chPos[]] = r; ch$Out[r]]
ires[v_, rep_] :=With[{r =v /. rep}, ansInt[chPos[]] = r; ch$Out[r]]
ires[v_, rep_ ] := (ansInt[chPos[]] = (With[{r=v /. #}, Print[ch$Out[r]]; r] & /@ {rep});)

Here we define short commands for invoking most used functions:

integ := ConfIntegrate[ch$book[chPos[]]]
next := chNext[]

Now we define the TgX format:

Format [OverHat [A_], TeXForm] := StringForm["\\hat ‘", A]

WithoutPreSL][
Unprotect [Power];
Format [Power[Subscript[a_, i_], j_String], TeXForm] := Subsuperscript[a, i, j];
Format [Power[Subscript[a_, i_], j_StringForm], TeXForm] := Subsuperscript[a, i, j];

Protect [Power]];
Format[a_**b_, TeXForm] := StringForm["‘\cdot ‘'", a, b]
Format[a_ab_, TeXForm] := Infix[{a, b}, "\\wedge "]

Format [e_wt, TeXForm] := SequenceForm[" (", Infix[e, ",", 0], ")"]

Format [e_label, TeXForm] := SequenceForm[e[[1], ": \n", e[2]]
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tout[v_] := TeXForm[ch$Out[v /. wedge[e__] :» Infix[{e}, "\\wedge ", 145]]]
Now the define some auxiliary functions for working with TgX files:

texfile = With[{file = "FileName" /. NotebookInformation[InputNotebook[]]},
ToFileName[First[file], StringReplace[file[[2]], ".nb" -> ".tex"]1]];

OpenTeX|[] :=
(tex = OpenWrite[texfile, FormatType » OutputForm, PageWidth -» Infinity];
Write[tex, "% Cocycles which represent structure functions on M(N)"];
Write[tex, "\\documentclass[1l2pt]{amsart}"];
Write[tex, "\\hoffset=-2cm\\voffset=1cm\\topmargin=-0.5in"];
Write[tex, "\\textheight=24cm\\textwidth=16.5cm"];
Write[tex, "\\begin{document}"];);

CloseTeX[final_: False] :=
(If[final, WriteCR[]; Write[tex, "\\end{document}"]]; Close[tex]);

ReopenTeX|[] :=
(tex = OpenAppend[texfile, FormatType -» OutputForm, PageWidth -» Infinity],;
WriteCRI[];)

Print the header and the footer of the table for current format:

OutHead[] :=
(Write[tex, ""];
Write[tex, "\\vskip 0.3cm"];
Write[tex, "Par = {\\bf ", Sequencee@e@par$, "}"];
Write[tex, "\\vskip 0.2cm"];
Write[tex, "\\begin{tabular}{|c|c|l|x|}"];
Write[tex, "\\hline\r"];
Write[tex, "$",
Subscript["\\text{deg}", "\\text{par}"] // TeXForm, "$&weight&dim&note\\\\"];
Write[tex, "\\hline"];
comm = 0; mix = False;)

OutTail[] :=
(Write[tex, "\\end{tabular}"];
If[mix, Write[tex, ""]; Write[tex, "${}**$ Mixed cohomologies"]];

Write[tex, "\\vskip 0.2cm"];
Write[tex, "\\noindent {\\bf Notes:}"];
Write[tex, ""];

)

Print rows for given degree [and parity]:
OutDeg[deg_] := {OutDeg[deg, 0], OutDeg[deg, 1]}

OutDeg[deg_, par_] :=
Module[ {nres, fres, 1lst = {}, wt, i, j, nr, fr, nk, ni, fk, fi, nd, £fd, nmix, fmix},
nres = tbRm[deg]; (* result table, Reimann case x)
fres = tbConf[deg]; (* result table, Conformal case %)
For[i =1, i < Length[nres], i++,
nr = nres[i]]; (* the current element, Reimann case *)

wt = nr[[1];
If[wt[1] # par, Continue[]];
fr = Cases[fres, {wt, ___}]; (* the current element, conformal case %)
If[fr === {} VLength[fr[1]]] <4V fr[[1, 4] ==="", fi=£d =0,
(xelsex) fr = fr[[1]; £k = £r[4, 1]; £fi = If[ListQ[£fr[3]], £fr[3, 2], 0]; £fd = fk - £fi];
If[Length[nr] <4V nr[4] ==="", ni=nd =0,

(*elsex)nk = nrf[4, 1]; ni = If[ListQ[nr[3]], nr[3, 2], 0]; nd=nk -ni];
If[nd > 0, Print[{nd, wt, deg}]];
If[nd == £fd == 0, Continuel[]];
comm ++;
mix=mixVni>O0VE£i>O0;
1st = {1st, wt » {nd, £fd, ni >0, £fi > 0, deg, comm}}];
For[j=1, j<Length[fres], j++,
fr = fres[jl;
wt = fr[1];
If[wt[1] # par, Continue[]];
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If[Cases[nres, {wt, __}] =!={}, Continue[]];
If[Length[fr] <4, fi=£fd =0,

(xelsex) fk = fr[[4, 1]; fi = If[ListQ[£fr[3]], £r[3, 2], 0]; £fd= fk - fi];
If[fd == 0, Continue[]];
comm ++;
mix =mixV £fi > 0;
1st = {1st, wt » {0, £fd, False, fi > 0, deg, comm}}];

If[lst =!={},

1lst = Flatten[1lst];
Write[tex, "$", Subscript[deg, par] // TeXForm, "$"];
For[i =1, i < Length[1lst], i++,

nr = 1st[i]];

wt = nr[1];

nr = nr[2];

Write[tex,

" & $(", Infix[wt[2], ",", 0], ")$ & $", nr[l], If[nr[1] > 0 Anr[3], "~{*}", ""],
"/", nr[2], If[nr[2] > O Anr[[4], "~{*}", ""], "$ & ", nr[6], " \\\\"];
Write[tex, If[i < Length[lst], "\\cline{2-4}", "\\hline"]]]1];

1st]
Select the information to be printed as notes:

FilterNote[wt_- {__ , deg , note_Integer}] :=

(DPrint[1l, "Filter notes for w=", wt, ", deg=", deg];
note » {wt[2], ansRm[deg, 2, wt], ansConf[deg, 2, wt], ansInt[deg, 2, wt]});
FilterNote[wt_-» {__, ""}] :=Unevaluated[];

Compose and print a note to the table of cohomology. Use the following information: note
number, weight, cohomology in the generalized Riemann case and in the conformal case, the inte-
gral of the Riemann cohomology as a conformal cochain:

OutNot [no_ -» {wt_, rm_, conf_, intg }] :=
Module[{v, both, ng, f1, n = no},

DPrint[1l, "Rm: ", rm, ", Conf: ", conf];
Which|[

rm === 0 V rm === conf, OutVect[no, conf],
conf === 0, OutVect[no, rm],

True,

DPrint[1l, "rm: ", rm, ", conf: ", conf];

fl = If[ListQ[conf], conf, {conf}];
ng = If[ListQ[rm], rm, {rm}];

both = Intersection[£fl, ng];
DPrint[1l, "both: ", both];

If[both=!={}, £l = Complement[£fl, both]; ng = Complement [ng, both];
OutVect [n, both]; n=0];
If[ng=!={}, OutVect[n, ng, " (Riemann case)"]; n=0];
If[fl =!={}, OutVect[n, £f1, " (Conformal case)"]]];
If[intg=!=0,
OutCR[];
OutNote[If[ListQ[intg],
"Conformally invariant l-cochains:", "Conformally invariant 1l-cochain:"]];

OutVect [intg]];
]

Print a vector or a list of vectors in a note with eventual comment:

OutVect [n_Integer, v_List, text_:""] :=
(If[n> 0, Write[tex, n, ") $", tOut[v[1]], "$ ", text],
Write[tex, "$", tOut[v[1]], "$ ", text]];
Do[Write[tex, "\\vskip 0.05cm"]; Write[tex, "$", tOut[v[i]]], "$ ", text]
, {1, 2, Length[v]}];
Write[tex, "\\vskip 0.1lcm"];)

