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We present a multigrid algorithm to solve second-order elliptic partial differential
equations on spatially adaptive sparse grids with the finite element method. Sparse
grids can cope with the curse of dimensionality to some extent and, hence, allow us to
tackle equations in Ω ⊂ Rd with d > 3. However, the discretization on sparse grids with
the necessary hierarchical basis leads to a system matrix which is not sparse. Standard
multigrid methods employed in the case with full grids and a nodal point basis are not
applicable because of the structure of sparse grids and the required hierarchical basis.
Even though multigrid methods for sparse grid discretizations have been studied in the
past [1, 2, 3, 4, 5], they are either restricted to very limited problem classes or operate on
simplified discretizations, only. Our algorithm takes all components of a dimension-wise
(i.e. ANOVA-like) decomposition of the bilinear form into account and allows us there-
fore to coarsen and to refine a solution represented on a d-dimensional sparse grid with
the hierarchical basis in each direction separately. We then employ this semi-coarsening
to walk through the subspaces of a sparse grid space and relax the equations correspond-
ing to the basis functions of the current subspace. The dimension-wise decomposition
of the bilinear form not only allows an efficient computational procedure but also ranks
the hierarchically lower parts of the function with respect to their importance. The so
obtained information is exploited to e.g. store only those parts of the function which
have the highest influence on the accuracy. We conclude with numerical experiments
which confirm the expected (multigrid) performance of our method.
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