OutVect [v_List, text_: ""] :=
(OutCR[];
Do[Write[tex, "\\vskip 0.05cm"]; Write[tex, "$", tOut[v[i]]], "$ ", text]
, {i, 1, Length[v]}];
Write[tex, "\\vskip 0.1lcm"];)

OutNote[text_] :=
(Write[tex, text];)
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OutCR[] := (Write[tex]; Write[tex])

OutNote[n_Integer, text_] :=

(OutCRrR[];

Write[tex, "\\vskip 0.1lcm"];

Write[tex, "\\noindent {\\bf ", n, "}. ", text]; Write[tex];)
OutVect [n_Integer, v_, txt_: ""] :=

(OutCR[];

If[n>0, Write[tex, n, ") $", tOut[v], "$ ", txt],
Write[tex, "$", tOut[v], "$ ", txt]];

Write[tex, "\\vskip 0.1lcm"];

V)

OutVect[v_, txt_: ""] :=
(Write[tex, "$", tOut[v], "$ ", txt];
Write[tex, "\\vskip 0.1lcm"];
v)

OutnVect [n_Integer, v_, txt_: ""] :=
(OutCR[1];
Write[tex, n, ") $", tOut[v], "$ ", txt];
Write[tex, "\\vskip 0.1lcm"];
V)

Print the results of calculations as a table with notes:

OutRes|[] :=
Module[{1st = {}},
OutHead[];
Do[lst = {1lst, OutDeg[deg]}, Evaluate[Prepend[minmax[tbRm, tbConf], deg]]];
OutTaill[];
DPrint[1l, "Writing notes ..."];

OutNot /@ (FilterNote /@Flatten[1lst])]
minmax[tb__] :=
Module[ {min = ©, max = -, i, j},
For[j=1, j<Length[{tb}], j++,
With[{tt = {tb}[]j]},
((i=#[1, 1, 1]]; If[NumberQ[i], min =Min[min, i]; max = Max[max, i]]) &) /@
DownValues[tt]]];
{min,
max} ]

m Algebra sl({0,0,1,1,0,0}), blocks {2,2,2}

DefTask[{0, 0, 1, 1, 0, 0}, {2, 2, 2}]

oCohomologies of n = g_ with coefficientsin g

ConformalCase[]
{-2, 6}
Grade r=-2

chCalc[-2, 2]

Total: {{1, 0}, 0, 0}
next
{o, {0, -1, 0, 0, 1, 0}} »a}2

Grade r=—1
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chCalc[-1, 2]

Total: {{0, 2}, {4, 0}, 0}

next

A21
{1, {0, -1, 1, 0, 1, _l}}ﬁA\lﬂ% **Q:’)Z

next

21
{1, {1, -1, 0, -1, 1, 0}} » A} == 03,
next

No more cohomologies

Grade r=0

chCalc[0, 2]

Total: {{0, 5}, {5, 11}, {14, 0}}
next

A21
[0, {0, -1, 2, 0, 1, -2}} » 1% »x (833 2 03;)

next

.21
{0, {1, -1, 1, -1, 1, -1}} > A%? %« Q21 A Q3

next

A21
{o, {2, -1, 0, -2, 1, O}}QA}S% *x (Q21 AQ21>

next

No more cohomologies

Grade r=1

chCalc[1l, 2]

Total: {{0, 2}, {2, 16}, {16, 24}}
next

No more cohomologies

Grade r=2

chCalc[2, 2]
Total: {{0, 1}, {1, 18}, {20, 56}}
next
A21

{0, {1, =1, 1, 1, =1, ~1}} > X} »x (O35 ~03;) —Xj «x (035 2035 ) +

O3 wx (035 AA51) - Q3F wx (033 ~A37) - 032 wx (03; ~A31) + 03F xx (05, nA31)

next
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L2221 221 .22
{0, {1, 1, -1, -1, 1, -1}} > - 03} =« (037 ~A37) + 03} »x (05 ~A37) +
15 L1221 15 J11 .22 A12 A2l A1l A22
033 »x (077 ~A31) - 033 »x Qo7 ~A37) - X3 wx (057 A 051 ) + X3 #x (Op1 2057 )
next

No more cohomologies

Grade r=3

chCalc[3, 2]

Total: {0, {0, 8}, {8, 58}}
Grade r=4

chCalc[4, 2]

Total: {0, {0, 4}, {4, 52}}
Grade r=5

chCalc[5, 2]

Total: {0, 0, {0, 18}}
Grade r=6

chCalc[6, 2]

Total: {0, 0, {0, 4}}

oCohomologies of n = g_ with coefficients in g_ + gg

RiemannCase[]
{-2, 4}
Grade r=-2

chCalc[-2, 2]

Total: {{1, 0}, 0, 0}

next

{0, {0, -1, 0, 0, 1, 0}} » A%}
Grade r=—1

chCalc[-1, 2]

Total: {{0, 2}, {4, 0}, 0}

next

A21
{1! {Or -1, 1, Or 1, _1}} %A%% **Q32
next

A21
{1, {1, -1, 0, -1, 1, 0}} > A%f %+ Q3
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Grade r=0
chCalc[0, 2]
Total: {{0, 3}, {5, 11}, {14, 0}}

next

A21 A21
{0, {0, -1, 2, 0, 1, -2}} > A% »x (035 2 03;)

integ
0

next

L11 12 .21 .22 L11 L12 .21 .22
=051 %% Qp) - 03F %% 0;7 - 031 #x 057 - 03% xx 057 + 035 «x 035 + 033 #x 035 + 034 #0535 + 035 035

A11 A12 A21 A22 ~11 ~12 ~21 ~22
- 031 #% 0y - 0% %% 057 - 031 %057 - 03% #x Q57 + A3 wx A3 + A3F wx A3T 4 B3] wx A37 4 A5T «x A3

{0, {6, 0, 0, 0, 0, 0}}>2
next

~21 A21
{0, {1, -1, 1, -1, 1, -1}} > A3F =« (03] ~05,)

integ
0

next

A21 ~A21
{0, {2, -1, 0, -2, 1, 0}} - A3Z »x (03] 057 )

integ

0

next

No more cohomologies
Grade r=1

chCalc[1, 2]

Total: {0, {0, 14}, {16, 24}}

next

{ll {OI OI ll 0/ 0/ 71}} I {{{C[l] - 0[21 - c[31}}l {61 8! 6! 8}}

Here we have a mixed cohomology. The dimension of closed cochains is 4 while the dimen-
sion of exact cochains is 3. The chain is exact if the coefficients in the expression (not shown here)
satisfies ¢; = ¢; — c¢3. So we should choose some set of ¢; that do not satisfy the equation. The list
{6,8,6,8} shows the number of times the c; occurs in the expression, so we select c; =1 and ¢; =0
for i # 0 as, hopefully, simplest expression:

chBook[c[1l] » 1]
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SO wx (055 057 ) - 032 xx (05 A 055 ) + 3L wx (051 405, +
037 wx (O35 7 055) — Q33 wx (035 A 035 ) + Q13 xx (O3, ~035)

Check if this cohomology is a derivative of some 1-cochain in conformal case:

integ

1 1
—v2-e1 *x dng — e ** dng +—2v (1-2c[l])es3 »+dng +

1
(-1 -c[1l]) eq »*dng + > (1+2c[l])es #xdng +c[1l]e3,1 *xdnjy +

c[l] ez, 2 *xdnyp + (L -c[1]) e3,4 *xdng —c[1l] e5,6 *x dnsg

Store the integral:

ires[VNormal[2 %], c[1] -» 0]

“Hp xx 0%y - 2Hip %% 00y + Hy % Oap - 2Hpz #% 00y + Hy #x Oap + 2X5 % 05
next

{1, {1, 0, 0, -1, 0, 0}} » {{{c[1l] »c[2]) +c[3]}}, {8, 6, 6, 8}}

chBook[c[2] -» 1]

- 03w (051 2051 ) + 082 wx (@51 4051 ) + 0B v (035 4 031)
12 A1l 01 21 a21 . A1l A2l
Q35 ** (Q21 AQ32> + Q37 wx <Q21 AQaz) - Q327 *x <Q21 AQ32)
integ

1

1
> (L+2c[l])ey »+xdny + (L+c[1l]) ez **dn7+—2v (1-2c[l])e3 *xdny +e4 *+xdny -

1
~2—e5 xxdny +cl[l]leg,2 xxdng + (-1 +c[1l])e3,4 xxdnz +c[l]es,4 »xdnjg +c[1l] eg,4 *xdnip
ires[VNormal[2 %], c[1] -» 0]
21 21 21 21 ~21 . Al1
Hi %% Qy7 + 2H1p % Qyy + Hp %% Qpq + 2Hp3 %% Qyq —H3 %% Qpq — 2X5 %% Qyq
next

No more cohomologies

Grade r=2

chCalc[2, 2]

Total: {0, {0, 5}, {12, 52}}
next

{0, {0, 0,1, 1,0, =2}} -
,21 11 21 12 A22  a22 . 222 A22
Hp *x (Q32 ~Q3;) - 031 ** (Q32 ~B31) - 03% wx (O35 AAST) + X3 wx (035 A 035) +

Q51 <Q32 A Agi) + Q57 xx (Q32 A Agi) - X5 <Q32 A Qéi) - X5 wx (Q32 A Qié) + X5 xx (Q32 A ©§§>

integ

e3,6 ** dng —egq,6 ** dng
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ires[%]

12 A22 A21
033 *x O35 - 035 *x O3
next

{0, {0, 0, 2, 0, -1, -1}} >
A21
— H3 %% (Q32 /\Q32>

15 221 12 . A12 21 . 11 .22 . A11 _ L21

03% wx (O35 AA3T) - X% wx (035 #0355 ) +XF wx (O35 #035) + X3 #x (Q32 NS IED ci <Q32 ~ Q32
integ

-e3,5 xxdng +e3,5 % dng

ires[%]

L11

- 033 **Q32 + 033 +x 03,

next
. A21 . 22
{0, {1, -1, 1, 1, -1, -1}} > Xy *= (Q32 NS S (Q32 ~ 035 ) +
15 A12 21 15 <11 A1l . ~11

037 ++ (O35 ~A31) - 037 *+ (Q32 ~A37) - Q37 % (032 AA31) + Q57 xx (Q32 AA31)
integ
0
next

3c[2 c[3

{0, {1, 0, 0, 0, 0, -1}} > {{{c[1] %%+ [8] 1}, (24, 21, 213}
chBook[c[3] -» 1]
1 ~21 1 22 A2l 1 A1l 21
7 Hooxx <Q21 ~03, ) + 7 Huoxx (032~ 051 ) - 7 Ha xx (021 ~05;) +

1 A22 A21 1 A1l A21 1 A22 A21

ZHz * * (Q32 /\Q21> + IH3 * * (Q21 /\Q32> + — H3 x% <Q32 /\QZl) +

1 ~12 21 1 A22 22 1 1 A1l 21

5 X (921A932>+7XI * o <Q21A932>+7Q%1 * ok (921AA31>—

1 1, Al2 21 12 All  a22 1 ALl A22 1 21 a21

5 Qa1 ** (057 ~A51) + 037 #x (Oy; ~A57) - ?XE xx (05 £ 035) + 5 Q21 (027 ~A37) -
1 ~22 a21 22 21 a22 1 - 21 21 1 4 ~12 a21

5 Q21 ** (051 ~A51) + 037 #+ (05) ~A37) 5 Ko (031 ~03;) + 5 B3T % (A31 ~A37) -
1 A1l A22 1 ~21 1. A11 ~21

5 B3l % (A3; ~A37) - 5 X5 xx (Q32 ~ 051 ) 5 X3 xx (Q21 ~Q3;) + B3] xx (ASI ~A37)

11 A11 21 11
- Q371 ** (Q32 AA31> + Q37 ** <Q32 AAzp

~22

All) - Q5% wx <Q32 AAzp

) +

To avoid fractions, repeat chBook with coefficient 4:

chBook [c[3] - 4]

Hy wx (Op1 #0355 ) +Hy xx (055 ~ 051 ) —Hy wx (O51 205 ) +Hy #x (055 A 051 ) +Hs xx (O
Hy wx (035 A 051 ) +2XT »x (03 a0%,) +2XT xx (055 n055) + 2081 «x (051 ~A57) -
203 wr (050 ~B31) + 4032 wx (Ogy AB3T) - 2X5 ww (031 2 035) + 203 #x (051 ~A3)
2037 wx (057 AAST) + 4037 wx (051 A3T) - 2X5 wx (05) 205, ) + 223F wx (B3] AA5)
2n1% wx (A31 AA51) - 2X3 wx (B35 405y ) - 2X3 wx (D51 403 ) + 4232 xx (A3 ABR57)

integ

.21
Q21 ~ Q3

>_
>_

>+
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(1-c[l])e1 xxdnjp —c[l]ep xxdnjp + (1 +c[l]) ez xxdnjy +
(2+c[l])eq x+xdnyz + (-1 -c[l])es #xdnjp + (2-c[1l])e1,2 *xdny; +c[l]ey,3 *xdng +
c[l]ey,g *xdng + (-2 -c[1l]) e3,6 *xdns + (-2 -c[1l])eq,6 *xdny +c[1l] es, 6 *x* dnjg

ires[%, c[1] » 0]

~21 ~21 ~21 ~21 ~22 A11 ~21
Hy *x A3] + Hp % A3] + 2Hp3 »% A3] — H3 %% A3] + 2X] ** A3] 72Q%% *x Oy —ZQ%% *x Qg

next

A22 ~21 A22
{o, {1, 1, -1, -1, 1, -1}} %_Qéé ** (Qzl /\A31> +Q§% *x (Qzl ’\A31) +

03 wv (057 A51) - 038 v (031 AED) <5 e (037 0011) 45 e (031 06
integ
0
next

{o, {1, 1,0, -2, 0, 0}} >
SHp e (051 A051 ) - XD xx (057 A 057 ) + XD xx (D51 A 051 ) +XE wx (g1 051 ) - X5 wx Q51 2057 ) -

R R 15 ~12 - \22 21 2 <22
Q33 #x <Q21 AA31) + Q35 xx (QZl AB3T) - 035 wx (03] ~B57) + 035 %% (QZI ~B37)
integ

-e1,4 **dng +ep, 4 *xdny

ires[%]

21
- 013 **Q21 + 013 % 0y

next

{OI {21 OI _17 _lr Or O}}%
A1l 421 . £21 . £22 . A11 _ A21
Hy #* (Qzl AQ21) + X7 xx <Q21 AQZl) - X7 xx (Q21 AQ21) — X} % (Q2l AQzl) + X5 %k <Q21 AQ21) +

All) ,\21>

11 12 A A1l 21 721
Q37 *% <Q21 ARz ) Q37 xx (Q21 "A3l> + Q53 #x (Q21 ~ Az )

- 033 #x (Qzl A Azp
integ

e1,3 *x*dny —e1,4 *xdns

ires[%]

01} +x 0;; - 013 *x 0y

next

No more cohomologies

Grade r=3

chCalc[3, 2]

Total: {0, 0, {0, 30}}

Grade r=4

chCalc[4, 2]
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Total: {0, 0, {0, 10}}

O Output to TgX file

OpenTeX|[];
OutRes[];

CloseTeX[True];

m 3.3 Coefficients in the adjoint module

O 3.3.1 osp(4|2;a)
Not written yet

m 4. The Shapovalov determinants

Not written yet

m 5. Decomposition of the tensor square

m 5.1. Algebra sl(1|1)

Needs|["SuperLie'"];
slAlgebra[g, Dim - {1, 1}]

SuperLie Package Version 2.03 installed
Disclaimer: This software is provided "AS IS", without a warranty of any kind

g = sl(1]1)

We will use operation NonCommutativeMultiply (defined in Mathematica) to denote the tensor
product. In SuperLie, there is a shorter synonym to this operation, Tp. In order to define a module,

we need the following properties of the tensor product:

Jacobi [Act -> Tp];
Linear[Tp];
P[Tp] *=0;

Let us define the tensor product as a module M over algebra g:

Vector[M];

TheAlgebra[M] *=g;

BasisPattern[M] *= _Tp;

Basis[M] *= Flatten[Outer[Tp, Basis[g], Basis[g]]]

{91 ** g1, 91 ** 91,2, 91 ** 92,1, 91,2 ** g1,
91,2 ** 91,2, 91,2 ** 92,1, 92,1 ** g1, 92,1 ** 91,2, 92,1 ** J2,1 }
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Note that the central element g; acts on M by zero. All such finite—dimensional undecom-
posible sl(1/1)-modules are known, see [LInd]. There are two types of modules. One type may be
described as a "snake" and the another one as a "square", see below. The bullets denote the elements
of the basis and the arrows denotes all non—zero actions of g;,, (down and to the right) and g1
(down and to the left). The "snake" can have any length and may begin with the arrow directed to
the left as well:

[ ] [ ] [ ]
N "4 N 4 T
[ ] [ ]
[ ]
4 N
[ ] [ ]
N 4

Note that all elements in the lower row of the "snake" and "square" (and only they) are annihi-
lated by sl(111). Let us find them:

GeneralZero[Basis[g], Basis[M], c]

c[1l]l g1 #*xg1 -c[2] g1 **g1,2 —c[3] g1 **gz,1 +C[2] g1,2 **g1 +C[3] 92,1 ** g1
lv = GeneralBasis[%, c]

{91 *xg1, —g1 ** 91,2 +9g1,2 ** g1, —J1 **Jgz,1 +J2,1 ** g1}

Now find the elements "glued" to these. We just calculate the action of g on the basis of M.
Here is the action of g1, »

# > VNormal[Act[g1,2, #]] & /@Basis[M] // ColumnForm

g1 **g1 >0

g1 *xg1,2 >0

g1 ** 92,1 > g1 ** g1

91,2 **g1 >0

91,2 **g1,2 > 0

91,2 **92,1 2> —dJ1,2 **J1

92,1 ** g1 = g1 ** g1

92,1 **J1,2 = J1 **J1,2

d2,1 **d2,1 > 91 **J2,1 —J2,1 ** J1

and here is the action of g5, 1 :
# > VNormal[Act[g2,1, #]] & /@Basis[M] // ColumnForm

g1 *x g1 =0

g1 **dJ1,2 > 9Jd1 ** J1

g1 *x 92,1 >0

gi1,2 **d1 > g1 *xx g1

di1,2 **dJ1,2 > 91 **J1,2 —d1,2 ** J1
d1,2 **J2,1 > J1 **J2,1

92,1 **9g1 >0

g2,1 **d1,2 >~ 92,1 **x J1

92,1 **xgz,1 >0

From this information we can easily restore the structure of undecomposable submodules:
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g1,2 ** J2,1
g2,1 **J2,1 +92,1 ** J1,2 d1,2 **d1,2

g1 *¥*J2,1 g1 **d1,2
-g2,1 ** J1 -dJ1,2 **gJ1

g1,2 **J2,1 - 92,1 **Jd1,2
g1 **g2,1 +g2,1 **d1 g1 **J1,2 +d1,2 ** g1

g1 ** g1

m 6. Embeddings in diff

Not written yet

m 7. Casimir elements

m 7.1. The Casimir element for k- (1 | 6)

The space and the algebra:

Needs["SuperLie'"]
Off[Solve: :svars]

VectorSpace[§, Dim - (0
VectorSpace[n, Dim - (0
Symmetric[VTimes];

ContactAlgebra[g, {&, n}, t]

13)1;
13)1;

g is a Contact algebra over {{, n} and t

Now we define the weight and grading functions that respect the multiplication of polynomials.

These functions do not respect the contact bracket (the function Weight—{2,0,0,0} does respect it),
but this does not matter: we will use the weight only to order monomials.

Weight[8; ] *:= WeightMark([4, 1, i+ 1]
Weight[n; ] *:= WeightMark[4, 1, -i-1]
Weight[t] ~= {2, 0, 0, 0};

Weight [VTimes[]] ~= {0, O, O, 0};

Grade = Weight[#][1] &;

Now we should list all monomials of degree 2 p + 1 and 2 p + 2 for an indefinite integer p:

Scalar[p];
bas = Join[Basis[{], Basis[n]];

pComp = Join[{tP*!}, tP bas, tP DegreeBasis[2, bas], tP~! DegreeBasis[3, bas],
tP~! DegreeBasis[4, bas], tP"? DegreeBasis[5, bas], tP~2 DegreeBasis[6, bas]]
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{tP, tP gy, tP &y, tP L3, tP My, tP 12, tP s, tPE1 8o, tPE1 &, tPE1 M, tPE1 M2, tP E1 M3,
tP Lo L3, tP Con1, tP Conz, P Cans, tP L3 m1, tP 832, tP 833, tP i mz, tP N1 ns, tP N2 ns,
e P 883, tTP L Lo, £ P S, P L Cons, TP E C3 iy, €T L1 Ca 2,

e P Cans, P Cami, £ P L, £ P Cimens, £P 2 C3 1, TP 8L C3 2,

t P Cans, £ P Camine, £t P Eonins, £ P Lo nans, £ C3 iz, TP E3 1 03,

t P Moy, t P nimans, tP L1, £ P18, £ P EI 80 E3 s,

e P Conine, tTP I Conins, tTP LI G ns, TP EL E3na Nz, £THP 8 B3 1 n3,

t P LI Camans, £t P Cimi ez, tP 3 nin2, tEPE2 Canins, tTHP L5 E3 2 0,

t P Cominans, TP Es ez, tTEP L1 3 min2, tEP LI E2 B3z, £TEP 8L 2 832 N3,
2P Comnans, tAP LI mnens, tE P Csmnens, 2P EI 83 mn2ns)

The Casimir element is defined to be the formal sum Zg. - g} gi,where {g; } isabasisin g.

The pairing (x, v) in gis defined as coefficientof t =+ &1 £, £3 11 12 n3in xy.
Let us write the dual elements to pcomp (up to a sign):

pbual =t™' & €, €3 N1 n2n3 (pComp /. v: (t | _E|_n) »v1)

(£ 2 P& & Cmmnans, ~t Y PCoCsmmnans, t 2 P& Csmmens, —t 1P L1 Caninens,

t TP EI 8 8smans, ~t P18z, PP EI 3z, -t P 83 N2 N3,

t P mnans, —t P Cinans, £t PG nins, ~t TP 832, —t P L n2 N3,
t 1P Csmans, ~t Y PEICamins, £ PEI s, e VP EI Conans, £ EL B2 1 N3,
St G, —tT P LI ECans, tTP LI o e e, TP LI E2 E3 e, P N1 N2 N3,
-t C3nans, tREC3ninz, —tPC3nine, tPConanz, —tPLaninz, tP NN,
tPCyC3n3, —tPLC3n2, tP8283n1, ~tPCin2ns, tPCininz, —tPC1inne,
-tPC1Csns, tRC1C3n2, —tPC183n1, tPC18ons, —tPL1Can2, tPELLam,

-t PL18283, tPnanz, —tPninz, tPnin, tP L3Nz, —tPL3nz, t7P L3N,

-t PCins, t PNy, ~tPLon, t P83, tPLins, —tPLiny, tPLin,

—t P L3, tPEI L, ~t P, €T Py, —tt P, tTP Ly, TP, tTP L, — 21 P)

Now we fix the sign:
sgn = pDual *pComp /. SVTimes[-1, _] »-1/. v_VTimes-> 1

{11 lr lr lr lr lr ll ’ll ’lr ’11 ’11 ’ll ’ll ’ll ’11 ’11 ’ll 71! ’ll ’11
_11 _11 _11 _17 _ll _11 _1/ _11 _lr _17 _11 _11 _11 _ll _17 _11 _11 _11 _11
’11 ’ll 71! ll ll ll ll 1/ 1/ 1/ 1/ lr lr lr lr lr lr ll ll ll 1/ 1/ 1/ 1/ ’1}

pDual = sgn * pDual

(2 P81 & 8Cmmnans, ~t Y PCaCsmmnens, t P& 8mnans, ~t 1P L1 Caninens,

t P EIC Mz, ~t VP18 mins, PP EI 83 mn2, P E3n n2 ns,

—t TP Lo mans, £ PP LN, PP E s s, £ P& s, £t P S minans,
—t P8y, PG Ny, —t P Cs i, £ P EIConons, ~t P8 Eo a3,
t P Comne, P13 ns, ~t P L0832, £ PP LI 3N, ~t P NNz N3,
tPCsnanz, ~tPCsninz, tEniny, —~tPLnans, tLninzg, —tPLnin,

-t L3Nz, tPEC83na, —tPC283n1, £t PC1in2n3, —tPCinins, t LN,
tPC183ns, ~t PC1C3nz, tPC183n1, ~t P& Cons, tPL1C2n2, —~t P 818N,

t 818283, tPnans, —tPnins, tPnin2, tPL3ns, —tPL3nz, t L3N,

-t Cons, t LNz, —tPLon, tPL2EC, tPCiNs, —tP LN, £t LN,

—tPLIC3, tPL1IL, ~t P, Py, Py, £ P, 2P L, £ P, 1P

Now we express the Casimir element c, as an element of the completed enveloping algebra
U(g).

The operation VTimes is already used (as multiplication of polynomials), so we should define
another operation in the enveloping algebra. Let it be ep. We will not define "power" operation to
represent ep[X,X,...], so we write None instead of "power" name.

The terms of ep should be sorted in some fixed order. Let us write the elements with higher
weight first. To do this, define the ordering function which compares, first, the weights (in decreas-

p=10
p—1>1-p
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ep

ing order) and next, if the weights are equal the elements themselves in the alphabetical order.

It turned out that with indefinite p, the comparison does not work properly, so when comparing
the weights depending on p, we will temporarily (only for this comparison) set p = 10 (to be sure
that,e.g., p—1>1-p).

envOrd[f_, g ] := OrderedQ[{{-Weight[£f], £} /. p> 10, {-Weight[g],
EnveloppingOperation[ep, None, Kb, envOrd]
Jacobi [Kb - ep]

g} /.p->10}1];

{JacobiRule[Kb, CircleTimes], JacobiRule[Kb, ep], LinearRule[Kb]}

The Casimir element is the formal sum of all ep[qg;, gi] (where g; are the elements of the
basis of g such that g; with gi are in the above—defined order) plus a linear term ) a5 g5, where
all the g5 have zero weight and the scalar coefficients a; are unknown yet.

Here is the term of the Casimir element corresponding to pComp:

pCas = Inner[ep, pComp, pDual, VPlus]

ep[tt™, t 2P E1 8 C3minans] —ep[tP &1, t 1P & C3nin2ns] +

ep[tP&o, tT1PE1C3mimens] —ep[tP &3, t 1P &I Commens]l +ep(tPm, £t 1P &1 &2 8312 03]
pltPna, t P18 C3minz] +epltPns, t71 P L1 L2 C3nin2] +ep[tP &1 L2, 7P L3 11 N2 N3]
p[tP L1 83, t 7P Commansl +epltPCim, t 77 P&y E3nans] —epltP Cina, t7 1P L2 E3mins] +
pltPCins, t 1 P& Csnmina] +eptP o83, t™1PCinmimens] —ep(tP &ont, t71P &1 E3m2 N3]
pltPCona, t 2P C1C3nins] —epltPCons, t 1P L1 C3mine] +ep(tPCan, t 1P L1 Can2ns]
pltPC3nz, £t P L1 Comi Nzl +ep[tP E3ns, t7 P L1 Caninz] +epltPning, t71P L1 82 83n3] -
pltPrnins, t 71 P& & Csne] +ep[tPmans, t 1P L1 83m ] —ep[t P81 8283, £t P12 03]

plt 1P Cy &

ni, tP&3n2ns3

—ep[t 1P LI Cona, tPE3niN3] tep[t P L L

N3, tPL3nine

.

] [ I

Pt &1 83n1, tPCmens] +ep[t 1P E1C3n2, tPConins] —ep[t PP L1 C3ns, tPEn1n2] -

Pt P Cining, t P& C3nsl +eplt P PCinins, tPECCnz] -eplt P Cimns, tPEE3n ]+

M, tPCinensl —ep(t 1™ & C3nz, tPCinins] +eplt 1P 83n3, tPEINIn2] +

ep[t™ P Cominz, tPE1C3n3] —ep[t P LMz, tPL1 L3N] vep[t P Lanans, tP LI Em] -
ep[t P C3ninz, tPL1Cens] +ep(t P C3ning, t PG ] —eplt P Csnzns, tP LIS ]+
ep[t P ninans, t PG C3] +ep[t P L1 L 8am, t P ns] —ep[t P L1 L e, £ P Nz 4
ep[t 1P &1 L2 83ns, tPMmim ] +ep[t TP LI Comine, £ PE3ns] —ep[t P 1 Lonins, £ P L3Nz ]+
ep[t P L1 Cananz, tPE3m] —ep[t TP LI 3NNz, tPE2n3] +eptT P LI L3 mns, tP LN ] -
ep[t 1P &1 C3mens, t PN ) +ep[t TP Eininans, £ P L E3] +ep[t TP L Eaninz, t P L3 -
ep[t™ 1P &y C3mins, tPLim] +ep[t TP L83 nans, £ P Cim] —ep[t P Caminens, £ LI Es] 4

eplt P Caminans, t P L1 8] -ep[t ? P 1 & 3mna, £ P 03] +

ep[t 2P L1 &
ep[t 2P L1 &

t
[
[
[
[
[
[
[
[
[
[

ep[t 1P &, L3
[
[
[
[
[
[
[
[
[
[
p[t 2P &, 3

Let us check that kb|[g, Zp pCas ]

C3nins, t¥ Pl —eplt P18 83m2n3, tEP 1]
mnanz, tPP 3] —ep[t 2P L1 C3nin2ns, PP L]
ninens, PP &1 +ep(t 2P L1 & C3n1 2 N3,

Kb[&; n2, pCas] // VNormal

0

Kb[&2 n3, pCas] // VNormal

0

Kb[E2 L3, pCas] // VNormal

0

res =Kb[ns nz n1, pCas] // VNormal

tl

+
+

P

= 0. It suffices to check it for generators of k(116).
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—ep[t P Ciminz, tPCaninzns] —ep[t PP Cining, £t P 3012 N3]
] -ep[t TP EZomons, tPE3n1n2n3]
] +ep[t P &3mans, t P& NiNaNs] -
t P imans, t P& Conin2] —eplt TP mans, tPEIE3N1iNs] -
] -pep[t P ninens, t 1 PEIC2E3nin2ns] +

t 1P & ni N2, tPE N N2 N3
t 1P E3nins, P E1 N N2 N3

ep|

ep|

ep|

ep[t 1P 12 N3, tPE2 83 M2 N3

ep[tP&ininz, t 1P Cominzans]l +ep(tP&inins, t 1P 8301 n2ns
ep[tPCominz, t 1P Ciminans] +eptP Comens, t 1P E3n1n2 N3
ep[tP C3nins, t 1P Lininens] —epltP L3nans, t71P &y 01 N2 ns
ep[tPninens, t 1P C1Caminz] +ep(tPninens, t 1P &1 C3mns
ep|
ep|
ep|
ep|
ep|
ep|
ep|

tPrninens, t PP L Camans]l+ (L+p)ep[tPninzans, t 2P L1883 ninens] -
t 2P C Cominens, tPP il + (L-p)ep[t 2P &1 Comninens, tPCsninzansl -

t 2P &1 E3ninans, P N1 N3

1+
t 2P Eaninans, P a3l +

]

]
]
]

+

+

+
+

(-1+p)ep[t P& Csnmmnens, t P& ninansl -
(1-p)ep[t ®P L Csmmans, tP&ininansl+
t P Cominens, £t PN ] +pep[t P Cominens, tTEP 3 ninans] +

e P Ly C3mnans, tP N3] —peplt TP LI L3 nimans, £ P Laninans] +

t P Ly Caninens, £t PNzl +pep[t P L 3 ninens, tEP Cinin2ns]

This should annihilate with terms corresponding to a neighboring p. To check this, we split the
sum into the sum of components ep [ x, y] with different grades of x:

splitRes = SplitSum[res, _ep, Expand[Grade [#[1]]] &]

{L+2p>-ep[t™ P Cimmne, tPCmmensl-eplt P Cinins, tPCsninansl+
ep[t TP Cominz, tPCimmans] —ep[t TP Comnans, tPC3ninzns] +
ep[t P C3nins, tPLimnans] +ep[t TP Lanans, tPLonnznz] -
ep[t P ninzns, tPE Caninz] —ep[t P nin2ns, tP LI C3niNs] -
ep[t PP ninans, tPCaC3mans]l -peplt P rnimens, t1PEI L C3nin2ns] -
ep[t 2P &1 Commzns, t'Pmin] + (L-p)ep(t ?P &1 Commens, tPCimnzns] -
ep[t 2P L1 C3minzns, £V PNzl + (-1+p)ep[t 2P L1 Csninzans, tPLmnens] -
ep[t™?P o Cininans, tPPmans]l+ (L-p)ep[t P L 8sninens, tP&inmnznsl,
3+2p->ep([tPCinine, t 1P ninans]l +ep(tPCinins, t 1P EC3ninansl -
+ep[tP Camans, t 1P L3ninzns] -

ep[tP &aminz, 1P L1 n1 N2 03

]
ep[tPC3nins, t 1P Cimnans]l —ep(tP&3mens, t 1P Coninansl +
]

ep[tPminz2ns, t 1P L1 Cam 2

ep
ep

+ep[tPninzans, t 1P L1 3NNl +
[tPmimens, t P& Csnanz) + (L+p)epltPminans, t 2 P18 Csnimens]+
[t 2P i Coninens, tPnin]l+peplt ™ PC1Comnens, t PP C3ninansl+
ep(t TP 1 C3ninzns, tPnins]l -peplt PP E1C3minens, t TP Caninans] +
ep[t P Ly C3mimans, t PNzl +peplt P Lo Csminzns, tTTPLiminansl)

Now check that the two components annihilate with a neighboring term of the Casimir element

VNormal [PartSplit[splitRes, 1+ 2p] + (PartSplit[splitRes, 3+2p] /.p->p-1)]

0

Now repeat the same procedure for another positive generator, £, .

res =Kb[t n;, pCas] // VNormal;
splitRes = SplitSum[res, _ep, Expand[Grade [#[1]]] &];

VNormal [PartSplit[splitRes, 1 +2p] + (PartSplit[splitRes, 3+2p] /. p->p-1)]

0

We should also test the negative generators:
Kb[&2 n1, pCas] // VNormal
0

Kb[€3 2, pCas] // VNormal
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Kb[nz n3, pCas] // VNormal
0

res =Kb[f;, pCas] // VNormal

—ep[tP, t 1P LI 5 C3mans] +ep[tt™P, £t P L1 83 men3] —ep(t TP E1 8o, tPE3mns] +
pep[t P 1Ly, t PP LI Csnimenz] +eplt TP LI Es, t P Camans] -
pep[t P 183, t PP L1 Conimens] +pep[t TP LI, tTTP LI C3n2ns] -
ep[t™ P Cins, tPC2C3n3] -peplt P Liny, tT1PEIE2E3 N3] +
ep[t P Cins, tPLC3n2] +pep[t TP Cins, t TP LI Canine] —ep[t TP L Es, t P Cinans] +
ep[t 1P Come, tPL1C3N3] —ep[t 1P Lons, tPE1IC3me] —ep[t P L, tP L1 o] +
ep[t 1P C3ns, tPC1Com2] —ep(t 1P o3, tPE1 8 C3] +ep[tP L1 ly, t 1P E3mans] +
(-1-p)epltP &1 &y, 2P L1 L3ninen3] —ep[tP L1 83, t 7P Lamns] +
(L+p)ep[tP 8183, t2PC1Commnens]l + (-1-p)ep[tPCim, t 2P L1 83mns]+
ep[tPCime, t 1P E3n3] + (L+p)ep[tP&imz, t 2P &1 C283m N3] -
ep[tPLins, t1 P L L3ma] + (-1-p)ep[tPCinz, 2P L1 ErE3m 2]+
ep[tP & 83, t 1 PCimens] —ep[tP &ome, t 1P L1 E3n3] +ep[tP Cans, t 1P L1 C3n2]
ep([tPCamz, t 1P L1 Cons] —ep[tP &ans, t 1P L1 Loama] +ep[tPrans, £t 1P &8 &2 85
(-1+p)ep[t P L1 & 83m, tPEInN2N3] - ep[t*z*P €18283m2, 1P 3]+
(1-p)ep[t®PC1883m2, tPC1mns] +ep[t 2P L8 C3n3, t1Pnz] +
(-1+p)ep[t™PL1883n3, tPEimine]+ (-1+p)ep[t 2P &1 Coninz, tPC1C3n3] +
(1-p)ep(t®PCiCommns, t P& C3m]-ep(t ?PCilonens, t1PC3]+
(
(
(1

+
+

-1+p)ep[t™®P L1 Coamanz, tPL1C3m ]+ (1-p)ep[t™PLiLsning, tPL1Lrn3]+
~1+p)ep[t ?P i C3nins, tPC1Com] +ep[t 2P L1 Cinans, tPP L]+
-p)ep[t?P &1 Lsmens, tPELom )+ (-1+p)ep[t?PLininans, tPE L] -
ep[t P&y C3mans, t7P L] —pep[t TP L1 L2 83 m, £ P Einanz] +
ep[t 1P 8182 C3m2, t P N3] +pep[t TP L1 L3, tEP LI s] -
ep[t 1P &1 C2 83 ns, tP ] —pep[t P L1 & C3ns, £ TP LiNI 2] -
pep[t t"PE1Caninz, £ P L1 L3ns] +pep[t TP L1 Lomns, tTTP L1 C3 2] 4
ep[t P L1 Comens, tP L] -pep[t P E1Lonans, P LI Ca ]+
pep[t P i C3nine, t 1P LI Cons] —pep [t TP ECIC3ning, t TP L] -
ep[t 1P C1 C3mans, t P ) +pep[t TP E1Canans, TP LI -
pep[t P Cinimans, t T PEI 8] +eplt P 83Nz, tRE] 4
(-2+p)ep[t P L1 C83mmens, t' P&+ (1-p)ep[t™®P &1 & C3nin2ns, tPL1]

splitRes = SplitSum[res, _ep, Expand[Grade [#[1]]] &]

{2p--ep[tP, t7PL1ErC3man3] —ep[t P L1 Lo, P E3nanz] +
pep[t™™ P L1 Ly, tNP L1 L3N 23] vep[t P L1y, £ P Eanans] -
pep[t P L1 L3, t PP LI Coninenz] +pep [t TP LI, tTTP LI 283 n2ns] -
ep[t 1P E&1ny, t P L E3n3] —pep[t P Liny, tP LI L Canins] +
ep[t P Cins, t L2832l +peplt P Lins, 1P LIEE3min2] -
ep[t 1P 83, tPCImen3] +ep(t TP Cone, tPE1C3n3] —ep[t P o3, tP 1L 2] -
ep[t TP C3my, tPC1Cons] +ep(t 1P C3ns, tPE1Come] —eplt P o, tPE1 L8] +
(-1+p)ep[t?P L1 L 83m, tPCimn3] —ep[t *PL1E283m2, 1 P03l +
(1-p)eplt™PE1883m2, tPC1m N3] +ep[t™®P L1 82 83n3, t1 P 2]+
(-1+p)ep[t™®PL1883n3, tPEinine]+ (-1+p)ep[t 2P L1 Cominz, tPC1C3n3] +
(1-p)ep(t®PCiCommns, t P81 C3m]-ep[t 2P CiConans, t1PC3]+
(-1+p)ep[t™®P &1 &rnans, tPEIE3Mm ]+ (1-p)ep[t *PLilammna, tPL1Lan3]+
(-1+p)ep[t™®PLiCsninz, tPECone] +ep[t P L1 C3mns, t1PE+
(1-p)ep[t *P L Es 772 N3, tPC1Coml+ (-1+p)ep[t ®PCininans, tPL1885] -
ep[t™P &y E3mans, tTP L]+ (-2+p) ep[t PP LI L C3mimans, 1P LT,
2+2p->epl[th™®, t2 P18 83mns] +ep[tP L1 8, t 1P Lamans] +
(-1-p)ep[tPCi1ly, t 2P L1 Csmmens) —ep[tP 183, t 1P Lomans] +
(L+p)epl[tP &1 83, t2P L1 Commn3l+ (-1-p)ep[tP&im, t 2P L1 EC3mna]+
ep[tP&imz, t 1 P& C3n3] + (L+p)ep(tP&ine, t 2P &1 E83m N3] -
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ep(tPCins, t 1P LaC3m] + (-1-p) ep[tp §1 N3, t 2 PC1C83mme]+
ep[tP 283, t™' P Linans] -ep[tP Cana, P81 83n3] +ep[tPCans, £t P LI Eama] +
ep[tPC3mz, t 1 P81 Con3] —ep(tP&3ns, t 1P E1Comz] +ep[tPmans, t 1P L1 82850 -
pep[t P 18831, t 1P Eimens) +eplt P LI E2 832, £ P 3] 4
pepl[t P L1 82 83m2, TP LiNniN3] —ep[t P L1 L2 33, P N2 -
pep[t 1P 18833, t 1P i) —pep[t TP L1 Loz, TP EIC3ns] +
pep[t P L1 Comning, £t PEIC3ne ] rep[t P L Comons, P ES] -
pep[t™™ P 1 Camanz, tP LI Csm] +pep[t TP LI E3mina, £ L1 Can3] -
[ ] -ep[t™"P L1 L3mans, tPE]+
] -peplt ™™ Ciminans, t 1 PL1E 83+
p)ep[t P18 83ninens, t P}

pep[t 1P L1 C3nins, t 1P LG
pep[t 1P C1Cinans, t PP LI Com
ep(t 1P CrC3mens, tPC1]+ (1

VNormal [PartSplit[splitRes, 2 p] + (PartSplit[splitRes, 2+2p] /. p->p-1)]
0

res = Kb[t'1 81 82 &3, pCas] // VNormal;
splitRes = SplitSum[res, _ep, Expand[Grade [#[1]]] &]1;
VNormal [PartSplit[splitRes, 2 p] + (PartSplit[splitRes, 2+2p] /. p->p-1)]

0

We have checked the components with p far from O (so that the action of the generators of

k(116) cannot break the order of operands in ep[x,y]). The situation is different for p=0.

First, not all terms of pCas/.p—0 are present in the Casimir element, but only those with correct

order of arguments:

casO0=pCas /. ep[x_, y ]+»0/; !envOrd[x/.p~»0,y/.p>0]/.p>0

218,83 n1mn2mn3] +eplli Ca,
§1§3, £t l§2771 n2nsl +epl[81 N1,

ttC3ninansl -
t1 8 83 M2 3

(283, t™ 1 &1minzns]

[E3n3, 1818 min2]
[t C18283n3, ninz2] -

ep[t™t &1 83m2n3, 211

+ ep
+ ep
—ep[t 1 818283m2, N3] +ep
+eplt™t &1 Lanans, E3m

t 81 8283m, n2ns3

t,

[

[Cim2, t 1 C283mns]l +eplCins, t 182832
[

[

[t 81 82mns, 32

pl
ep ] [ 1-
ep ] [ ]
p§2’72, i Cininzl-epllans, £t 130N ]
ep ] [ ]
ep ] [ 1-
Next, there are also linear terms:

caslLin = GeneralSum[a, Select[pComp /. p-» 0, Weight[#] == {2, 0, 0, 0} &]]

afllt+al[2]Cim +a[3]1C2nz +al4]C3ns +al51t 1 Canime +
al6]t i &smmns+alllt ™ CaCinans +al8lt2818283n1 1203

Let us find the coefficients a; by calculating the linear part of Kb[f, x ® y]:
KbLin[x_, y_] := VNormal[Kb[x, y]] /.ep[_, _]1 >0

casLinl = GeneralSolve[KbLin[&; n,, cas0 + casLin] == 0, casLin, a]

alllt+al[2]Cint +a[2]Cany +al3]83ns +aldltt 81 Canine +
(-2+al5])t i Csmmns+al51t 1 E283nens +al6]lt 28128311 1203

casLin2 = GeneralSolve[KbLin[£; n3, cas0 + casLinl] == 0, casLinl, a]

alllt+al2]C8im +a[2]Cnz+al2]Cins+ (~4+a[3])t i Caning +
(-2+a[3])t & smmns+al3]t & Canens +aldlt 28182831 n2ns

casLin3 = GeneralSolve[KbLin[&; €3, cas0 + casLin2] == 0, casLin2, a]

alllt+2t 181 C3mns +4t 18 83mans +al21t2 81828311 N2 03
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casLin4 = GeneralSolve[KbLin[t n;, cas0 + casLin3] ==

2t P L1 Camins 4ttt

C2C83n2mns +4t7

2C18283m1 m2 13

0, casLin3, a]

To check, we write down 3 components: the linear, p=0, and p=1.

cas = casLin4 + casO +

2t71 C183mins +4t?

(pCas /. p~-1)

CoC3nanz +4t°
t 2818 83mnz2ns] +eplli &,

2018283 n1n2ns +
t 1 C3mmans]l -epll &3,

t1 & mm2ns

+

plt ]
[§1171, t 83 mans) —ep(Einz, t 1 E283mins] +eplins, t 283Nz +
pPlC2C3, t 1 Cimmansl +eplloma, t 2 C183mins]l -eplCons, t 281 83mim2]+
[§3T73, et mmne] +eplt T 18283 m, n2ns] —eplt P &1 283 m2, nins] +
plt 8188303, mnzl -ep(t tC18nns, C3nzl+eplt™tC182mens, C3ml -
plt ™t &1 8mens, Caml+eplt?, t 281 8283mmn2ns] —ep(tly, t2C8283nin2ns]+
pltlz, t 281 Csninens]l —ep[tls, t 281 8ninzns]+

pltni, t72C18283m2n3] —epltnz, t2818283mns]l +epltns, t2818283mnz]+
pltCi&e, t2Csmimens]l —ep[tl1 83, t 2 8nmnzns] +ep(tlin, t 28 83mens] -
pltlinz, t 28 83mmn3l +epltlins, t2C283mn2]l+epltlals, t 281 mnansl -
pltlani, t ‘2§1§3n2n3]+ep[t§znz,t‘2§1§3m ]_ep[t§2n3rt_2§1§3n1r]21+
pltlsni, t 2818 mens]l -ep[tlsnz, t 281 & mnsl+ep(tlsns, t 281 C2n1n2] +
pltninz, t §1§2§3773]*ep[t771’73rt2§1§2§3U2]+ep[t772773,t72§1§2§3f2ﬂ*
[§1§2§3,t1mn2 31 +ep[C18am, t7rE3nans] —eplC18amz, 75 E3mns] +
[§1§2U3,t’1§3m 2] -ep[C183ni, t 1 Camens] +ep[C18smz, tHCanins] -
PlC1C3ns, t ™ Commnel —eplCimine, t 1 CaC3ns]l +epl(Cimins, t 1 E283m2] -
[§1772773rt1§2§3771]+ep[§2§3771,t71§1772 ]*ep[§2§3772,t71§1771773]+
eplC283m3, t™hCimmal +eplCaninz, t™1C183m3] —eplCaminz, t71C183m2] +
[§2772T)3,t1§1§3Y21]—€P[§3U1f}2,tfl§1§2 31 +eplC3mnz, t7HE1&me] -
[§3772773rt1§1§2 1] +eplmmnens, t181883]+eplC18283m, t imans] -
plC18283m2, t™hmins]l+eplC18283ns, t™hmina]+eplCilammnz, t7HE3n3] -
pl8182nmins, t §3r)2]+ep[§1§2772173,t’1§3 1] -ep[Ci83mmz, £t &ns]+
plC183mins, t 1 Cemz] -eplCilsmens, t ™ oml+ep[Cininzans, t 182831+
[§2§3771772,tl§1 ]—ep[§2§3771773,tl§1772]+ep[§2§3772773,t'l§’1771]—
plCommnens, t 18] +ep(E3ninzns, t 1818 ]-eplt ™t C18283n1m2, N3+
[t1§1§2§301U3:r)z]*ep[t1§1§2§3772'73rf}11+ep[tl§1§2f71772773,§ﬂ*
ep(t &1 C3mmnans, 2] +eplt P &283nimens, C1) +eplt ™t 8182 83m1n2ns, 1)

Kb[Z1 n2, cas] // VNormal

0

Kb[&2 n3, cas] // VNormal

0

Kb[L> &3, cas] // VNormal

0

Kb[ni n2 n3, cas] // VNormal

-ep[tl1n1n2,
epl[t 82112,
ep(t&3n2ns3,
ep[tninzns,
ep[81 82n1N2ns,
ep[C1 83 N1 n2ns3,

[

ep[82 83 N1 n2ns,

t 281 mn2nsl
t28&mn2nsl
t28,83m2n3]

t 2 & ninz2nsl -ep[t&inns,
-ep[tl2n2ns,
-epl[tnin2ns,
-2ep[tninzns,
ttninzl -epl(&1 &2n1m2ns,
ttnins] +ep(&1 &3n1m2ns,
ttnans] -eplC2C3n1n2ns,

VBasis[%] //. x_ep :» Grade[x[[1]]]

t2C3nnansl+

t2C3m1m2n3]
t 2 &N n2nsl
t 228 nn2nsl

t2C3ninansl +epltlsnin;,
t 21 Canin2] —epltninzns,
t 3818283 n2ns] -

t2Cininansl+
t 281 8mnsl -
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(5, 5,5 5,55, 5,5 5 5,55 5,5,5, 5}

According to the above, we could have obtained from the term with p=1 the two types of
terms: with grade 1+2p=3 and 3+2p=5, of which the first should cancel with the some terms from
the previous terms (p—1=0), which takes place, and the one which will definitely cancel with the
next term. So we are done, for this generator.

Now, let us pass to other generators.

Kb[t n;, cas] // VNormal

—ep[t?Co, t283mmens]l +ep(t? &3, t 2 Commens] —ep[t?ni, t 28 83m2ns3] +
ep(t?n, t2C283mmn3l -epltins, t2C8mme] +ep(tlilon, t2C3mm2ns] -
ep[t&1C3ni, t 2 & mmnznzl +epltlininz, t28283mns] -
ep[tCimns, t2C283mme] -ep(tlalsn, t™inans]l +ep(tleCan, t2C1ininans]+
ep[t&2C3mnz, t ' mnsl -ep(tlaCsns, t ninzl-epltleninz, t 1 E&3ns] -
ep[t&eminz, t 281 Csninsl +epltlanins, t 1 Esnz] +epltlonins, t 281 83nine] -
ep(t&omans, t 2 E3ml+epltlammne, t 1 Cansl +epltlsnine, t 2818 ninsl-
ep(tCsmini, t 2 Cama]l —epltlsmni, t 281 Canin2]l +epltlanans, t 1 Can] -
eptninzans, t 12831 +epltninans, t 281 8283m ] +2ep[C1C283minz, tinins]-
2epl[C1&283mins, thnimel +2ep(&1Cominzns, t183ni] -
2epl[CiCsminens, t 1 &m)-eplCaC3ninzns, 11 +2ep[Ca83ninzns, 71 &1nt)

VBasis[%%] //. x_ep:» Grade[x[[1]]]

{5, 5, 5, 5, 5,5,5,5,5,5,5,5,5,5,5,5,5,5,5,5,5,5,5,5,5,5,5,5,5,5, 5}
Kb[&2 N1, cas] // VNormal

0

Kb[g3 12, cas] // VNormal

0

Kb[nz n3, cas] // VNormal

0

Kb[&;, cas] // VNormal

ep(t?, t 281 8283mens] +ep[tli 8o, t2C3mans] -2ep[tli 8o, £t 281 83mm2ns] -
ep[tl1 83, t2Camn3]l +2epltli 83, £ 81 8amn2ns] -

2ep[t8imi, t 28182 83m2n3] +eptlinz, t 28283031 +2ep[tlime, t3C18283n1n3] -
ep(t&ins, t 28 83m]-2epltlins, t 2818 83mn2] +ep[tlals, t2C1n2ns] -
ep[t&omz, t2C183n3] +epltlons, t 281 83n2] +ep(tl3nz, t 281 8ans] -
eplt&3ns, t 281 8amal +epltnans, t2818283] -eplC18a83m, t2Cimans]+
ep(C18283m2, t™hn3)l +ep[C18283me, t™2C1mins]l -ep[81 82833, t7inz] -
ep[C18283ns, t 2 Cimnz) —ep[C1&aminz, £ 281 83ns] +

ep[C182mins, t72L183n2]l+eplC1C2nans, tFE3] -eplC1lamans, t2C183m]+
ep(C183minz, t 281 8C2n3) -epl&iCsnminz, t 2818 mnz]-eplC1Camens, t 18]+
ep(C183mens, t 281 Cm)-ep(Cimmnens, t2818:83] +ep[C283mnans, t7181]

VBasis[%] //. x_ep :» Grade[x[[1]]]
{4, 4,4,4,4,4,4,4,4,4,4,4,4,4,4,4,4,4,4,4,4,4,4,4,4,4,4,14,4,14,4}

Kb[t™! & &, &3, cas] // VNormal
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ep[tli 82, 281 8283mmal +epltli &3, £ 2 L1 EE3m 3]+

ep(t&2 83, t 81 8283man3]l +eplC18a83m, t 281 8ama) +eplC18a83m, t 281 83n3] +
ep(818283m, t 281 8283m2n3] —ep(818283m2, t 281 82m ]l +epl(818283m2, t282831m3] -
ep(C18283m2, t 281 8283mins] —ep(818283m3, t 281 83m]-epl818283n3, t28283nm2]
ep[£18283m3, t > C18283mmal +eplC18amna, t 281 8283) +ep[8183m Nz, t72 81 8283]
ep(C283men3, t 281 8283] +2ep[t 81 C283mmens, t2818285]

+
+

— — — —

VBasis[%] //. x_ep » Grade[x[[1]]]

{4, 4, 4, 4, 4, 4,4, 4, 4, 4, 4, 4, 4, 4, 4, 4}

So we have tested all the generators and c; is indeed invariant.



SuperLie Index

ab; , 87

act, 47

Act,47

Action, 20, 22

action on modules, 4

AddHead, 115
Additive, 47
AdditiveRule, 47
AddSplit,47

ag" , 88

ag, . 87,120

Algebra, 48
AlgebraDecomposition,48
Algebras, 18

algebras with Cartan matrix, 88
AntiSkewSymmetric,48
AntiSkewSymmetricQ,48
AntiSkewSymmetricRule, 48
AntiSymmetric,48
AntiSymmetricQ,48
AntiSymmetricRule, 48
ApplySplit,48

ArgForm, 49

as, 87

Auto, 49

AutoRule, 115

b, 92

by, 93

Basis, 18

Basis, 49
BasisPattern,49
bb, 49

BDb, 49

Bracket, 4

bracket, 49
Bracket, 49
BracketMode, 49
Buttin algebra, 92-93
ButtinAlgebra, 50

CancelProperty, 113
Cartan matrix, 88, 120
CartanMatrixAlgebra, 50
CartanTriade, 50
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TimeString,75
Times$,75

Tools, 4, 10, 28

Tp, 75

tPower, 75
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